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Preface 


To the Instructor 


If you are familiar with our companion volume, Essentials of Precalculus with 
Calculus Previews, Sixth Edition, you may know that for our 3-hour semester 
course in precalculus mathematics at Loyola Marymount University we have 
long favored a short text covering only what we consider to be basic material 
necessary for the successful completion of a course in calculus; a text that 
would allow time for the instructor to work with their students to focus on 


strengthening their algebraic, logarithmic, and trigonometric skills. 


This longer text, Precalculus with Calculus Previews, Sixth Edition, is a 
recognition of the needs of those instructors whose course syllabus contains 
topics not covered in Essentials of Precalculus, have more class time to cover 
extra material, or simply prefer to design their own course by being able to 


choose from a wider variety of topics. 


[ About This Text 


Emphases Over the years, we have seen students in a calculus class perform 
an operation such as differentiation of a function flawlessly, but fail to 
complete the problem successfully because of difficulties in simplifying the 
resulting expression or in solving a related equation. So in this current edition 
we continue to emphasize the function concept while making an additional 
effort to reinforce algebraic and trigonometric skills. In the many examples 
and numerous and varied exercises, we provide opportunities for students to 
practice operations such as factoring, expanding a power of a binomial, 
completing the square, synthetic and long division, rationalization, and 


solving inequalities and equations in situations similar to those they will 


encounter in calculus. Throughout we stress the importance of being familiar 
with key formulas from algebra, the laws of exponents, the laws of 
logarithms, and fundamental trigonometric definitions and identities. Marginal 
side notes and in-text annotations fill in the details of solutions of examples 


and convey additional information to the reader. 


Notes from the Classroom Selected sections of this text conclude with 
remarks called Notes from the Classroom. These remarks are aimed directly at 
the student and address a variety of student/textbook/classroom/calculus 
issues such as alternative terminology, reinforcement of important concepts, 
what material is or is not recommended for memorization, misinterpretations, 
common errors, solution procedures, calculators, and advice on the 


importance of neatness and organization. 


Calculus Previews Each of the ten chapters in this text concludes with a 
section subtitled Calculus Previews and is devoted to a single calculus 
concept. For example, Chapter 2 (Functions) naturally ends with a discussion 
of The Tangent Line Problem. 'The discussion of these topics is kept at a level 
that we feel is within the reach of a precalculus student. The emphasis in these 
previews is not on the calculus; the calculus topic provides a framework and 
motivation for the precalculus mathematics used in the discussion. The focus 
in these sections is on the algebraic, logarithmic, and trigonometric 
manipulations that are necessary for the successful completion of typical 
calculus problems related to the Calculus Preview topic. We wish to 
emphasize that the limit concept covered in the Calculus Preview for Chapter 
1 does not impinge (except for a few words and the arrow notation) on other 
sections in the text. We also realize that the introduction to limits in Section 
1.5 might be a bit ambitious for some classes. However, we feel that the 
algebra discussed in that section (factoring, binomial expansions, 
rationalization of a denominator, and so on) should be covered, but the 
discussion of the limit concept could be postponed and taught, perhaps in 
conjunction with Section 2.10, at a more appropriate time in the course. Thus, 
in Exercises 1.5 most of the problems are given in (a) and (b) format, where 
the part (a) of the problem involves algebra and part (b) is optional because it 
involves a limit. Of course, all the Calculus Previews could be delayed to the 
end of course providing a bridge to a subsequent course in calculus. If time 


does not allow, these topics could be covered lightly or skipped entirely. 


Gradual Use of Calculus Terminology Calculus-related words such аз 
"continuous function" are used where appropriate. The idea is to give the 
student a good intuitive sense of what these words mean prior to their 


exposure to their formal definitions in calculus. 


Building Functions from Words As teachers we know that the related rate 
and optimization, or applied max-min, problems can be a discouraging 
experience for some students of calculus. Correctly interpreting the words of 
such a problem in order to set up an equation or a function is a challenge for 
many students. It follows then that it is appropriate to emphasize such 
material in a precalculus course. In Section 2.9, entitled Building a Function 
from Words, we begin by illustrating how to translate a verbal description into 
a symbolic representation of a function. We then present actual problems 
taken from Calculus, Fourth Edition, by Dennis G. Zill (Jones & Bartlett 
Learning, 2011), and demonstrate how to analyze the statement of the 
problem and transform those words into an objective function. We discuss the 
importance of drawing pictures, using variables to describe pertinent 
quantities, identifying a constraint between the variables, using the constraint 
to eliminate an extra variable, and observing that the domain of an objective 
function may not be the same as its implicit domain. To ensure that the focus 
is squarely on the process of fashioning a symbolic function from the words, 


we do not discuss how such optimization problems are actually solved. 


Exercises The exercise sets contain a wide variety of different kinds of 
problems. In addition to the usual drill and applied problems, many of the 
exercise sets conclude with conceptual problems that are labeled For 
Discussion. We hope that instructors will utilize these problems, which are 
primarily conceptual in nature, and their expertise to engage in a classroom 
exchange of ideas with the students on how these problems can be solved. 
These problems could also be the basis for assigned writing projects. To 
encourage original thought we purposely have not included the answers for 


these problems. 


Final Examination Following the ten chapters of the text we present a list of 
100 questions called the Final Examination. This "test” consists of fill-in-the- 
blank questions, true/false questions, and exercises that review topics from all 
chapters of the text. It was not our intention to emulate an actual final 


examination in a precalculus course, but rather our thought was to offer a 


vehicle for ап informal wrap-up of the entire course. We suggest that а part of 
a class period be devoted to a discussion of these questions to help students 
prepare for their actual final examination and their subsequent transition to 
calculus. To facilitate the students’ review, the answers of the Final 
Examination are given both in the Student Resource Manual as well as in the 
instructor s Complete Solutions Manual. Of course, the instructor is free to 
utilize this material in whatever manner he or she chooses (including ignoring 


it completely). 


Appendixes Complex numbers are reviewed in depth in Appendix A. 
Additional material related to finding the real zeros of polynomial functions is 


examined in Appendix B. 


[ New to the Sixth Edition 


* Several sections have been partially rewritten to improve their clarity. 


* Тһе number of student aids, that is, examples, figures, marginal annotations, 
in-example guideline annotations, photos, and Notes from the Classroom have 


been substantially increased. 


+ Throughout the exercise sets, the number of Calculator/Computer Problems 


and For Discussion problems has been increased. 


* A brief discussion of functions of several independent variables has been 


added to Section 2.1 (Functions and Graphs). 


* А discussion of graphical solutions of quadratic inequalities has been added 


to Section 2.4 (Quadratic Functions). 
* Section 2.7 (Functions Defined Implicitly) is new to the text. 


* New calculus-related problems were added to the exercise set for Section 
2.9 (Building a Function from Words). 


* A brief discussion of polynomials in two variables x and y has been added 


to Section 3.1 (Polynomial Functions). 


* [n response to a reviewer request, additional problems on verification of 
identities have been added to the appropriate exercise sets in Chapter 4 


(Trigonometric Functions). 


* A discussion of the area of a circular sector has been added to Section 4.1 
(Angles and Their Measurement). Several new geometric problems based on 
this concept were added to the exercises sets. For example, the problem of 
finding the area of the intersection of two circles is a multipart problem that 


continues through the chapters on trigonometry (Chapters 4 and 5). 


* New problems involving angles (for example, finding the location where a 
cell phone call was made, motion of a car tire, the stacking problem for 


circles) have been added to Exercises 4.1 and 5.1. 


* Тһе concept of a trigonometric substitution used in integral calculus has 
been moved to Section 4.4 (Other Trigonometric Functions) to take advantage 


of the three Pythagorean identities discussed in that section. 


e A discussion of reducing powers coss x and sin; x, where n > 2 is aeven 
positive integer, to one or more of cosine functions raised to the first power 


has been added to Section 4.6 (Sum and Difference Formulas). 


* Section 4.8 (Inverse Trigonometric Functions) has been partially rewritten 
to reflect on the discussion of implicitly defined functions (Section 2.7) that 


was added to Chapter 2 (Functions). 


* Pendulum motion (on the Earth and on the Moon) was added to the 


discussion in Section 4.10 (Simple Harmonic Motion). 


* New problems based on history (for example, the Leaning Tower of Pisa, 
the Great Pyramid of Giza, the Lighthouse at Alexandria, the Kukulkán 
pyramid El Castillo, Gothic architecture and church windows) and problems 
based on famous structures and regions (for example, the Flatiron Building in 
New York City, the Angels Flight funicular railway in Los Angeles, the 
Puerta de Europa towers in Madrid, Spain, the Bermuda Triangle) have been 
added to the exercise sets in Chapter 5 (Triangle Trigonometry). Most of the 


applied problems in this text are based on real-life situations. 


* New applied problems involving exponential and logarithmic models (for 


example, Potassium-40 decay, Potassium-Argon dating, airplane noise and the 
expansion of the Los Angeles International Airport (LAX)) have been added 


to the exercise sets in Chapter 6 (Exponential and Logarithmic Functions). 


* Тһе discussion in Section 6.5 (The Hyperbolic Functions) has been 
expanded. A mathematical model for the shape of the St. Louis Gateway Arch 


using hyperbolic functions has been added to Exercises 6.5. 


* Additional topics and figures have been added to the discussion in Section 
10.6 (Introduction to Probability). 


* Additional problems on counting and probability have been added to the 
appropriate exercise sets in Chapter 10 (Sequences and Series). Some of these 
problems on probability might be of interest to some students (for example, 
winning the multi-state lottery POWERBALL). The notion of the odds in favor 


of an event occurring has been added to Exercises 10.6. 


* Тһе notions of convergent or divergent sequences are now illustrated 


graphically in Section 10.7 (Convergence of Sequences and Series). 


* The circle-stacking problem introduced in Exercises 5.1 is revisited in 


Exercises 10.7 in the context of convergence of a geometric sequence. 


* Тһе Final Examination at the end of the text consisting of fill-in-the-blank 
questions, true/false questions, and review exercises for the ten chapters of the 


text has been expanded. 


* Appendix B now includes the Upper and Lower Bounds Rule for real zeros 


of a polynomial function. 


[ Supplements for the Instructor 


The following materials are available online at 
go.jblearning.com/precalculus6e 


Complete Solutions Manual (CSM) prepared by Warren S. Wright and 


Roberto Martinez provides worked-out solutions for every problem in the text 


as well as answers to all questions in the Final Examination. 


Computerized Testing System for both Мас OS® and Windows® computer 
operating systems. This testing system allows instructors to create customized 
quizzes and tests. The questions and answers are sorted by chapter and can be 
easily installed on a computer. Publisher-supplied .rtf files can also be 


uploaded to the instructor’s learning management system. 


Image Bank in PowerPoint Format features all labeled figures as they appear 
in the text. This useful tool allows instructors to easily display and discuss 


figures and problems that appear in the textbook. 


WebAssign® developed by instructors for instructors, is a premier 
independent online teaching and learning environment, guiding several 
million students through their academic careers since 1997. With WebAssign, 
instructors can create and distribute assignments using selected questions 
specific to this textbook. Instructors can also grade, record, and analyze 
student responses and performance instantly; offer more practice exercises, 
quizzes, and homework; and upload additional resources to share and 
communicate with their students seamlessly, such as the PowerPoint image 
bank and the test items supplied by Jones & Bartlett Learning's Computerized 
Testing System. 


eBook Format offers the complete textbook in eBook format for instructors 
and students through WebAssign. 


[ Supplements for the Student 


Student Resource Manual (SRM) prepared by Warren S. Wright. This 
manual continues to be popular with students using any one of the Zill series 
of mathematics textbooks. Unlike the traditional student solutions manual, 
where a selected subset of the problems are worked out, the SRM is divided 
into five parts: Algebra Topics, Use of a Calculator, Basic Skills, Selected 
Solutions, and Answers to the Final Examination. In Algebra Topics, selected 
topics from algebra (such as multiplication of an inequality by an unknown, 
implicit conditions in a word problem, Pascal's triangle, factoring techniques, 
binomial expansions, rationalizations of numerators and denominators, adding 


symbolic fractions, long division of polynomials, synthetic division of 


polynomials, factorial notation, and so on) аге reviewed because of their 
relevance to calculus. Because we do not discuss how to use technology 
within the text proper, we have devoted the section Use of a Calculator to the 
review of graphing calculator essentials. Іп Selected Solutions, a detailed 
solution of every third problem in the exercise sets is given. Answers to the 
Final Examination is a list of answers for all the questions in the Final 


Examination. 


This student manual can be purchased separately or ordered bundled with the 


textbook at a substantial savings. 


Exploring Mathematics: Solving Problems with the TI-84 Plus Graphing 
Calculator by Jeffrey M. Gervasi, Ed.D., Cuesta College, San Luis Obispo, 
CA is a graphing calculator manual that can be ordered either through the 


bookstore or online directly from Jones & Bartlett Learning. 


WebAssign Access Card can be bundled with this text or purchased separately 


by the student online at 
www.webassign.com 


eBook with Course Access Card can be bundled with this text or purchased 


separately by the student online at 


www.webassign.com 


To the Student 


After teaching collegiate mathematics for many years, we have seen almost 
every type of student, from a budding genius who invented his own calculus, 
to students who struggled to master the most rudimentary mechanics of the 
subject. Frequently the source of difficulty in calculus can be traced to weak 
algebra skills or an inadequate background in trigonometry. Calculus builds 
immediately on your prior knowledge and skills because there is much new 
ground to be covered. Consequently there is very little time to review 
precalculus mathematics in the calculus classroom. So those who teach 


calculus must assume that you can factor, simplify and solve equations, solve 


inequalities, handle absolute-value equations and inequalities, use а 
calculator, correctly apply the laws of exponents, find equations of lines, plot 
points, sketch basic graphs, and apply important trigonometric and 
logarithmic identities. The ability to do algebra and trigonometry, work with 
exponentials and logarithms, and sketch by hand basic graphs quickly and 


accurately are keys to success in a calculus course. 


In this text we have tried to give you as much help as possible within the 
confines of the printed page using such features as marginal annotations, 
arrow annotations within examples, notes of caution, Notes From the 
Classroom, and the Final Examination. The many marginal and in-text 
annotations provide additional information or further explanation of the steps 
in the solution of an example. The Student Resource Manual (described 
earlier) was written just for you. It contains review material not found in the 
text, extra examples, information on calculators, solutions of problems, and 


answers to the Final Examination. 


Those of us who teach and write mathematics texts strive to communicate 
clearly how to do mathematics. This text reflects our philosophy that а 
mathematics text for the beginning college/university-level should be 
readable, straightforward, and loaded with motivation. The principal reason 
for studying precalculus is to become well prepared for calculus. To show you 
how the material covered in this text is essential for success in calculus, we 
end each chapter with a section called Calculus Preview. In each of these 
previews, a calculus problem provides a framework and motivation for 
precalculus mathematics and shows you how this mathematics plays a vital 


role in solving the problem. 


Finally, we caution you that learning mathematics is not like learning how to 
ride a bicycle, that once learned, the ability sticks for a lifetime. Mathematics 
is more like learning another language or learning to play a musical 
instrument; it requires time and effort to memorize basic formulas and to 
understand when and how to apply them, and most importantly, it requires a 
lot of practice to develop and maintain proficiency. Even experienced 
musicians practice the fundamental scales before playing their instrument. So, 
ultimately, you the student can learn mathematics (that is, make it stick) only 


through the hard work of doing mathematics. 


It is our sincere hope that this new edition and its supplements are а help to 
you in preparation for a subsequent course in calculus. We wish you the best 
of luck. 
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Calculus 
1.5 р R EVI EW Algebra and Limits 


Chapter 1 Review Exercises 


1.1 The Real Line 


INTRODUCTION In calculus you will study quantities described by real 
numbers. Therefore, we begin with a review of the set of real numbers using 


the terminology and notation you will encounter in calculus. 


[ Real Number System Recall that the set R of real numbers consists of 


numbers that are either rational or irrational. Rational numbers are numbers 


of the form a/b, where а and b ж 0 are integers. For example, 


? р 
—4 —12 ІШ 


* р 3 Р 
2 3 , 5, and 4 аге rational numbers. Irrational 
numbers are numbers that are not rational, that is, they are numbers that 


cannot be expressed as a quotient of integers. For example, V2 and т 


are irrational numbers. Every real number can also be written as a decimal. A 


rational number can be expressed either as a terminating decimal, such as 


1-0125 |... 
1 . or a nonterminatine and repeating decimal, 
such as 3 ee MR 


such as 0,666 ... and 8.545454 ..., are often written as 0.6 and 


Repeating _decimals, 


е pem 
9 . 2 4 respectively, where the bar indicates the digit or block of digits 
that repeat. An irrational number is always a nonterminating and 


2 — 1.41421 
nonrepeating decimal such as 4/2 | 4 


. or = 3.14159.... The following chart summarizes the relationship 


between the principal sets of real numbers. 


Real Numbers 


| Rational Numbers | | Irrational Numbers 
Y Y 


Nonintegers | | Integers | 


[ Real Number Line The set R of real numbers сап be put into а one-to- 


one correspondence with the set of points on a line. As a consequence, we can 
visualize or represent real numbers as points on a horizontal line called the 
real number line. The point chosen to represent the number 0 is called the 
origin. The direction to the right of 0 is said to be the positive direction on 
the number line; the direction to the left of 0 is the negative direction. Real 
numbers corresponding to points to the right of 0 are called positive numbers 
and numbers corresponding to points to the left of 0 are negative numbers. 
As indicated in FIGURE 1.1.1, the number 0 is considered to be neither positive 
nor negative. From here on, we will not distinguish between a point on the 


number line and the number that corresponds to this point. 


negative ! positive 
«- > 
numbers ! numbers 


== | — 


zero is neither 
positive nor negative 


FIGURE 1.1.1 The real number line 


[ Inequalities The number line is useful in demonstrating order relations 


between two real numbers a and b. As shown in FIGURE 1.1.2, we say that the 


number a is less than the number Р, and write a < b, whenever the number a 


lies to the left of the number b on Фе number line. Equivalently, because the 
number b lies to the right of a on the number line we say that b is greater 
than a and write b > a. For example, 4 < 9 is the same as 9 > 4. We also use 
the notation а < b if the number a is either less than or equal to the number 
b. Similarly, b > a means b is greater than or equal to a. For example, 2 < 
5 since 2 < 5. Also, 4 > 4 because 4 = 4. For any two real numbers a апа b, 


exactly one of the following is true: 


a < b, а = р, or a> р. 
a<b 
—— 0 a 
a b 


FIGURE 1.1.2 a is less than b 


A less than (or greater than) inequality always be written as a greater than (or less than) 


inequality. For example, а < b is equivalent to inequality b > a. 


The symbols <, >, >, and < are called inequality symbols and expressions 
such as a < bor b > a are called inequalities. The inequality a > 0 means the 
number a lies to the right of the number 0 on the number line, and so a is 
positive. We signify that a number а is negative by the inequality a < 0. 
Because the inequality а > 0 means a is either greater than 0 (positive) or 
equal to 0 (which is neither positive nor negative), we say that a is 


nonnegative. 


[ Solving Inequalities We are interested in solving various kinds of 


inequalities containing a variable. If a real number a is substituted for the 


variable x in an inequality such as 


8x +4 < 16 + 5x, (1) 


and if the result is a true statement, then a is said to be a solution of the 


inequality. For example, —2 is a solution of (1) because if x is replaced by -2, 
then the resulting inequality 8(-2) + 4 < 16 + 5(-2) simplifies to the true 
statement —12 < 6. The word solve means that we are to find the set of all 
solutions of an inequality such as (1). This set is called the solution set of the 
inequality. Two inequalities are said to be equivalent if they have exactly the 
same solution set. The representation of the solution set on the number line is 


the graph of the inequality. 


We solve an inequality by finding an equivalent inequality with obvious 
solutions. The following list summarizes three operations that yield equivalent 


inequalities. 


THEOREM 1.1.1 Properties of Inequalities 


Suppose a and b are real numbers and c is a nonzero real 
number. Then the inequality a « b is equivalent to: 


(уағс<Ь-с 
(ас = реготу 10) 


(ШИ) cre > о, юге < (0) 


Property (iii) of Theorem 1.1.1 is frequently forgotten. Іп words, (iii) states 
that: 


If an inequality is multiplied by a negative number, then the direction of the 


resulting inequality is reversed. 


For example, if we multiply the inequality —2 < 5 by —3 then the less than 


symbol is changed to a greater than symbol: 


—2(—3) > 5(—3) or 6 > —15. 


Solving the Inequality (1) 


Solve 8х + 4 < 16 + 5x. 


Solution We solve the inequality by using the properties of inequalities to 


obtain a sequence of equivalent inequalities: 


8x +4 < 16 + 5x 
8x + 4 — 4 < 16 + 5x — 4 —<-by (i) of Theorem 1.1.1 


8x < 12 + 5x 
8x — 5х < 12 + 5x — 5х — by (i) of Theorem 1.1.1 
3x < 12 
(:)3х < (3) 12 < by (ii) of Theorem 1.1.1 
х< 4 


Using set-builder notation, the solution set is (x|x real and x < 4}. 


[ Interval Notation The solution set in Example 1 is graphed on the 
number line in FIGURE 1.1.3 as a colored arrow over the line pointing to the left. 
In the figure, the right parenthesis at 4 indicates that the number 4 is not 
included in the solution set. Because the solution set extends indefinitely to 
the left—the negative direction—the inequality x < 4 can also be written as 
— осо < х < A, where со is the infinity symbol. In other words, the solution set 


of the inequality x « 4 is 


{x|x real and x < 4) = {x| ~œ% < x < 4}. 


р A 


0 4 


FIGURE 1.1.3 Solution set in Example 1 in interval notation is 
C о 4) 


Using interval notation this set of real numbers is written (— се, 4) and is an 


example of an unbounded interval Table 1.1.1 summarizes various 


inequalities and their solution sets, as well as interval notations, names, and 
graphs. In each of the first four entries of the table, the numbers a and b are 


called the endpoints of the interval. As a set, the open interval 
= im -- | 
(a,b) = lxla < x < b} 


Inequalities and Intervals 


Interval 
Inequality Solution Set Notation | Name Graph 


вв Ї 2-0 (a, b) Open interval у 
a<x<b {х|а = х <Б} la. b] Closed interval —— d 
cesses ЇЇ 2-1 (a, b] Half-open interval | --С-- 


azxcb {rla = x < b} Га, b) Halfopen interval | — E——3À— 


a<x {ха <x < =} (a, ®) --- 
а 
asx {rla = x < =} [a, =) —— 
Unbounded А 
х<ь {х|-=<х<Ь} (7, b) intervals. +———— 
b 
ВЕ {|-=<х=5} | (—=,Ь] == = 


does not include either endpoint, whereas the closed interval 
[a,b] = lxlaz x = b} 


includes both endpoints. Note, too, that the graph of the last interval in Table 
1.1.1, which extends indefinitely both to the left and to the right, is the entire 
real number line. In calculus the interval notation (- се, e») is generally used 


to represent the set А of real numbers. 


A word of caution is in order as you peruse Table 1.1.1. The infinity symbols 
— с (“minus infinity") and ee (“infinity”) do not represent real numbers and 
should never be manipulated arithmetically like a number. The infinity 
symbols are merely notational devices: —°° and œ are used to indicate 
unboundedness in the negative direction and in the positive direction, 


respectively. Thus when using interval notation, the symbols —> and œ сап 


never appear next to a square bracket. For example, the expression (2, с | is 


meaningless. 


An inequality such as а < x < b is sometimes referred to as a simultaneous 
inequality because the number x is between the numbers a and b. In other 
words, x > a and simultaneously x < b. For example, the real numbers that 
satisfy 2 < x < 5 is the intersection of the intervals defined by the inequalities 
2 < x and x < 5. Recall that the intersection of two sets A and B, written A n 
B, is the set of elements that are in A and in B—in other words, the elements 
that are common to both sets. As illustrated in FIGURE 1.1.4 by the overlapping 
arrows extending indefinitely to the right and to the left, the solution set of the 
inequality 2 < х < 5 сап be written as the intersection (2, ©) П (-®, 5) = (2, 


5)! 


FIGURE 1.1.4 The numbers in (2, 5) are the numbers common to 
both (2, œ) and (- >, 5) 


Solving a Simultaneous Inequality 


Solve —2 < 1 - 2x « 3. 


Solution As previously discussed, one way of proceeding is to solve two 


inequalities: 


—2 = | — 2x and | — 2x < 3 


and then take the intersection of the two solution sets. A faster method is to 


solve both of the inequalities simultaneously in the following manner: 


1+3 <=һьу(ї) of Theorem 1.1.1 


ә ҺӘ N 
ІЛ 

‹ fa 
- 
N 
- 
^ 


We isolate the variable x in the middle of the last simultaneous inequality by 


| 


multiplying by — 2 


> (—4)(—2x) > (-5)2 < by (ii) of Theorem 1.1.1 


where we note that multiplication by the negative number has reversed the 
direction of the inequalities. To express this inequality in interval notation, we 


first rewrite it with the leftmost number on the number line on the left side of 


-І<х-3 


the inequality: 2] The solution set of the 


last inequality is the half-open ga . ; the square 


=— 


bracket on the right signifies that 2 is included in the solution set. The graph 
of this interval is given in FIGURE 1.1.5. 


кю!» 


FIGURE 1.1.5 Solution set іп Example 2 


[ Sign-Chart Method In Examples 1 and 2 we solved linear inequalities 


in one variable x, that is, inequalities that can be put into one of the forms 


хто üxtb-0, алыр ux bz 0] 


where a # 0. In the next several examples we illustrate the sign-chart 
method used in calculus for solving nonlinear inequalities. A nonlinear 
inequality in one variable x is simply an inequality that is not linear. For 
example, x2 > —2x + 15 is a nonlinear inequality because of the presence of 
the x2 term. The two properties of real numbers given next are fundamental to 


constructing a sign chart of an inequality. 


THEOREM 1.1.2 Sign Properties of Products 


(i The product of two real numbers is positive if and only if 
the numbers have the same signs, that is, either (+ )(+) or (—) 


(=) 


(ii) The product of two real numbers is negative if and only if 
the numbers have opposite signs, that is, (+)(—) or (—)(+). 


Here are some of the basic steps of the sign-chart method illustrated in the 


next example. 


Guidelines for the Sign-Chart Method 


* Use the properties of inequalities to recast the given inequality 
into a form where all variables and nonzero constants are on the 
same side of the inequality symbol and the number 0 on the other 
side. 


* Then, if possible, factor the expression involving the variables 
and constants into linear factors ax + b. 


* Mark the number line at the points where the factors are zero. 
These points divide the number line into intervals. 


* In each of these intervals, determine the sign of each factor and 
the corresponding sign of the product using (i) and (ii) of Theorem 


1.1.2. 


Solving а Nonlinear Inequality 


Solve x? > —2х + 15. 


Solution We begin by rewriting the inequality with all terms to the left of the 
inequality symbol and 0 to the right. By (i) of Theorem 1.1.1, 


3 


x z—2x-T 15 is equivalent to х 2x — 15 z 0. 


Factoring, the last expression is the same as (x + 5)(x — 3) > 0. 


Then we indicate on the number line where each factor is 0—in this case, x = 
—5 and x = 3. As shown in FIGURE 1.1.6, this divides the number line into three 
disjoint, ог nonintersecting, intervals: (~, —5), (-5, 3), and (3, e»). Note, 
too, that since the given inequality requires the product to be nonnegative, that 
13, "greater than or equal to 0," the numbers —5 and 3 are two solutions. Next, 
we must determine the signs of the factors x + 5 and x — 3 on each of the three 
intervals. We are looking for those intervals on which the two factors are 
either both positive or both negative, for then their product will be positive. 
Since the linear factors x + 5 and x — 3 cannot change signs within these 
intervals, it suffices to obtain the sign of each factor at just one test value 
chosen from inside each interval. For example, on the interval (— ee, —5), if we 


use x = —10, then 


See (i) of Theorem 1.1.2 


(-œ,-5)! Dm (3, ©) 
| | 

a іы ШЕ 
5 0 3 


FIGURE 1.1.6 Three disjoint intervals 


Interval (--9; —5) 

Signofx + 5 = <atx=-10.x+5=-10+5<0 
Sign of x — 3 = -ах--10,х-3--10-3<0 
Sign of (x + 5)(x — 3) + <—(-)(-) is (+) 


Continuing in this manner for the remaining two intervals we get the sign 
chart in FIGURE 1.1.7. As can be seen from the third line of this figure, the 
product (x + 5)(x - 3) is nonnegative on either of the unbounded intervals 
(– о, –5] or [3, о). 


х+5 0 + + + 
х-3 0 

(x + 5) (х-3) + + 0 0 + + 
-5 3 


FIGURE 1.1.7 Sign chart for Example 3 


Because the solution set in Example 3 consists of two nonintersecting, or 
disjoint, intervals it cannot be expressed as a single interval. The best we can 
do is to write the solution set as the union of the two intervals. Recall that the 
union of two sets A and B, written A U B, is the set of elements that are in 
either A or in B, or in both. Thus the solution set in Example 3 can be written 
Foo Ш |, ее) 


Solving а Nonlinear Inequality 


Solve (x — 4)2(x + 8)3 > 0. 


Solution Since the given inequality already has the form appropriate for the 
sign-chart method (a factored expression to the left of the inequality symbol 
and 0 to the right), we begin by finding the numbers where each factor is 0, in 
this case, x = 4 and x = —8. We place these numbers on the number line and 
determine three intervals. Then in each interval we consider the signs of the 


powers of each linear factor. Because of the even power, we see that (x — 4)» 


is never negative. However, because of the odd power, (x + 8): has the same 
sign as the factor x + 8. Observe that the numbers x = 4 and x = -8 are not 
solutions of the inequality because of the "greater than" symbol. Therefore, as 
we see in FIGURE 1.1.8, the solution set is (-8, 4) U (4, œ). 


(х-4)2 + + + + + 0 + + 

(х + 8)? 0 + + + + + 

(x - 4 (x + 8) 0 + + 0 + + 
8 4 


FIGURE 1.1.8 Sign chart for Example 4 


Solving a Nonlinear Inequality 


6 
Mom = 
Solve X + 2| 


Solution We begin by rewriting the inequality with all variables and nonzero 


constants to the left and 0 to the right of the inequality sign, 


б 
х + 2? 


Next we put the terms over a common denominator, 


(х= 3)(v + 2) +6 re x(x — 1) 
м —— € 0 andsimplifyto t——— = 0. (2) 
x+2 ” X 


One thing we don’t do is clear the denominator by multiplying the inequality by x + 2. 
See Problem 70 in Exercises 1.1. 


Now the numbers that make the three linear factors іп the last expression 
equal to 0 are —2, 0, and 1. On the number line these three numbers determine 
four intervals. As a result of the "less than or equal to 0," we see that 0 and 1 
are members of the solution set. However, -2 is excluded from the solution 
set since substituting this value into the fractional expression results in a zero 
denominator (making the fraction undefined). As we can see from the sign 
chart in FIGURE 1.1.9, the solution set is (~, —2) u (0, 1]. 


X O ++ + ++ 

х-1 0 + + 

х+2 0 + + + +++ ++ 

х(х— 1/(х+2) undefined + + 0 0 + + 


> 


FIGURE 1.1.9 Sign chart for Example 5 


NOTES FROM THE CLASSROOM 


© Tomasz Trojanowski/ShutterStock, Inc. 


(i Terminology used in mathematics often varies from teacher 
to teacher and from textbook to textbook. For example, 
inequalities using the symbols < or > are sometimes called strict 
inequalities, whereas inequalities using « or > are called non- 
strict. As another example, the positive integers 1, 2, 3,... are often 
referred to as the natural numbers. 


(ü) Suppose the solution set of an inequality consists of the 
numbers such that x « —1 or x > 3. An answer seen very often 
on homework, quizzes, and tests is 3 < x < —1. This is a 
misunderstanding of the notion of simultaneity. The statement 3 
« x < —1 means that x > 3 and at the same time x < — 1. If 
you sketch this on the number line you will see that it is 
impossible for the same x to satisfy both inequalities. The best 


we сап do іп rewriting “х < —1 or x > 3" is to use the union of 
intervals (— о, — 1) U (3, >). 


(iii) Here is another frequent error: The notation a « x > b is 
meaningless. If, say, we have x > —2 and x > 6, then only the 
numbers x > 6 satisfy both conditions. 


(iv) In the classroom we frequently hear the response "positive" 
when in reality the student means “nonnegative.” Question: x 


under the square root sign Vx must be positive, right? 


Raise your hand if you agree. Invariably, lots of hands go up. 
Correct answer: x must be nonnegative, that is, x > 0. Don't 


forget „м0 SEE 0 


Exercises 1.1 Answers to selected odd-numbered 
problems begin on page ANS-1. 


In Problems 1-6, write the given statement as an inequality. 
1. a 2 is positive 

2. 4y is negative 

3. a+ b is nonnegative 

4. ais less than —3 

5. 2b + 4 is greater than or equal to 100 

6. с- 1 15 less than or equal to 5 


In Problems 7-14, write the given inequality using interval notation and then 


graph the interval. 


7/5 BS 


8 (055559 


Ob s m 5) 

10. -1 < x 

11. 8 <х < 10 
12. —5 <x < -3 
13. -2 <х<4 
14. х>-7 


In Problems 15-18, write the given interval as an inequality. 
П [ET 9] 

16. [1, 15) 

17. (795,2) 

18. [-5, ~) 


In Problems 19-34, solve the given linear inequality. Write the solution set 


using interval notation. Graph the solution set. 
19. х-3»-2 


20. 3x-9<6 


3 Р 
5X + 4 


Ц 
= 


21. 


[T 


2227 4 Х 


IV 
| 
I 


— XX 


381125, 


23. 


24. -(1-х) > 2x-1 


25. 2х > 3(x- 1) 


26. -7x+3 < 4-х 


27. 


28. -3 < -х<2 


29. -7<х-2<1 


30. 3<x+4 < 10 


го 1,200 
Uf <... 3 aX = 9 
32. 100 +x < 41- 6х x 121-х 
х-4 | 
—| = < 5 
33. 4 
Ах + 2 | 
2 <= — = 10 
34. —3 


In Problems 35-58, solve the given nonlinear inequality. Write the solution 


set using interval notation. Graph the solution set. 
35. x -9 « 0 
36. x; > 16 


SEXES 


3 


3 


4 


41. 


42. 


43. 


44. 


45. 


59 


52 


> 


4х2 + 7х < 0 


0 — 8х+ 12 <0 


(Зх + 2)(x— 1) < 0 


9x > 2x2 — 18 


4x2 > 0x 4 9 


(x + D(x-2)x-4)«0 


(1— x)(x + 


(х2 — 1)(х2—4) 50 


1 
2 


)(х — 3) = 0 


. (x-1»(x*-3)x-5)2 0 


> 


x+8 
10 


< 0 


48. 


49. 


50. . 


2 


" x + | 
X 
- >( 
56 \ m 16 
5 


Ex--3 х-+ 1 


< 0 


Ах + 5 4 


— 3 8I 
- x x +5 


59. If 7 times a number is decreased by 6, the result is less than 50. What can 


be determined about the number? 


60. The sides of a square are extended to form a rectangle. As shown in 
FIGURE 1.1.10, one side is extended 2 inches and the other side is extended 5 
inches. If the area of the resulting rectangle is less than 130 in.2, what are the 


possible lengths of a side of the original square? 


F^ 5 — 


[3 


FIGURE 1.1.10 Rectangle in Problem 60 


61. А polygon is a closed figure made by joining line segments. For example, 
a triangle is a three-sided polygon. Shown in FIGURE 1.1.11 is an eight-sided 
polygon called an octagon. A diagonal of a polygon is defined to be a line 
segment that joins any two nonadjacent vertices. The number of diagonals d 


іп a polygon with и sides is given by 


d = in — 1)и = nn 


polygons will the number of diagonals exceed 35? 


. For what 


vertex 


vertex —* 4 


nzs 


FIGURE 1.1.11 Octagon in Problem 61 


62. The total number N of dots in a triangular array with п rows is given by 


М = 5п(п + 1) 


the formula 2 . See FIGURE 
1.1.12. How many rows can the array have if the total number of dots is to be 


less than 5050? 


nal E п=2 


FIGURE 1.1.12 Triangular arrays of dots іп Problem 62 
Applications 
63. Flower Garden A rectangular flower bed is to be twice as long as it is 
wide. If the area enclosed must be greater than 98 m», what can you conclude 


about the width of the flower bed? 


64. Fever The relationship between degrees Celsius Тс and degrees 


== 2 
Fahrenheit Tr is given by ГЕ ЕЕ 5 Іс T 3 2 А 


person is considered to have a fever if he or she has ап oral temperature 


greater than 98.6°F. What temperatures on the Celsius scale indicate a fever? 


Oral thermometer 
О Blend Images/Jupiterimages. 


65. Parallel Resistors A 5-ohm resistor and a variable resistor are placed in 


parallel. The resulting resistance is given by 


^ | R . Determine the values of the variable 


resistor R for which the resulting resistance Rr will be greater than 2 ohms. 


66. What Goes Up... With the aid of calculus it is easy to show that the 
height s of a projectile launched straight upward from an initial height so with 


an initial velocity vo is given by 


1 42 
5 -- -201 + Vol F 50 where t is in 


seconds and g = 32 ft/s». If a toy rocket is shot straight upward from ground 
level, then so = 0. If its initial velocity is 72 ft/s, during what time interval will 
the rocket be more than 80 ft above the ground? 


67. Linear Depreciation The value V of a new car, which cost $50,000 


initially, when depreciated linearly over 20 years is given by У = 50,000(1 — 
x/20), where x represents years. Determine the values of x such that 0 < V < 
20,000. 


68. Pulse Rate The pulse rate of a healthy person while engaged in aerobic 
exercises can vary widely. To obtain the maximum beneficial effect from the 
exercises, the pulse rate Рв should be maintained in a certain interval (а, b]. 
For jogging, one mathematical model determines the endpoints а and b of that 
interval subtracting the jogger's age from 220 and multiplying the result by 
0.70 and 0.85, respectively. Write the desired interval for the pulse rate of a 


40-year old jogger as a simultaneous inequality. 


For Discussion 


69. Discuss how you might determine the set of numbers for which the given 


expression is a real number. 


(a) V2x — 3 (b) V4 — 10х (c) Vx(x — 5) (d) 


Carry out your ideas. 


70. In Example 5, explain why one should not multiply the last expression in 
(2) by x + 2. 


71. (a) ГО « a < b, then use the properties of inequalities to show that a» < 
b». 


(b) If a « b, then explain why, in general, a» < b» is not true. 


72. If O < a < b, then use the properties of inequalities to show that 


0 < Va < VD vss 


proceeding is to use the factorization 


b — a = (Vb + Va) (Vb — Va) > 0, 


73. If a and b are real numbers, then the number (a + b)/2 is called the 
arithmetic mean, or average, of a and b. Use the properties of inequalities to 


a + b 
a <----<Рр 


show that if a < b, then 2 


74. If a апа b are positive real numbers, then the number V Ч р is 


called the geometric mean of a and b. Use the properties of inequalities to 


show that if 0 < a < b, then C =. V ab < b 


75. If 0 < a < b, then show that the geometric mean of a and b is less than the 


arithmetic mean of a and b, that is, 


Vab «42235 


2 . See Problems 73 and 74. 


76. Using the definition in Problem 74 as a model, how would you define the 


geometric mean of three positive numbers a, b, and c? Of n positive numbers? 


77. Doa little bit of research and find an application where the geometric 
mean of positive real numbers is used rather than the arithmetic mean of the 


numbers. You might have to use Problem 76. 


1.2 Absolute Value 


INTRODUCTION We can use the number line to picture distance. As shown 
in FIGURE 1.2.1, the distance between the number 0 and the number 3 is 3, and 
the distance between — 3 and 0 is also 3. In general, for any positive real 
number x, the distance between x and 0 is x. If x represents a negative number, 
then the distance between x and 0 is —x. The concept of distance from a 
number on the number line to the number 0 is described by the absolute value 


of that number. 


FIGURE 1.2.1 Distance is 3 units 


DEFINITION 1.2.1 Absolute Value 


For any real number x, the absolute value of x, denoted by |х|, 


1S 


Be careful. It is a common mistake to think that the symbol —x represents a 
negative quantity simply because of the presence of the minus sign. If a 
symbol x represents a negative number (that is, x < 0), then —x is a positive 


number. For example, if x = –10 < 0, then |x| = -x = —(—10) = 10. 


As our first example shows, the symbol x in (1) is a placeholder. Other 


quantities can be placed inside the absolute value symbols ||. 


Absolute Value 


Write |x — 5| without absolute value symbols. 
Solution Wherever the symbol x appears in (1) we replace it by x — 5: 


x—5, ifx—-5z0 


|x — 5| = : к 
-(х- 5), ifx— 5 < 0! 


Let's consider each part of the foregoing definition separately. First, the 


inequality x — 5 > 0 means that x > 5. Therefore, 


Check this result (that is, x — 5 is nonnegative) by substituting numbers such 
as 5, 8, and 10. Next, x — 5 < 0 means that x < 5. In this case, 


distributive law 


| | 
|= 5| = —(x — 5) = —x +5 if x«5. 


Again, you should convince yourself that this is correct (that is, —x + 5 is 


positive) by substituting a few numbers, such as 2 and —3. 


As illustrated in Figure 1.2.1, for any real number x and its negative —x, the 
distance to 0 is the same. That is, |x| = |-x|. This is one property in a list of 


properties of the absolute value that is given next. 


THEOREM 1.2.1 Properties of Absolute Values 


G) |а| = [-а| 
(ii) |a| = 0 if and only if a = 0 


(iii) |ab| = (| |М 


a | | 
= —, b*0 


a» (Ж | р 


(у) |a + | < |a| + |b| (Triangle inequality) 


For example, by virtue of property (iii) of Theorem 1.2.1 we сап rewrite the 


expression |-23| as |-2] |x] -2 4 


[ Distance If we wish to find the distance between апу two numbers on (һе 


real number line, then all we have to do is subtract the leftmost number from 


the rightmost number. For example, the distance between 10 and —2 is 


rightmost number leftmost number 
" l 
10 — (—2) = 12. 


As we saw in the introduction, the distance between —3 and 0 is 0 — (-3) = 3. 
If an absolute value is used to define the distance, then we do not have to 


worry about the order of subtraction. 


DEFINITION 1.2.2 Distance Between Two Numbers 


If a and b are any two numbers on the number line, the distance 
between a and b is 


d(a,b) = |b — a| 


Using the properties of absolute values, 
by property (їг) of Theorem 1.2.1 


{ | | 
|b —a| = |(—1)(а— b)| = |- Ja — b| = |a — b|. 


and so we have d(a, b) = d(b, a). For example, the distance between V2 


and 3 is 


4(М2,3) = |3- V2| = 3 – v2 


Nb > V20r3 — V2 > ой 


d(3, V2) = |V2 - 3| = -(V2 - 3) = 3 – у 


МЭ < 30r V2 —3 <0 


[ Midpoint Suppose а and b represent two distinct numbers on the number 


line such that a < b. The midpoint т of the line segment between the 
numbers a and b is given by the average of the two endpoints of the interval 
[a, b], that is 


_atb Д 
т-----. (3) 


As shown in FIGURE 1.2.2, (3) is easy to verify by using (2) to show that d(a, т) 
= d(m, Б). 


d(a, т) = d(m, b) 
A 


Г \ A A 
— M 
a m b 


FIGURE 1.2.2 Midpoint m between a and b 
Midpoint 


From (3), the midpoint m of the line segment joining the numbers —2 and 5 is 


(-29Ғ5 3 


2 9) 


See FIGURE 1.2.3. 


3, 7 3 
а(-2, 2) 5 = d(5,5) 

г ^ АС ^ \ 
p oeo y 
2 3 5 
2 


FIGURE 1.2.3 Midpoint in Example 2 
[ Equations Since (i) of Theorem 1.2.1 implies that |-6| = |6| = 6, we can 


conclude that the simple equation |x| = 6 has two solutions, either x = —6 or x 


— 6. In general, if a is a positive real number, then 


|х| =a if and only if х=а or х= -а. (4) 


An Absolute-Value Equation 


Solve (a) |5x - 3| = 8 
(b) x - 4| = -3. 


Solution (a) In (4) the symbol x is a placeholder for any quantity. By 


replacing x by 5x — 3, the given equation is equivalent to two equations 


5x —-3 = 8 or 5х— 3 = —8§. 
We solve each of these. From 5x — 3 = 8, we obtain 


5x — 11 which implies х = 


From 5x — 3 =-8, we һауе 


LA 

> 
| 
| 

л 


2 which implies х= —1. 


| 


Therefore, the solutions аге 2 апа —1. 


(b) Since the absolute value of a real number is always nonnegative, there is 


[ Absolute-Value Inequalities Many important applications of 


no solution to an equation such as |x — 4| = -3. 


inequalities involve absolute values. We have just seen that |x| represents the 
distance along the number line between the number x and the number 0. Thus 
the inequality |х| < a, where a > 0, means that the distance between x and 0 is 
less than a. We сап see in FIGURE 1.2.4(а) that this is the set of real numbers x 
such that —a < x < a. On the other hand, x > a means that the distance between 
x and 0 is greater than a. In Figure 1.2.4(b), we see that these are the numbers 
that satisfy either x > a or x < —a. These graphical observations suggest two 


additional properties of absolute value. 


К <a 


a 0 a 


(a) The distance between x and O is 
less than a 


М> a 
а 0 а 


(b) The distance between x апа 0 is 
greater than a 


FIGURE 1.2.4 Graphical interpretation of (i) and (ii) of Theorem 


11.222 


THEOREM 1.2.2 Absolute-Value Inequalities 


Let a be a positive real number. 
© |x| < aif andonly if Ca < x < a 


(ii) |x| > aif and only if > aorx < -а 


Properties (i) and (ii) of Theorem 1.2.2 also hold with the inequality symbols 


< and > are replaced Бу < and >, respectively. 


Two Absolute-Value Inequalities 


(a) From (i) of Theorem 1.2.2, the absolute-value inequality |x| < 1 is 


equivalent to the simultaneous inequality —1 < x < 1. 


(b) From (ii) of Theorem 1.2.2, (һе absolute-value inequality | | > 5 is 


equivalent to two inequalities: x > 5orx < —5. 


Two Absolute-Value Inequalities 


Solve (a) 3x - 7| < 1 
(b) x - 5| < 0. 


Solution (a) As in Example 3, the symbol x in the inequality |x| < a is simply 
a placeholder for other quantities. If we replace x by 3x — 7 and a by the 


number 1, then (i) of Theorem 1.2.2 yields the simultaneous inequality 


which we solve in the usual manner (see Example 2 in Section 1.1): 


—l-c-/«3x—!/T1!1«1c1 
6 < 3x < 


(3)6 < (5 
| 


2 < 


Ч ) 2 
The solution set is the open | | 3 shown in FIGURE 1.2.5. 


) 8 
0 2 3 


FIGURE 1.2.5 Solution set in Example 5 


(b) Since the absolute value of any expression is never negative, the values of 
x that satisfy the inequality < are those for which [2x — 5| = 0. By (ii) of 


5, 


[T 


Theorem 1.2.1 we conclude that 2x — 5 - 0. Hence the only solution is 2 : 


| Distance Again An absolute-value inequality such as |x — b| < а сап also 


be interpreted in terms of distance along the number line. Since |x — В] is 
distance between x and b, the inequality |x — b| < a is satisfied by all real 
numbers x whose distance between x and b is less than a. This interval is 
shown in FIGURE 1.2.6. Note that when b = 0 we get (i) of Theorem 1.2.2. 
Similarly, the set of numbers satisfying |x — b| > a are the numbers x whose 


distance between x and b is greater than a. 


Ix - bl «a 


a a 
n ^ ^ г ^. ^ 
b-a b ba 


FIGURE 1.2.6 The distance between x and b is less than a 


An Absolute-Value Inequality 
4 —эх| 2 7 
E = 


іш 
| | 4 — 5х 

Solution If we replace x and a іп |x| > а by 2. апа 7, 

respectively, Шеп we see from (ii) of Theorem 1.2.2 фа 


о. 
4 — 5х| = 


inequalities 


Solve 


is equivalent to the two different 


4-2Х57 о 4-ҙ;х<-7. 


3 | iplicati y —2 reverses 

( 2) ( ly) 41-00 4 multiplication by re erses 
ы the direction of the inequality 

X 


In interval notation the solution set of this inequality is (->, —6]. Next, we 


solve 


Пу. multiplication Бу —2 reverses 
the direction of the inequality 


In interval notation the solution set is |22, о). 


Since the two intervals are disjoint, the solution set is the union of intervals: 


(co, —6] 0 |22, e»). The graph of this solution set is shown in FIGURE 1.2.7. 


=a 
о 


6 0 10 22 


FIGURE 1.2.7 Solution set in Example 6 


Note in Figure 1.2.4(a) that the number 0 is the midpoint of the solution 
interval for |x| < a and in Figure 1.2.6 that the number b is the midpoint of the 
solution interval for the inequality |x — b| < a. With this in mind, work through 


the next example. 


Constructing an Inequality 


Find an inequality of the form |x — b| < a for which the open interval (4, 8) is 
its solution set. 


Solution midpoint of the interval (4, 8) is 


4+8 | 


т = = = 6 
rum . The distance between the 


midpoint т and one of the endpoints of the interval is d(m, 8) = |8 — 6| = 


Therefore the required inequality is |x — 6| « 2. 


Exercises 1.2 Answers to selected odd-numbered 
problems begin on page ANS-1. 


In Problems 1-6, write the given quantity without the absolute value symbols. 


1. |z- 4| 


15-3 
|8- V63| 
12.6 — МТ 


5. |-6| - 2 


6. [131-1011 


In Problems 7-12, write the given expression without the absolute value 


symbols. 
7. |h], if his negative 
8. |-1|, if h is negative 


9. |x- 6, ifx «6 


IV 
ta |= 


X 


10. [2x - Ц, if" 


11. lx- yl- ly- л] 


Ix — yl 
2-5 ү»у 
у-х 


12. 


In Problems 13-16, write the expression |x — 2| + |x — 5| without the absolute 


value symbols if the number x is in the given interval. 
13. (œ, 1) 

14. (7, ~) 

15. (3, 4] 

16. |2,51 


In Problems 17-20, write the expression |x + Ц — |x — 3| without the absolute 


value symbols if the number x is in the given interval. 
17. [-1, 3) 

18. (0, 1) 

19. (л, >) 

20. (-<,-5) 


In Problems 21—24, find the distance between the given numbers and find the 


midpoint of the line segment between them. 
Pails 3s 7 


22. -100, 255 


23. 


24. 454 
In Problems 25-28, т is the midpoint of the line segment joining a (the left 


endpoint) and b (the right endpoint). Use the given conditions to find the 


indicated quantities. 

25. т= 5, (а m) 3; а апа b 

26. т= –1, d(m, b) 2; аапа b 

27. a=4, (а, m) = л; m and b 

28. а = 10, d(m, b) = 5; mand b 

In Problems 29-34, solve the given equation. 
29. |4x — 1| 22 

30. |5v- 4| 27 


l 3s 
4 2X 


31. 
32. 2 - 16] 20 
X 
-2 
33. X Ен | 
x + 1 
> =4 
34. X72 


In Problems 35-46, solve the given inequality. Write the solution set using 


interval notation. Graph the solution set. 


35. |-55 < 4 


36. |3x| > 18 
37. B +2|>7 


38. x«4| 57 


39. 


40. ЗА | 


41. | 


42. |бх + 4| > 4 


àx — | 


a 
n 
4 
43. 
= 
44, = 
45. |х-5|<0.01 
46. |x- (-2)| < 0.001 


[3 


Ул 


In Problems 47-50, proceed as іп Example 7 and find an inequality |x — b| < a 


or |x — b| > a for which the given interval or union of intervals is its solution 


set. 


47. (-3, 11) 

48. (1,2) 

49. (~, 1) U (9, е) 
50. (– =, –3) О (13, е) 


In Problems 51 and 52, find an inequality whose solution is the set of real 
numbers x satisfying the given condition. Express each set using interval 


notation. 


51. Greater than or equal to 2 units from -3 


| 


52. Less than 2 unit from 3.5 


Applications 


53. Comparing Ages Bill and Mary's ages, Ав and Ax, differ by at most 3 


years. Write this fact as an inequality using absolute value symbols. 


54. Survival Your score on the first exam is 72%. The midterm grade is the 
average of the first exam score with the midterm exam score. If the B range is 
from 8046 to 8996, what score should you obtain on the midterm exam so that 


your mid-semester grade is B? 


55. Weight of Coffee The weight w of the coffee in cans filled by a food 


processing company satisfies 
w — 12 
0.05 


where w is measured in ounces. Determine the interval in which w lies. 


56. Weight of Cans A grocery scale is designed to be accurate to within 0.25 


oz. If two identical cans of soup placed on the scale һауе a combined weight 
of 33.15 oz, what are the largest and smallest possible weights of one of the 
cans? 


For Discussion 


57. Discuss how you might solve the given inequality and equation. 


ÆT 


іл 


= 3 


1-2 


(b) |5 -x| = |1 — 3x] 
Carry out your ideas. 
58. The distance between the number x and 5 is |x — 5]. 


(a) In words, describe the graphical interpretation of the inequalities 0 < |x — 
5| and 0 < |x 5| < 3. 


(b) Solve each inequality in part (a) and write each solution set using interval 


notation. 


59. (a) Interpret |x — 3| as distance between the numbers x and 3. Sketch on 


the number line the set of real numbers that satisfy 2 < |x – 3| < 5. 


(b) Now solve the simultaneous inequality 2 < |x — 3| < 5 by first solving |x — 
3| < 5 and then 2 < |x – 3|. Take the intersection of the two solution sets and 


compare with your sketch in part (a). 


60. Here is a statement you may encounter in the beginning of a course in 


calculus. Express the following statement as best you can in words: 


For every E > 0 there exists a д > 0 such that 


у= Ш < є 


Do not use the symbols >, <, or | |. Тһе symbols € and ô are the Greek letters 
epsilon and delta and represent real numbers. 


whenever 0 < |x — a| < ò. 


1.3 The Rectangular Coordinate 
System 


René Descartes 
© iStockphoto/Thinkstock 


INTRODUCTION In Section 1.1 we saw that each real number can be 
associated with exactly one point on the number, or coordinate, line. We now 
examine a correspondence between points in a plane and ordered pairs of real 
numbers. 


[ Coordinate Plane А rectangular coordinate system is formed by two 


perpendicular number lines that intersect at the point corresponding to the 
number 0 on each line. This point of intersection is called the origin and is 
denoted by the symbol O. The horizontal and vertical number lines are called 
the x-axis and the y-axis, respectively. These axes divide the plane into four 
regions, called quadrants, which are numbered as shown in FIGURE 1.3.1(а). А 
we can see in Figure 1.3.1(b), the scales on the x- and y-axes need not be the 
same. Throughout this text, if tick marks are not labeled on the coordinates 
axes, as in Figure 1.3.1(a), then you may assume that one tick corresponds to 
one unit. A plane containing a rectangular coordinate system is called an xy- 


plane, à coordinate plane, or simply 2-space. 


VA VA 


П E I at 
Second + First ek 
quadrant | quadrant 2+ 
T Origin + 
ЕЕ Ех + ЕЕ Ех 
о | 100 1 100 
ш 1 IV 24 
Third 1 Fourth EN 
quadrant | — quadrant at 
(a) Four quadrants (b) Different scales оп x- and y-axes 


FIGURE 1.3.1 Coordinate plane 


The rectangular coordinate system and the xy-plane are also called the 
Cartesian coordinate system and the Cartesian plane after the famous 
French mathematician and philosopher René Descartes (1596-1650). 


[ Coordinates of a Point Let P represent a point in the coordinate plane. 


We associate an ordered pair of real numbers with P by drawing a vertical line 
from P to the x-axis and a horizontal line from P to the y-axis. If the vertical 
line intersects the x-axis at the number a and the horizontal line intersects the 
y-axis at the number b, we associate the ordered pair of real numbers (a, Р) 
with the point. Conversely, to each ordered pair (a, b) of real numbers there 
corresponds a point P in the plane. This point lies at the intersection of the 
vertical line through a on the x-axis and the horizontal line passing through b 
on the y-axis. Hereafter we will refer to an ordered pair as a point and denote 


it by either P(a, b) or (а, b).* The number a is the x-coordinate of the point 


and the number b is the y-coordinate of the point and we say that P has 
coordinates (a, b). For example, the coordinates of the origin are (0, 0). See 
FIGURE 1.3.2. 


y-coordinate 


b 24 (—— + P(a, b) 


x-coordinate 


FIGURE 1.3.2 Point with coordinates (a, b) 


Тһе algebraic signs of the x-coordinate and the y-coordinate of any point (x, y) 
in each of the four quadrants are indicated in FIGURE 1.3.3. Points on either of 
the two axes are not considered to be in any quadrant. Because a point on the 
x-axis has the form (x, 0), an equation that describes the x-axis is y — 0. 
Similarly, a point on the y-axis has the form (0, y) and so an equation of the y- 
axis is x = 0. When we locate a point in the coordinate plane corresponding to 
an ordered pair of numbers and represent it using a solid dot, we say that we 


plot or graph the point. 


FIGURE 1.3.3 Algebraic signs of coordinates in the four quadrants 


Plotting Points 


4 % 
С | 2 “= J, po, 


Plot the points A(1, 2), В(-4, 3), қ 
4), апа Е(3.5, 0). Specify the quadrant іп which each point lies. 


Solution The five points are plotted in the coordinate plane in FIGURE 1.3.4. 
Point A lies in the first quadrant (quadrant D), B in the second quadrant 
(quadrant П), and С is in the third quadrant (quadrant Ш). Points D and Е, 
which lie on the y- and x-axes, respectively, are not in any quadrant. 

ШЕШ 


В(-4,3) D(0, 4) 
е 


е А(1,2) 


Е(3.5,0) 


С 


мә 
. 


FIGURE 1.3.4 Plots of five points іп Example 1 


Plotting Points 


Sketch the set of points (x, y) in the xy-plane whose coordinates satisfy both 0 
S xe S За | ЕЕ 


Solution First, recall that the absolute-value equation |y| = 1 implies that y = 
—1 or y = 1. Thus the points that satisfy the given conditions are the points 
whose coordinates (x, y) simultaneously satisfy the conditions: each х- 


coordinate is a number in the closed interval [0, 2] and each y-coordinate is 


either y = —1 or y = 1. For example, (1, 1), % 2 2 ) (2, —1) аге 
а few of the points that satisfy the two conditions. Graphically, the set of all 


points satisfying the two conditions are points on the two parallel line 


segments shown in FIGURE 1.3.5. 


0<х<2 


and y = 1 


FIGURE 1.3.5 Set of points in Example 2 


Regions Defined by Inequalities 


Sketch the set of points (x, y) in the xy-plane whose coordinates satisfy each 
of the following conditions. (a) xy < 0 (b) у > 2 


Solution (a) From (ii) of the sign properties of products in Theorem 1.1.2, we 
know that a product of two real numbers x and y is negative when one of the 
numbers is positive and the other is negative. Thus, ху < 0 when x > 0 and y < 
0 or when x < 0 and y > 0. We see from Figure 1.3.3 that xy < 0 for all points 
(x, y) in the second and fourth quadrants. Hence we can represent the set of 
points for which xy < 0 by the shaded regions in FIGURE 1.3.6. The coordinate 
axes are shown as dashed lines to indicate that the points on these axes are not 


included in the solution set. 


(b) In Theorem 1.2.2 we saw that |у) > 2 means that either y > 2 ory < -2. 
Since x is not restricted in any way it can be any real number, and so the 


points (x, y) for which 


yz2 and — «x < c Or у = —2 and ~% «€ x < c 


can be represented by the two shaded regions in FIGURE 1.3.7. We use solid 


lines to represent the boundaries у = —2 and y = 2 of the region to indicate that 


the points on these boundaries are included in the solution set. 


УА 
I 
| 
| 
| 
ху<0 
І 
І 
нэн нэх нэм хи хи хам хи хам ноднин хэм хан хэн хон нм нм нээ 
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1 
1 

І xy «0 
I 
I 
I 
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FIGURE 1.3.6 Region in the xy-plane satisfying the condition in (a) 
of Example 3 


у=-2 and 
-о<х<% 


FIGURE 1.3.7 Region іп the xy-plane satisfying the condition in (b) 


of Example 3 
[ Distance Formula Suppose Pi(xi, уі) and Р(х, y2) are two distinct points 
in the xy-plane that are not on a vertical line or on a horizontal line. As a 
consequence, Pi, P», and P3(x1, y2) are vertices of a right triangle, as shown in 


FIGURE 1.3.8. The length of the side P3P2 is |x2 — хі| and the length of the side 
P1P3 is |y2 — yi]. If we denote the length of PiP2 by d, then 


= |х, - ГЭ + [Ys ш yl (1) 


Aline 


P (xX, Y2) 
| 


L Ix -x —> 


FIGURE 1.3.8 Distance between points апа Рі and P2 


by the Pythagorean theorem. Since the square of any real number is equal to 


the square of its absolute value, we can replace the absolute value signs in (1) 


with parentheses. The distance formula given next follows immediately from 


(1). 


THEOREM 1.3.1 Distance Formula 


The distance between any two points P: (xı, yi) and P»(x», y2) in 


the xy-plane is given by 


d(P,, P,) = V (x, — x + (y, У) (2) 


Although we derived this equation for two points not on a vertical or 
horizontal line, (2) holds in these cases as well. Also, because (x2 — x1)» = (x1 — 
X27, it makes no difference which point is used first in the distance formula, 
that 15, (Рі, Р) = d(P», Рі). 


Distance Between Two Points 


Find the distance between the points A(8, —5) and B(3, 7). 


Solution From (2), with A and B playing the parts of Рі and P»: 


d(A, B) = V(3 — 8? + (7 — (—5))? 
= V(=5} + (12? = V169 = 13. 


Тһе distance d is illustrated in FIGURE 1.3.9. 


FIGURE 1.3.9 Distance between two points іп Example 4 


Three Points Form a Triangle 


Determine whether the points Pi(7, 1), Px—4, —1), and P3(4, 5) are the 


vertices of a right triangle. 


Solution From plane geometry we know that a triangle is a right triangle if 
and only if the sum of the squares of the lengths of two of its sides is equal to 
the square of the length of the remaining side. Now, from the distance formula 


(2), we have 


d(P, Р) = V(-4 — 7}? + (—1— 1)? 

= V121 + 4 = V125, 
d(P,, P) = V (4 — (-4)? + (5 - (-DY 
№64 + 36 = V100 = 10, 
=V(7 – 4)? + (1— 5)? 
= V9 + 16 = V25 = 5. 


d( Р»; 


өз 
| 


Since 


[d( Ps, P) P. + [а(Р,,Р,)]> = 25 + 100 = 125 = [d(P,, Р,)]2. 


we conclude that Pi, P», and Р» аге the vertices of a right triangle with the 


right angle at P3. See FIGURE 1.3.10. 


FIGURE 1.3.10 Triangle in Example 5 


[ Midpoint Formula In Section 1.2 we saw that the midpoint of a line 
segment between two numbers a and b on the number line is the average, (a + 
Ь)/2. In the xy-plane, each coordinate of the midpoint M of a line segment 
joining two points Pi(xi, уі) and P2(x2, y2) shown in FIGURE 1.3.11 is the average 
of the corresponding coordinates of the endpoints of the intervals |х, x2] and 


[у уз]. 


р Р,(х;. у2) 


М(х, y) 


FIGURE 1.3.11 M is the midpoint of the line segment joining P: and 
ІР» 


To prove this, we note in Figure 1.3.11 that triangles PiCM and MDP? are 
congruent because corresponding angles are equal and d(Pi, М) = (М, P»). 
Hence, (Рі, C) = d(M, D), or y — у! = y2 — y. Solving the last equation for у 


Уу T У? 
=” ?) 


gives Айт! шин, асс. +. E мин 


so that x — x1 = x2 — x, and therefore EE NN 
We have proved the following result. 


THEOREM 1.3.2 Midpoint Formula 


The coordinates of the midpoint M of the line segment joining 
the points Pı (xı, yı) and Pz(x», y») are given by 


Midpoint of a Line Segment 


Find the coordinates of the midpoint of the line segment joining А(-2, 5) and 
В(4, 1). 


Solution From the midpoint formula (3), the coordinates of the midpoint M 


are given by 


-2-4 5-1 
-a WAS Or (1, 3). 


2 


This point is shown in red in FIGURE 1.3.12. 


Midpoint 


У (1 


3) 


. 


FIGURE 1.3.12 Midpoint of line segment іп Example 6 


Exercises 1.3 Answers to selected odd-numbered 
problems begin on page ANS-2. 


In Problems 1-4, plot the given points. 


1. (2,3), (4, 5), (0, 2), (-1, -3) 


2. (1, 4), (-3, 0), (—4, 2), (—1,—1) 


l 4 
E —5. --2), (0, 0), [LS (3, 3) 
4. (0, 0.8), (22, 0), (1.2, 21.2), (C2, 2) 


In Problems 5-16, determine the quadrant in which the given point lies if (a, 


b) is in quadrant I. 
5. (-a, b) 
6. (a, —b) 
222 
8. (b, a) 

9. (b, a) 
10. (-b, —а) 
11. (a, a) 
12. (b, -b) 
13. (-а,-а) 
14. (-a, a) 
15. (b, -a) 
16. (-b, b) 


17. Plot the points given in Problems 5—16 if (a, b) is the point shown in 
FIGURE 1.3.13. 


FIGURE 1.3.13 Point (а, b) іп Problem 17 


18. Give the coordinates of the points shown іп FIGURE 1.3.14. 


FIGURE 1.3.14 Points A-G in Problem 18 


19. The points (-2, 0), (-2, 6), and (3, 0) are vertices of a rectangle. Find the 


fourth vertex. 


20. Describe the set of all points (x, x) in the coordinate plane. The set of all 


points (x, —x). 


In Problems 21—26, sketch the set of points (x, y) in the xy-plane whose 


coordinates satisfy the given conditions. 


21. ху- 0 


22. ху> 0 
23. |x| < 1 and ру < 2 
24. x < 2and y > -1 
25. l|» 4 
26. || < 1 
In Problems 27-32, find the distance between the given points. 
27. A(1, 2), В(-3, 4) 
28. A(-1, 3), B(5, 0) 
29. AQ, 4), B(-4, —4) 
30. A(—12, —3), В(-5,-7) 
A(—3, 1), B(5. 2) 


- A(— 8. 4), B( ^5, —1) 


In Problems 33-38, determine whether the points А, B, and С are vertices of a 


right triangle, an isosceles triangle, or both. 
33. А(8, 1), В(-3, -1), С(10, 5) 

34. A(—2, —1), В(8, 2), С(1,-11) 

35. AQ, 8), В(0, -3), C(6, 5) 

36. A(4, 0), BU, 1), C2, 3) 

37. А(-2, 1), В(0, 9), C(3, 4) 


38. А(1, 1), В(4, 5), C(8, 8) 


39. Suppose the points A (0, 0) and В (0, 6) are vertices of a triangle. Find a 


third vertex C so that the triangle is equilateral. 
40. Find all points on the y-axis that are 5 units from the point (4, 4). 
41. Consider the line segment joining the points А(-1, 2) and В (3, 4). 


(a) Find an equation that expresses the fact that a point P(x, y) is equidistant 


from A and from B. 


(b) Describe geometrically the set of points described by the equation in part 
(a). 


42. Use the distance formula to determine whether the points А(-1, —5), B(2, 
4), and C(4, 10) lie on a straight line. 


43. Find all points each with x-coordinate 6 such that the distance from each 


point to (—1, 2) is 9 5 


(1/2. 1/2) 


44. Which point, * 
0.97), is closer to the origin? 


or (0.25, 


In Problem 45 and 46, find all points P(x, x) that are the indicated distance 


from the given point. 


-(-2,0); VIO 


In Problems 47—52, find the midpoint M of the line segment joining the points 
A and B. 


46. 


47. A(4, 1), B(-2, 4) 


7 


А(5. 1), В(з, —3) 


49. А(-І, 0), B(-8, 5) 


48. 


51. Аа, ЗЬ), B(4a, —6b) 
52. A(x, x), В(-х, x + 2) 


In Problems 53—56, find the point B if M is the midpoint of the line segment 
joining points A and B. 


,A(4. 2), М(7, Е 


4 „ 
5, 


td [cn 


55. А(5, 8), МС-1,-1) 
56. А(-10, 2), М(5, 1) 


57. Find the distance from (һе midpoint Mi of the line segment joining А(-1, 
3) and B(3, 5) to the midpoint M» of the line segment joining C(4, 6) and D 
(22; —10). 


58. Find all points on the x-axis that are 3 units from the midpoint of the line 
segment joining (5, 2) and (—5, —6). 


59. Тһе x-axis is the perpendicular bisector of the line segment through A(2, 
5) and B(x, y). Find x and y. 


60. Consider the line segment joining the points A(0, 0) and B(6, 0). Find a 
point C(x, y) in the first quadrant such that A, B, and C are vertices of an 
equilateral triangle. 


61. Find the points Р (х, yi), P2(x2, yz), and P3(x3, уз) оп the line segment 
joining A(3, 6) and B(5, 8) that divide the line segment into four equal parts. 


Applications 


62. Going to Chicago Kansas City and Chicago are not directly connected by 
an interstate highway, but each city is connected to St. Louis and Des Moines. 
See FIGURE 1.3.15. Des Moines is approximately 40 mi east and 180 mi north of 
Kansas City, St. Louis is approximately 230 mi east and 40 mi south of 
Kansas City, and Chicago is approximately 360 mi east and 200 mi north of 
Kansas City. Assume that this part of the Midwest is a flat plane and that the 
connecting highways are straight lines. Which route from Kansas City to 


Chicago, through St. Louis or through Des Moines, is shorter? 


у 


Des Moines 


e -7777 


Chicago 


Kansas 
City 


FIGURE 1.3.15 Map for Problem 62 
For Discussion 


63. Consider the parallelogram in FIGURE 1.3.16. Assume that the coordinates 
of points B and D are (a, b) and (c, 0), respectively. Discuss: How can it be 
shown that the diagonals AC and BD of the parallelogram (the green line 


segments in the figure) bisect each other at a point M? Carry out your ideas. 


FIGURE 1.3.16 Parallelogram in Problem 63 


64. Тһе points А(0, 0), B(a, 0), and C(a, Б) are vertices of the right triangle 
shown in FIGURE 1.3.17. Discuss: How can it be shown that the midpoint M of 


the hypotenuse is equidistant from the vertices? Carry out your ideas. 


E 


A B 


FIGURE 1.3.17 Triangle in Problem 64 
65. Describe the set of points (x, y) in the xy-plane whose coordinates satisfy 
(a) у-х 
(b) y» x 
(c) y & x. 


66. The triangle in FIGURE 1.3.18 is rigidly translated two units to the right and 
then four units upward. Find the coordinates of the three vertices of the 


translated triangle. 


FIGURE 1.3.18 Triangle іп Problem 66 


1.4 Circles and Graphs 


INTRODUCTION An equation in two variables, say x and y, is simply a 
mathematical statement that asserts two quantities involving these variables 
are equal. In the fields of the physical sciences, engineering, and business, 
equations are a means of communication. For example, if a physicist wants to 
tell someone how far a rock dropped from a great height travels in a certain 
time +, he/she will write s = 16р. A mathematician will look at s = 16f and 
immediately classify it as a certain type of equation. The classification of an 
equation carries with it information about properties shared by all equations of 
that kind. The remainder of this text is devoted to examining different kinds of 
equations involving two variables and studying their properties. Here is a 


sample of some of the equations you will see: 


у = 5х — 1, у= х? – 3х, у = 2, y = Inx, (1) 


[ Solutions of Equations A solution of an equation in two variables x and 


y is an ordered pair of numbers (a, b) that yields a true statement when x = a 
and у = b are substituted into the equation. For example, (—2, 4) is a solution 


of the equation y = x» because 


is a true statement. We also say that the coordinates (-2, 4) satisfy the 
equation. The set of all solutions of an equation is called its solution set. Two 
equations are said to be equivalent if they have the same solution set. For 
example, we will see in Example 4 of this section that the equation x2 + y2 + 
10x — 2y + 17 = 0 is equivalent to (x + 5)2 + (y — 1)? = 32. 


In the list given in (1), you might object that the first equation x = 1 does not 
involve two variables. It is a matter of interpretation! Because there is no 


explicit y dependence in the equation, x = 1 can be interpreted to mean the set 


{(x, y)|x = 1, where y is any real number]. 


The solutions of x 2 1 are then ordered pairs (1, y), where you are free to 
choose y arbitrarily so long as it is a real number. For example, (1, 0) and (1, 
3) are solutions of the equation x = 1. The graph of an equation is the visual 
representation in the coordinate plane of the set of points whose coordinates 
(а, b) satisfy the equation. The graph of x = 1 is the vertical line shown in 


FIGURE 1.4.1. 


FIGURE 1.4.1 Graph of equation x = 1 


[ Circles The distance formula discussed in Section 1.3 can be used to define 


a set of points in the coordinate plane. One such important set is defined as 


follows. 


DEFINITION 1.4.1 Circle 


A circle is the set of all points P(x, y) in the coordinate plane that 


are a given fixed distance r, called the radius, from a given fixed 


point C, called the center. 


If the center has coordinates C(h, К), then from the preceding definition a 


point Р(х, y) lies on a circle of radius r if and only if 


dP,C)-r о  V(x-h?-*(y-kyer. 


Since (x — Л)? + (y — К) is always nonnegative, we obtain an equivalent 


equation when both sides are squared. We conclude that a circle of radius r 


and center C(h, k) has the equation 


(x – hy + (y - ky =т. (2) 


In FIGURE 1.4.2 we have sketched a typical graph of an equation of the form 
given in (2). Equation (2) is called the standard form of the equation of a 
circle. We note that the symbols л and k in (2) represent real numbers and as 
such can be positive, zero, or negative. When Л = 0 and К = 0, we see that the 


standard form of the equation of a circle with center at the origin is 


2 +у? =. (3) 


FIGURE 1.4.2 Circle with radius г and center (h, К) 


See FIGURE 1.4.3. When г = 1 we say that (2) is an equation of а unit circle. 


For example, x» + y» = 1 is an equation of a unit circle centered at the origin. 


FIGURE 1.4.3 Circle with radius г and center (0, 0) 


Center and Radius 


Find the center and radius of the circle whose equation is 


(x — 8) + (y + 2) = 49. (4) 


Solution To obtain the standard form of the equation, we rewrite (4) as 
i TV ( 2—72 
(x — 8)" + (y — (—2)) = T. 


From this last form we identify h = 8, k = —2, and г = 7. Thus the circle is 


centered at (8, —2) and has radius 7. 


Equation of a Circle 


Find an equation of the circle with center С(- 5, 4) with radius -— 


г = 4/2) 
Solution Substituting Л = —5, k = 4, and a= іп (2), we 


obtain 


(х= (15)? + (у – 4) = (м) or (х+5)?+(у-—4)?=2. 


Equation of a Circle 


Find an equation of the circle with center C(4, 3) and passing through P(1, 4). 


Solution With Л = 4 and k = 3, we have from (2) 


Since the point P(1, 4) lies on the circle as shown in FIGURE 1.4.4, its 


coordinates must satisfy equation (5). That is, 


3 


(1—4)? + (4-37 = or 10 = 


y 


FIGURE 1.4.4 Circle іп Example 3 


Thus the required equation in standard form is (x — 4)» + (y - 3)2 = 10. 


[ Completing the Square If the terms (x — h)2 and (y — k)2 are expanded 


and the like terms grouped together, an equation of a circle in standard form 


can be written as 


x + у' + ах+ by+c=0. (6) 


Of course in this last form the center and radius are not apparent. To reverse 
the process—in other words, to go from (6) to the standard form (2)—we 
must complete the square in both x and y. Recall from algebra that adding 
(a/2)2 to an expression such as x2 + ax yields x2 + ax + (a/2)2, which is the 


perfect square (x + a/2)2. By rearranging the terms in (6), 


х нахл )+(у+Ру )=-—с, 


and then adding (a/2)2 and (2/2): to both sides of the last equation, 


ест») 


The terms in color added inside the parentheses on the left-hand side are also added (о 


the right-hand side of the equality. This new equation is equivalent to (6). 


we obtain the standard form of the equation of a circle: 


NF Ва. p 
х%; + Уто = 4(4 + 5 — 4с). 


You should not memorize the last equation; we strongly recommend that you 


work through the process of completing the square each time. 


Completing the Square 


Find the center and radius of the circle whose equation is 


x ty + 10x — 2у + 17 = 0. (7) 


Solution To find the center and radius we rewrite equation (7) in the standard 


form (2). First, we rearrange the terms, 


(х2 + 10x ) + (у — 2y ) = —17. 


Then, we complete the square in x and y by adding, in turn, (10/2): in the first 
set of parentheses and (—2/2)2 іп the second set of parentheses. Proceed 
carefully here because we must add these numbers to both sides of the 


equation: 


[3 + 10x + (2?] + D? - 2y + (FP) = —17 + (0) + (E? 
(x? + 10x + 25) + G? —2y + 1) =9 
(x + 5)? + (у — 1)? = 32. 


From the last equation we see that the circle is centered at (-5, 1) and has 


radius 3. See FIGURE 1.4.5. 


FIGURE 1.4.5 Circle in Example 4 


It is possible that an expression for which we must complete the square has a 


leading coefficient other than 1. For example, 


мою тариан! 
3x? + Зу — 18x + бу + 2-0 


is an equation of circle. As in Example 4, we start by rearranging the 


equation: 


(3x? — 18x ) + (3y* + бу ) = —2. 


Now, however, we must do one extra step before attempting completion of the 
square, that is, we must divide both sides of the equation by 3 so that the 


coefficients of x» and y» are each 1: 


— 6x ) + (y + 2y ) = —3. 


At this point we can now add the appropriate numbers within each set of 
parentheses and to the right-hand side of the equality. You should verify that 


the resulting standard form 18 


(x - 3) 


[ Semicircles If we solve (3) for y we get y» = mn - № or 


V 
4 E - x 


. This last expression is 


equivalent to two equations, 
— 7,2 2 dy= 12 2 
y= ! X апа у = ! Аі like manner 


if we solve (3) for Ж ууе obtain 


= 2 2 = 2 2 
х= Vr — y andx = —-V r^ — yj 
By convention, the symbol V denotes a nonnegative quantity, thus 


the y-values defined by an equation such as 


y — Па — 2 


X are nonnegative. The graphs of 
the four equations are, in turn, the upper half, lower half, right half, and left 


half of the circle given in Figure 1.4.3. Each graph in FIGURE 1.4.6 is called a 
semicircle. 


(0, r) 


у--У/2-х 
(-ғ. 0) (ғ. 0) 
>x 


>-Х 
Cr. 0) (r, 0) 


(0, =r) 
(а) Upper half (b) Lower half 


УА yk 
(0, г) (0, ғ) 


— „Л 

х ={г2-у? xe—wy pee y 

(ғ, 0) (-ғ, 0) 
> X > X 


(0, =r) (0, =r) 


(c) Right half (d) Left half 


FIGURE 1.4.6 Semicircles 


[ Inequalities One last point about circles: On occasion we encounter 


problems where we must sketch the set of points in the xy-plane whose 
coordinates satisfy inequalities such as x2 + y» < р or x» + y» > m. The 
equation x2 + y» = г describes the set of points (x, y) whose distance to the 
origin (0, 0) is exactly ғ. Therefore the inequality x» + y» < r2 describes the set 
of points (x, y) whose distance to the origin is less than r. In other words, the 
points (x, y) whose coordinates satisfy the inequality x» + y» < ғ? are in the 
interior of the circle. Similarly, the points (x, y) whose coordinates satisfy x2 + 
y» > r lie either on the circle or are exterior to it. See FIGURE 1.4.7 and FIGURE 
1.4.8. Inequalities such as these will be considered in greater detail in Section 
9.4. 


FIGURE 1.4.7 Set of points satisfying x2 + уз < т> 


x 


FIGURE 1.4.8 Set of points satisfying x2 + y2 > r2 


[ Graphs It is difficult to read a newspaper, read a science or business text, 


surf the Internet, or even watch the news on TV without seeing graphical 
representations of data. It may even be impossible to get past the first page in 
a mathematics text without seeing some kind of graph. So many diverse 
quantities are connected by means of equations, and so many questions about 
the behavior of the quantities linked by the equation can be answered by 
means of a graph, that the ability to graph equations quickly and accurately— 
like the ability to do algebra quickly and accurately—is high on the list of 
skills essential to your success in a course in calculus. For the rest of this 
section we are going to talk about graphs in general, and more specifically 


about two important aspects of graphs of equations. 


[ Intercepts Locating the points at which the graph of an equation crosses 


the coordinate axes can be helpful when sketching a graph by hand. The x- 
intercepts of a graph of an equation are the points at which the graph crosses 
the x-axis. Since every point on the x-axis has y-coordinate 0, the х- 
coordinates of these points (if there are any) can be found from the given 
equation by setting y = 0 and solving for x. In turn, the y-intercepts of the 


graph of an equation are the points at which its graph crosses the y-axis. The 


y-coordinates of these points can found by setting х = 0 in the equation and 


solving for y. See FIGURE 1.4.9. 


y y 
реи 
x-intercepts 
/ ) 
>x >х эх 


(a) Five intercepts (b) Two y-intercepts (c) Graph has no intercepts 


FIGURE 1.4.9 Intercepts of a graph 


Intercepts 


Find the intercepts of the graphs of the equations 
(а) x-y 29 
(b) у= 202 + 5x - 12. 


Solution (a) To find the x-intercepts we set y - 0 and solve the resulting 


equation x» = 9 for x: 


х-9-0 ог (x 3)(х = 3) = 0 


gives х = —3 and x = 3. The x-intercepts of the graph are the points (-3, 0) and 
(3, 0). To find the y-intercepts we set x = 0 and solve —y» = 9 or y2 = —9 for y. 
Because there are no real numbers whose square is negative we conclude the 


graph of the equation does not cross the y-axis. 


(b) Setting y = 0 yields 2x2 + 5x — 12 = 0. This is a quadratic equation and can 


be solved either by factoring or by the quadratic formula. Factoring gives 


(x + 4)(2x 3) = 0, 


х = 


and зо х = -—4 ара” ^ 
29 0) 


(—4, 0) and * = ^ Now, setting х = 0 in the equation y = 2x2 + 5x — 
12 immediately gives у = —12. The y-intercept of the graph is the point (0, 


-12). 
ШЕШ 


[a [ca 


=. The x-intercepts of the graph are the points 


Example 4 Revisited 


Let's return to the circle in Example 4 and determine its intercepts from the 
equation in (7). Setting y = 0 in x2 + y» + 10x - 2y + 17-0 and using the 
quadratic formula to solve x: + 10x + 17 = 0 shows the x-intercepts of this 
<4 I 20 1(— DALTE 
EN —5 — 2V2, 0) and (—5 + 2V2, O М 
let x = 0, then the quadratic formula shows that the roots of the equation y2 — 


2y + 17 = 0 are complex numbers. As seen in Figure 1.4.5, the circle does not 


[ Symmetry A graph can also possess symmetry. You may already know 


cross the y-axis. 


that the graph of the equation y = x» is called a parabola. FIGURE 1.4.10 shows 
that the graph of y = x2 is symmetric with respect to the y-axis since the 
portion of the graph that lies in the second quadrant is the mirror image or 
reflection of that portion of the graph in the first quadrant. In general, a graph 
is symmetric with respect to the y-axis if whenever (x, y) is a point on the 
graph, (-х, y) is also a point on the graph. Note in Figure 1.4.10 that the points 
(1, 1) and (2, 4) are on the graph. Because the graph possesses y-axis 
symmetry, the points (— 1, 1) and (-2, 4) must also be on the graph. A graph 
is said to be symmetric with respect to the x-axis if whenever (x, y) is a 
point on the graph, (x, — y) is also a point on the graph. Finally, a graph is 
symmetric with respect to the origin if whenever (x, y) is on the graph, (—x, 
— y) is also a point on the graph. FIGURE 1.4.11 illustrates these three types of 


symmetries. 


FIGURE 1.4.10 Graph with y-axis symmetry 


(a) Symmetry with (b) Symmetry with (c) Symmetry with 
respect to the y-axis respect to the x-axis respect to the origin 


FIGURE 1.4.11 Symmetries of a graph 


Observe that the graph of the circle given in Figure 1.4.3 possesses all three of 


these symmetries. 


As a practical matter we would like to know whether a graph possesses any 


symmetry in advance of plotting it. This can be done by applying the 


following tests to the equation that defines the graph. 


THEOREM 1.4.1 Tests for Symmetry 


The graph of an equation is symmetric with respect to: 


(1) the y-axis if replacing x by —x results in an equivalent 
equation 


(ü) the x-axis Ш replacing y Бу —y results іп an equivalent 
equation 


(üi) the origin if replacing x and y by —x and —y results in an 


equivalent equation 


The advantage of using symmetry in graphing should be apparent: If, say, the 
graph of an equation is symmetric with respect to the x-axis, then we need 
only produce the graph for y > 0 since points on the graph for y « 0 are 
obtained by taking the mirror images, through the x-axis, of the points in the 


first and second quadrants. 


Test for Symmetry 


By replacing x by —x in the equation y = x2 and using (—x)2 = x», we see that 


у = (—х)° isequivalentto — y — x. 


By (i) of Theorem 1.4.1 this proves what is apparent in Figure 1.4.10; the 


graph of y = x» is symmetric with respect to the y-axis. 


Intercepts and Symmetry 


Determine the intercepts and any symmetry for the graph of 


oo 


x+y = 10. ( 


Solution /ntercepts: Setting y = 0 in equation (8) immediately gives x = 10. 
Тһе graph of the equation has a single x-intercept, (10, 0). When x = 0, we get 
у? = 10, which implies that 


у = —\10 or у= V10 


" А . Thus there аге 


(0, - V10) and (0, V10) 


Symmetry: If we replace x by -х іп the equation x + y» = 10 we get -x + y» = 
10. This is not equivalent to equation (8). You should also verify that 
replacing x and y by —x and —y in (8) does not yield an equivalent equation. 


However, if we replace y by —y, we find that 


> 


х + (—,)? = 10  isequivalentto x+y = 10. 


Thus, by (її) of Theorem 1.4.1 the graph of the equation is symmetric with 


respect to the x-axis. 


Graph: In the graph of the equation given in FIGURE 1.4.12, the intercepts are 


indicated and the x-axis symmetry should be apparent. 


(0, N10) 


FIGURE 1.4.12 Graph of equation in Example 8 


Exercises 1.4 Answers to selected odd-numbered 
problems begin on page ANS-2. 


In Problems 1-6, find the center апа the radius of the given circle. Sketch its 


graph. 

1. x2+y2=5 

2. xot y» 29 

3. x2+ (y- 3» = 49 


+ 


. («+ 2)p + у= 36 


(a+ (3) = I 


6. (х+ 3)» (у= 5)2= 25 


In Problems 7-14, complete the square in x and y to find the center and the 


radius of the given circle. 

7. x2+ y2+ 8y=0 

8. > + y2- 6x =0 

9. x2 + y2+2x-4y-4=0 

10. x2 + y2-18x-6y-10=0 
11. x2 + y — 20x + 16у + 128 20 
12. x2 + y» + 3x - 16у+ 63 =0 
13. 2х2 + 2y2+4x+ 16у+1=0 


aor + зу" + 5х + 10у +5 = 0 


In Problems 15-24, find an equation of the circle that satisfies the given 


conditions. 


15. center (0, 0), radius 1 


16. center (1, —3), radius 5 


? 


17. center (0, 2), radius — 
18. center (-9, —4), radius 2 


19. endpoints of a diameter at (—1, 4) and (3, 8) 
20. endpoints of a diameter at (4, 2) and (—3, 5) 
21. center (0, 0), graph passes through (-1, —2) 
22. center (4, —5), graph passes through (7, —3) 
23. center (5, 6), graph tangent to the x-axis 
24. center (—4, 3), graph tangent to the y-axis 


In Problems 25—28, sketch the semicircle defined by the given equation. 


25. x 


26. 


х= V1- 0-1% 
y= —V9 — (x-3) 


28. . 


27. 


29. Find an equation for the upper half of the circle x» + (y — 3)» = 4. Repeat 
for the right half of the circle. 


30. Find an equation for the lower half of the circle (x — 5)» + (y — 1)» = 9. 


Repeat for the left half of the circle. 


In Problems 31—34, sketch the set of points in the xy-plane whose coordinates 


satisfy the given inequality. 
31. оғу > 9 

32. (х- Io (yt 5» < 25 
33. 1 < x2+y2 < 4 

34. x» y > 2у 


In Problems 35 and 36, give an inequality that describes the set of points (x, y) 


given in the figure. 


353 


FIGURE 1.4.13 Set of points in Problem 35 


36. 


FIGURE 1.4.14 Set of points in Problem 36 
In Problems 37-40, find the x- and y-intercepts of the given circle. 
37. the circle with center (3, —6) and radius 7 
38. the circle x2 + yo + 5x - 6y = 0 
39. the circle in Problem 9 
40. the circle in Problem 10 


In Problems 41—66, find any intercepts of the graph of the given equation. 
Determine whether the graph of the equation possesses symmetry with respect 


to the x-axis, y-axis, or origin. Do not graph. 


41. y —3x 

42. y -2x z0 
43. -х-2у-1 
44. 2x - 3y 2 6 


45. x y 


46. у 


47. 


48. 


49. 


50. 


51. 


52; 


53. 


54. 


Бә; 


56. 


57. 


58. 


y=x-2x-2 


y2 = 16(х + 4) 


у= 28 
у-х-4 

х-2у-4 
yzx(»-3) 


у= (х- 2)(х+ 2) 


y3 — 4x2 + 8 =0 
4y2 — x2 = 36 
2 2 
a іші 


mal x + 6 


КҮ x + | 
61. . 


62. ММ 


63. у= |х – 9] 
64. х= || —4 
65. 1-1) 24 


66. х+3 = |у – 5| 
In Problems 67-70, state all the symmetries of the given graph. 


67. 


Graph for Problem 67 


68. 


Graph for Problem 68 


69. 


FIGURE 1.4.17 Graph for Problem 69 


70. 


FIGURE 1.4.18 Graph for Problem 70 
In Problems 71—76, use symmetry to complete the given graph. 


71. The graph is symmetric with respect to the y-axis. 


FIGURE 1.4.19 Graph for Problem 71 
72. Тһе graph is symmetric with respect to the x-axis. 


у 


FIGURE 1.4.20 Graph for Problem 72 


73. Тһе graph is symmetric with respect to the origin. 


FIGURE 1.4.21 Graph for Problem 73 


74. Тһе graph is symmetric with respect to the y-axis. 


FIGURE 1.4.22 Graph for Problem 74 


75. Тһе graph is symmetric with respect to the x- and y-axes. 


FIGURE 1.4.23 Graph for Problem 75 


76. 'The graph is symmetric with respect to the origin. 


FIGURE 1.4.24 Graph for Problem 76 


77. Тһе circle in FIGURE 1.4.25 has radius ғ. What is its equation in standard 


form? 


ү 


FIGURE 1.4.25 Graph for Problem 77 


78. Тһе circle in FIGURE 1.4.26 has center (Л, К). What is its equation in 


standard form? 


FIGURE 1.4.26 Graph for Problem 78 
In Problems 79 and 80, find the areas of the shaded regions. 


79. 


(а) (b) 


FIGURE 1.4.27 Graph for Problem 79 


80. 


FIGURE 1.4.28 Graph for Problem 80 
81. Show that the triangle in part (a) of Problem 80 is an equilateral triangle. 


82. The equation (x — 4)» + (y + 10) = 0 does not describe a circle. What is 
the graph of this equation? 


For Discussion 


83. Two circles Ci and C2 in the plane are tangent if they intersect at a single 
point. FIGURE 1.4.29 illustrates the two possibilities. Suppose circle Ci has 


radius 4 and is centered at the origin. 


(a) Find an equation of a circle C» of radius 2 and center (Л, 3) that is 


externally tangent to Ci. 


(b) Find the point of tangency of the circles in part (a). 


C» 
(а) С, internally (b) С, externally 
tangent to C, tangent to C, 


FIGURE 1.4.29 Tangent circles in Problem 83 


84. Determine whether the following statement is true or false. Defend your 


answer. 


If a graph has two of the three symmetries defined on page 29, then the graph 


necessarily possesses the third symmetry. 


85. Determine whether the following statement is true or false. Defend your 


answer. 


Every equation of the form x» + у + ax + by + с = 0 is a circle. 


86. Explain why there are no points P(x, x) that are a distance V | 0 


from the point (3, —5) 


1.5 Algebra and Limits 


Calculus 
PREVIEW 


INTRODUCTION А calculus problem often consists of a sequence of steps, 
where most of the steps are algebra and only the last few— sometimes just the 
last step—involve calculus. The discussion that follows focuses on one kind 
of calculus problem: the computation of a certain type of limit. Although we 
give a brief and intuitive introduction to the notion of a limit, the thrust of the 
discussion is an overview of the type of algebra frequently encountered in 


such problems. 


[ Algebraic Expressions In this section we are concerned only with 
fractional expressions. It suffices to think of a fractional expression as a 
quotient of two algebraic expressions.* Roughly, an algebraic expression is 
one that is the result of performing a finite number of additions, subtractions, 
multiplications, divisions, or roots on a collection of variables and real 


numbers. For example, some algebraic expressions in a single variable x are 


An area of algebra that causes difficulties in working calculus problems is the 


manipulation of fractional expressions. 


[ Factoring When the distributive law 
a(b + c) = ab + ac 
is read right to left, 


ab + ac = a(b + с), 


we say that the expression ab + ac has been factored. We will see in Chapter 
3 that factoring plays an important role in solving equations, as well as in 
graphing. But in the present context we are concerned only with using 


factoring to simplify fractional expressions. 


The following three factorization formulas аге important and are used аз а 


matter of course throughout various fields of mathematics. 


THEOREM 1.5.1 Factorizations Worth Knowing 


Difference of two squares: а: — 2 = (a — b)(a + b) 


Difference of two cubes: а? — b? = (a — b)(a? + ab + b?) 


Sum of two cubes: a+b = (a + b)(@ — ab + b^) 


The symbols а and b in (1)-(3) are placeholders. For example, the expression 
ха — 16 is of the form given in (1). With the identifications a = x» and b = 4, 


we have 


x* — 16 = (xy. — 42 = (2-4 (+4). (4) 


Since the factor x» — 4 is also the difference of two squares, (4) continues as 


х* — 16 = (х2 — 4)(x + 4) = (x — 2)(x + 2)(0 + 4). (5) 


Тһе factorization in (5) is as far as we сап go using real numbers and integer 
exponents; the sum of two squares x» + 4 does not factor using real numbers. 
As another example, consider the expression 2x» — 3. Since any positive real 
number can be written as the square of its square root we have 


2 = (V2) and3 = (V3)? 


\ , and so from 
(1) the expression 2x2 — 3 factors in the following manner: 


а b 


l | 
20 — 3 = (ух)? — (V3)? = (ух — М3) (2х + V3). 


We use factoring and the cancellation property to simplify a fractional 


expression. 


Cancellation Property: If a, b, and are real numbers, then 


Factoring and Canceling 
2 
ae] 


Simplify (a) A ши | 


x + 3 


Э 
max — 4x — 21 


Solution (a) From (1) we see 


x — 1 (x — 1)(х + 1 
х-1 Юа) .,, 
y=] 21 


The cancellation of x — 1 in the foregoing expression is only valid for x + 1. 


For x = 1 we would be dividing by 0. 


(b) We look for factors x — a and x — b such that 


х= 4x — 21 = (x — а)(х — b). 


This implies ab = —21, so a and b must be factors of —21 whose sum is —(а + 


b) = -4. The usual trial and error procedure leads to a = 7 and b = -3. 
Therefore, 
+ 3 2-53 
е 2-5 аж. pem 
x — 4x — 21 (x4 3)(x—c7) х- 7 


[ Binomial Expansion A two-term algebraic expression а + b is called a 
binomial. You undoubtedly have worked problems where you had to expand 
powers of binomials such as (а + b); and (a  b)s. This occurs so often in 
mathematics courses that we recommend that you memorize the expansions 


given in (6) and (7) below. 


THEOREM 1.5.2 Binomial Expansions Worth 
Knowing 


Expansions of (a + b). for n = 2 and n = 3 are, respectively, 


(а + by = а + 2ab + b 


(a + by = à + за + за? + D? 


Of course, formulas (6) апа (7) work just as well for а binomial in (һе form of 
a difference a — b. Simply treat a — b as the sum a + (-Ь) and replace the 
symbol b in (6) and (7) with —b: 


(a — b}? = (а + (—Ь))? = а + 2а(—Ь) + (-Ь)? = а? — 2ab + №, 


апа (a — by = (a + (—b)P = а + 3à(—b) + 3a(—by + (bP 
=a — ЗаЬ + зар? — p. 


There аге ways of remembering how (о obtain the coefficients іп the 
expansion of higher powers such as (a + b). Pascal’s triangle is one such 
way and is reviewed in Section 10.4 and in the Student Resource Manual that 


accompanies this text. 


Binomial Expansion 


(7 + h)? — 49 


/ 
Simplify l 
Solution We use the expansion of (a + b); given in (6) with a = 7 and b = h: 


(7+1)? — 49 (72 + 2(7)л + 12) — 49 
h h 
49 + I4h +h? — 49 <-49-%9-0 
һ 
. h(14 + h) 


= — < cancel the h’s 


h 
14 +h, h > 0. БЕН 


[ Addition of Fractional Expressions Combining two or more fractional 


expressions, or simplification of a complex fraction where the numerator or 
denominator is itself a fraction, can be particularly troublesome for some 


students. 


Addition of Fractions 


Write | а$ опе | fraction 

10х 4 8 
za n S oO РЕ -- КА 
2х + 3x— 2 х-2 2-1 


Solution Because 2x2 + 3x — 2 = (2x — 1)(x + 2), the least common 


denominator of the three terms is (2x — 1)(x + 2). Therefore, we multiply the 
second term by (2x — 1)/(2x — 1) and the third term by (x + 2)/(x + 2): 


10х 4 2x— 1 х 8 x 
(2x — 1)(х + 2) РЛ 2х—1х+ 


2 
2: 


Adding numerators and simplifying gives 


10x — 4(2x — 1) + 8(x +2) _ 10x — Sx t- 4 + ® + 16 


(2x — 1)(x + 2) (2x — 1)(х + 2) 
10x + 20 
(2x — 1)(x + 2) 
_ _ l0(x + 2) 
(2x — 1)(х + 2) 
_ 10 
2-1 


The cancellation of x + 2 is permissible provided x # —2. 


We will illustrate the simplification of a complex fraction in Example 9. 


[ Rationalization You may have learned rationalization of a 
denominator in а previous mathematics course. Recall that rationalization of 
a denominator consists of multiplying an expression by a factor equal to 1 
with the intent of clearing a radical from a denominator. For example, to 


1/М2 


we multiply the fraction by 


There is no rule in mathematics that says only denominators must be 
rationalized. There are times in calculus when we are interested in 
rationalization not only of denominators but numerators as well. The next 
example uses the factorization of the difference of two squares in a slightly 


different manner. For a > 0 and b > 0, we can write 


(уа) = a, (МБ) = Bo 
а p= (мар = (vb 


write b) . It then 


follows from (1) that 


a — b = (Va — NV b)( Na + Vb). (8) 


A variation 


of 
— b = (a — УЬ)(а + wb). "-— 


numerator or denominator of a fractional expression contains a binomial term 


that includes at least one radical, such as 


— Vb,a+ Vb, Ма — b, Ма + b, Va — N/b,or Va + Vb, 


we multiply the numerator and the denominator of the fraction by the 


corresponding conjugate factor 


а + УЬ, а — Vb, Ма + b, Ма — b, Ма + Vb, ог Va — Vb. 


example, rationalize denominator of 


3/(У2 — V5) 


we use (8) to write 


fraction is equal to 1 


з _ 3. wv2«vs 3(\2+ V5) 
м – М5 у? – Мм + үу5 (N2y — (V5)? 
1 


conjugate factor of denominator 


_ 3(V2+ V5) 
= 


(V2 + V5) = -V2 — V5. 


Rationalization of a Numerator 


У4-х-2 


Rationalize the numerator in X 
ш ши of E numerator as Va b where a 2 4+ x 
and : Because conjugate factor of 


vac bis Va + DENEN 


clear the radical in the numerator by multiplying the numerator and 


denominator he given fractional expression by 


V4+x+2 


Ұ4%5х-2 VA*x-2VA*x«2. (VAt -2 
ғ) 


х x Ү4іхі2 x(V44x+2) 
4+х-4 


О {Уи +2) ЕЕ 2) 


After canceling the x's in the numerator and the denominator in the last term 


the rationalization is complete: 


VAtx-2 — 1 
x М4 +х+2 


x = 0. ШЕ 


[ Limits—The Calculus Connection Consider the fractional algebraic 


expression Д | . Observe that this fraction cannot be 
evaluated at x 2 1 because substituting 1 x — 1 into the expression results in 


the undefined quantity 0/0. However, the fractional expression can be 
evaluated at any other real number; in particular, it can be evaluated at 
numbers that are very close to 1. The numerical values of the fractional 
expression given in the following two tables are easily obtained using the 
simplification in part (a) of Example 1: 


=] . 
1 =х+1, forx # 1. 


25 0.9 0:998 0999 х 111 1.01 1.001 


(9) 


15D 1.99 1.999 ЖОКСЫН ЦЕП 2.01 2.001 


[ Arrow Notation The discussion of the limit concept is facilitated by 


using a special notation. If we let the arrow symbol > represent the word 


approach, then the symbolism 


х->а indicates that x approaches a number a from the left, 


that is, through numbers that are less than a, and 


x— a` indicates that x approaches a number a from the right, 


that is, through numbers that are greater than a. Finally, the notation 


x > a signifies that x approaches a number a from both sides, 


in other words, from the left and the right sides of a on the number line. In the 
left-hand table іп (9) we are letting x > 1., and in the right-hand table x > 1.. 
7 


x — ] 


Each table in (9) shows that the fractional expression X | 18 
close to the number 2 when x is close to 1, that is, 


—2asx 17, (10) 


We say that 2 is the limit of X | ав х арргоасһев 1 апа 
write 


lim —71 = 2. (11) 


Before proceeding any further, we should make it clear that a limit of an 
expression need not exist. In the next two tables, consider 1/х as x approaches 


Zero: 


еді” | QS 50:019 0:001 = 0.1 0.01 0.001 


1/х -10 -100 —1000 1/х 10 100 1000 


As сап be seen in the tables, as x gets closer and closer to 0, the values of 1/х 
are becoming larger and larger in absolute value. In other words, 1/х is 


becoming unbounded. In this case we write 


1 _ 
m > —oasx () and X >xasx> 0", 


А . 
lim (1/x) 

where & is the infinity symbol. We say that х—0 

does not exist. 


[ Existence of a Limit Suppose the symbol f (x) denotes an expression 


involving a single variable x and that the symbols a and L represent real 


numbers. If, as illustrated in (10), 


f(x) > Lasx >a” and f(x) ә Lasx a’, (12) 
then we say that X a exists and write 

lim f(x) — L. (13) 

xad 


In calculus, you will not be asked to find a limit by constructing tables of 
numerical values, although you surely will be asked to construct such tables 
because they are useful in convincing yourself of either the existence or the 
nonexistence of a limit. (See Problems 47 and 48 in Exercises 1.5.) Limits are 
either found or are proved to exist using analytical methods, in many cases 
using proven laws or properties of limits. Because it is not our goal to delve 
into theoretical or geometrical interpretations of a limit, and because we want 
to make the point that the calculus part of some problems is often the least 
significant part of the solution, we will accept three results from calculus 


without proof: If a and c are real numbers, then 


limc - c, lim x = a, and lim x” = а", (14) 
xad 


xoa xa 


where n is a positive integer. For example, (14) allows us to write* 


lim (5x + 4) = 5(3) +4 = 19 


апа lim (237 +x+ 1) = 2(3)? + 3 + I = 22. 


х-3 


Іп Ше preceding line we used 
. . 2 . р 11: 

lim x = 3, Шах" = 9, lim 4 = 4, and lim | = I 

x3 x23 x3 хәз | 


[ Indeterminate Form The limit concept is the foundation of calculus, and 
one kind of limit is of particular significance in calculus: the limit of a 
fractional expression where both the numerator and the denominator are 


approaching 0. Such a limit is said to have the indeterminate form 0/0. For 


example, in view of the results in (14), 
Пт (х= 1) = 0 

x1 3 | апа 
lim (a = 1) = 0 

x s І Therefore 


х2 — | 
lim — 
I. 4 | 
X | X has the indeterminate form 0/0. Of course, 
not all limit problems have this indeterminate form, but because of their 
importance (see Section 2.10), the limits in the remaining five examples, as 


well as all the limits in Exercises 1.5, have the form 0/0. Moreover, for 


simplicity we will only consider limits that actually exist. 


| x^ ] 
lim 
x1 ү — 


We now show you how to find without the 


help of numerical tables: 


algebra from Example 1(a) 


| 


x)—1 
lim — = lim (xx 1) = 1 + 1 = 
хә1 x |] x1 


Done! Тһе intermediate steps were all algebra performed to rewrite the 
expression in a more tractable form, a form where the actual limit can be 


computed with minimal effort. 


Example 1 Revisited 


| х + 3 
lim 


” : | 
max? —3 д^ — Ay — 2]. 


Solution This is the fractional expression in part (b) of Example 1. Observe 
that as x > —3, the given limit has the indeterminate form 0/0. Now, using the 


algebraic simplification of this expression done in Example 1, we find that 


algebra from Example 1(b) 


| x+3 | | | 1 
lim - = lim = = : 
Э-3--- 4y—21] хэ-3Х-07 ---10 10 


Example 2 Revisited 
i 2 
(7 + А) - 49 
lim — —— 


ring JI 0 h 


Solution Using the algebra from Example 2, 


(7 +h)? — 49 
lim — —. = lim (14 + h) = М. НА 
ШП 


h0 h 


Example 3 Revisited 


Solution Were this a calculus course, you should observe that the first and 
second terms are of the form 1/0 as x > —2. You may think that this is the 
situation cc — œ, and so gives 0. No. Remember we never treat œ as we 
would a number. The observation that the given algebraic expression contains 
these undefined quantities should trigger the idea that combining the fractions 
into one fractional expression would be a way to proceed. After carrying out 
the algebra, as done in Example 3, you would then finish the problem as 
follows: 


algebra from Example 3 
l 
10x 4 8 10 10 
SR 2 lim 2. | 
х>—2 


2 [22 + 35-2 х+2 2-1 220y —1 -5 


Example 4 Revisited 


l v4 + х — 2 
Im 


Find ХО Х 
Solution Using the algebra from Example 4, we find 


algebra from Example 4 
‚ М4ғх-2 | 1 1 1 1 
lim = lim | ЕШ 
10 x m0V4t+x+2 V4+2 242 4 


When finding the value of а limit, the algebra сап be done as a side problem 
(as we have done in Examples 1—4), and then making use of your work, 
completing the problem as we have illustrated in Examples 5-8. In our last 
example, we combine the algebra with computing the limit. We recommend 


that you work through this example rather than just read it. 


Limit of a Complex Fraction 


| | 
(2+x) 8 


lim = 
pax? 0 X 


Solution The given expression is an example of a complex fraction, that is, a 
quotient where either the numerator or denominator is a fractional expression. 


We begin by finding a common denominator in the numerator: 


1 1 1 8 1(2+х)? 8 — (2+ х)? 


. (2+x 8 . (2+х8 8(2+х) 8(2+x) 
lim lim lim 
x0 X x0 x0 Я 


To continue we use the expansion of (a + b): given in (7) with а = 2 and b = x: 


| | 8 — (2 + 3(2)2х + 32) + х?) 


. Q*xy 8 8(2 + х)? 
lim = lim 
x0 X x0 


x 
2 3 
8—8—12x—-6x —x <8-8=0 


1 8(2 + х)? 
= lim 
х->0 X 
—12х = 6 — № 
| 802 + х)? 
= lim 
x0 Ж 


Because the x in the denominator of the last complex fraction is equivalent to 
the fraction x/1 we invert and multiply: 


1 1 =12х = 6 = 
Oray 8 , 8Q + х)? 
Іші - Іші 
x0 x x0 x 
1 
" -12Х-052-01 
= lim 5 
x0 8(2 + x) x 
li x= = __ J factor x from numerator 
A 8(2 + xy X and cancel x's 


—12 — 6х—х? 


070 3(2 xy 


Recall that division of fractions is converted into multiplication of fractions: 


a 

b a d ad 

— = —x — = —, be #0 
с В с C 

Finally, we have 
1 

2 (2+x 8 , 12 — бх — x 12 3 
Іші - Іші = in | 
x0 X o0 8(2 +x) 8-2 16 


. - 5 Э - 
lim x = Oand lim x^ = 0 


since X — О хәб by (14). 


NOTES FROM THE CLASSROOM 


© Stock4B GmbH/Alamy Images 


(i) On tests we see students carrying out the expansion of (a + 
b)s by brute force, multiplying out (a + b)(a + b)(a + b). This 


procedure is not recommended; it is slow and you аге prone to 
errors. Instead, you should memorize (6) and (7). 


(ii) In any mathematics course—not just calculus—do not erase 
or leave out important steps of your work. Most mathematics 
instructors want to see all work. Presenting that work in a neat 
and orderly fashion is also to your advantage. Finally, in the case 
of a limit problem such as Example 9, be sure to write down the 


symbol .X + (| at each step. For example, we frequently see 
incorrect statements like this: 


EP LIE | 1 
lil ——— = — — = = 
x5ix^—] хі 2 


on students' papers. The correct version of the preceding line is 


D · | | 1 
lim ——— = lim —— = —. 
x>1 xf — | же 2 


(iii) Тһе symbolic statements іп (12) can be written as one- 
sided limits: 


lim f(x) =L and lim f(x) = L, (15) 
xa xa 


lim f(x) 


Then ->й 2 exists when both 
im * х) and іт. К х) 

х-?а r>a » exist and аге equal. 

lim f(x) 


On the other hand, we сап say that .X * i] | does 


lim f(x) and lim f(x) 
not exist when both X— 4 - 
lim fix ) 
exist but are not equ im add Tx) ) ЖЕ Jim, fc E 9 


not exist if either XA - 
fails to exist. 


Exercises 1.5 Answers to selected odd-numbered 
problems begin on page ANS-3. 


In Problems 1-12, use factorization to simplify the given expression in part 
(a). Then, if instructed, find the indicated limit in part (b). 


x* — 25 


‚ у—3 
lim 75-72 
y3 y^ — 9 


^, - 
x — Ix + 6 
3. (а) Ж | 
Э 
| x— Ix + 6 
lim — —— — 
(b) x] A | 


2x + 10 
cox? + 7х + 10 


(b) 


пп = 
Щх—ә—5 x^ + 7x + 10 
x + x — 6 
sox — 5x + 6 
2-х-06 


11111 4-І 2: 
Вх >2 y — эх + 6 


Э 
x — Bx 
" 2 - 
6. (а) X == OX = 16 
"7 a 
i 2 = 01 
Пт 


2 9 | 
(b) x8 доо бх mm 16 


м -4 
lim E m 
(b) x2—2 ү + 5 


3 
x —l 


Э | 
mex + 3x — 4 
3 
А Хос 
ENT 4 
Ml х + Зх — 4 


ю + 2% + х 


/ i Э 
10. (а) x! m SE + | 
5) E 
x -2x + x 


lim — ——— —— 
xo-1 xt — 2x? + | 


х + Зх + Зх + | 


(b) 


2.2 | 
| х — 5х? + 4x — 20 
ЕЗ д 
- - 3 = 
n5 Х-52-х-5 


In Problems 13-20, use binomial expansion to simplify the given expression 


in part (a). Then, if instructed, find the indicated limit in part (b). 
(2+1) — 4 
13. (a) h 
‚ (2+ А)? — 4 
lim — — 
h—0 h 
= — > 42 
5 = 5(л + 1) 
14. (а) h 
= — „ ^7 
з 
lim ——— — — — 
N50 h 
(2x + 1) = 9 


15. (a) A — | 


(b) 


| x2 - 
|. (2x + 1) = 9 
lim — — — — —— 
N:—1 х= | 
24-І) = 4@ = D 6 
16. (a) X 


. 2(x = 1)? - 4(x- 1) — 6 
|, 


(b) х->0 X 
(1 +х)? — | 
17. (а) X 
|. (1+x) — 1 
lim — ——- 
(b) х->0 л 
(x + 1 + (x — 1» 
18. (a) X 
_ (х+ 1)? + (х— 1)? 
lim — ——— 
(b x0 X 
2(h + 1)? — S(h + 1)? +3 


19. (a) / 1 


2(h + 1)? — 5(h + 1)? + 3 


ШЕ h 
(x + 2)* — 16 
21: Ж 
(x + 2)* — 16 


lim 
b) х 0 X 


In Problems 21-26, use addition of algebraic fractions to simplify the given 


expression in part (a). Then, if instructed, find the indicated limit in part (b). 


Е а 


| i 20 
нах — 10 х:- 100 


| | | 20 | 
lim | ———— — 4 
(b) x10 | x — 10 x^ — 100 


tiji 
ІХ|9 х-9 


. 111 | 
lim — | 
ых OA x+9 

ЖЕНЕ 

(2+h) 4 

25. (a) h 

SN: 
(2+1) 4 


t—ll(t+3)* 16 


26. (a) 


| | | | 
lim —— M ала 
E^!:7— 1| (17-3) 16 


In Problems 27-34, use rationalization to simplify the given expression in part 


(b 


(a). Then, if instructed, find the indicated limit in part (b). 


Vx — 3 


28. (a) 


30. (а) Du ын 
| Ми+4—3 
im : 
Мг-5 и-2 
2321 


| : 
m | EN 
zoh "nr М1 + 


| | 
lim —| 1] — ——— 
ET Vith 
4у? 
вы Му +У+1- Уу +1 
Т 4у? 
м 
P Vy + у - Му +1 
Or 
EN! + 2 - 2 vt + | 
др 
lim 


N07 2 — 2МЕ- 1 


Calculus-Related Problems 


In Problems 35-40, the given algebraic expression is an unsimplified answer 


to a calculus problem. Simplify the expression. 


| | 


ІЗІ == «= т=з== 
x a 


35. Ao c 


(х+ 1)? (а+1)? 


36. хта 

37. (3x2 + 4x – 1)(4)(2х — 3)5(2) + (2х — 3)4(6x + 4) 

38. (12х — DADA — 1) (2х) + G2 — 1)4:)(12х- 1) 7512) 
2х(—4х + 6)? — х2(5)(-4х + 6) ^7(—4) 

(—4х + 6)!/2]2 


— 


39. 
1(2x = 1ү? (4х + 12 - (2х - 194 


EN2 \ 4х + 1 (Ax + 1)? 


Іп Problems 41-46, the given equation is a partial answer to a calculus 


problem. Solve the equation for the symbol y'. 
41. Зуу-у-ху-х 


42. у = 2(х- у)(1- y) 


43. 2yy -2х-у 
44. 2xy: + xoQy)y' - 22 - 3y 

(x — yl Ру) (x + y)(I — у) 
45. (x — у)? 

— 5 (xy'*- y) = 2xyy' + y? 
46. L Xy | Е | 


Calculator/Computer Problems 


In Problems 47 and 48, use a calculator or computer to estimate the given 
limit by completing each table. Round the entries in each table to eight 


decimal places. 


x] Y — 
ё X 
47 БА? 
x—0* | LI | 101 | 1001 | 1.0001 | 1.00001 x—0- |09 | 099 | 0999 | 09999 | 0.99999 
х1 2-1 
12121 Мх-1 


lim (1 + x)!" 


48. .X 0 ; 
х>0* 0.1 | 0.01 | 0.001 | 0.0001 0.00001 жээ —0.1 | —001 | -0001 | —0.0001 | —0.00001 
(arabs (ку 


For Discussion 


In Problems 49 and 50, discuss what algebra is necessary to evaluate the given 


limit. Carry out your ideas. 


5. Х->0 X 


Chapter 1 Review Exercises Answers to 


selected odd-numbered problems begin on page 
ANS-3. 


A. Fill in the Blanks 


In Problems 1—22, fill in the blanks. 

1. An inequality with (-—, 9] as its solution setis — . 

2. The solution set of the inequality -3 < х < 8asanintervalis — . 

3. If the point (a, b) lies in quadrant IV, then (b, a) lies in quadrant — . 


4. The point (x, — 3x) in the second quadrant that is 5 units from (2, —1) is 


5. If the graph of an equation contains the point (2, 3) and is symmetric with 


respect to the x-axis, then the graph also contains the point қ 


6. If the graph of an equation contains the point (—1, 6) and is symmetric with 


respect to the origin, then the graph also contains the point : 
7. An equation of a circle with center (-2, —5) апа radius 6 is : 


8. If |2 — x| = 15, then x= : 


9. The distance from the midpoint of the line segment joining (4, -6) and (-2, 


0) to the originis — . 

10. The graph of y = 2|x| — 5 is symmetric with respectto __. 
11. The intercepts of the graph of y 22||- 5 are — . 

12. The circle x» — 16x + y2 = 0 is symmetric with respectto — . 
13. The center and radius of the circle x2 — 16x + уз = О аге 2 
14. The intercepts of the circle (x 1)2 + (у- 2)2= 10 аге — . 


15. Two points on the circle x2 + y2 = 25 with the same x-coordinate -3 are 


ң — 


16. The graph of + , 
isa : 


17. The inequality describes the set of points in the xy-plane outside the 


circle x2 + y2 = 36. 


18. The distance from the center of the circle x» + 6x + y» — 9x = 0 to the 


origin is ? 


19. Ап equation of a circle centered at the origin passing through the point 


(—^/2, 5) _ 
(a, a + 1/3) 


then а = 


21. The set of real numbers x whose distance between x апа V2 is 


greater than 3 is defined by the absolute-value inequality x 


lies on the graph of y = 2x, 


22. A point (x, y) in the xy-plane whose coordinates satisfy xy < 0 lies in 


quadrant(s) Or 


B. True/False 


In Problems 1—22, answer true or false. 

1. The word nonnegative means the same as the word positive. 
2. The number 0 is neither positive nor negative. — - 

3. — 3 is not greater than -1. ____ 

4. Ifa < b, then b — a is a positive number. ____ 

5. Ifa«b,thena» «b». — 


6. For апу real number a, -а < а. 


а 
<0 


7. Ifa<0,then — (4 


8. If a2 <а, Шепа < 1. 
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. If x is a negative number, then —х is а positive number. 
10. The solution set of |4x — 6| > -118(-сө, °). 
11. |-3t+6|/=3|f-2]|_ Ss 

12. |-] 2x. 


13. There are exactly two points (x, y) on a circle centered at the origin at 


which y = x. 
14. The point (5, 0) is in quadrant I. 
15. The point (—3, 7) is in quadrant III. 


16. The distance between the points (0, 0) and (3, 6) is 9. 


17. To find y-intercepts of the graph of an equation we let x = 0 and solve for 


y. 


18. There is no point on the circle x2 + y2 — 10x + 22 = 0 with x-coordinate 2. 


19. A circle whose equation can be put into the form x2 + y2 + ax + by = 0 


must pass through the origin. 


20. The points (0, 0), (a, 0), а > 0, and (0, b), b < 0, are vertices of a right 


triangle. 


21. The graph of the equation xzy + 4y = x is symmetric with respect to the 


100 


2 - 64 
22. The inequality X 64 has no solution. 


origin. 


A 
- 


C. Review Exercises 


In Problems 1-4, assume that 0 < а < b. Compare the given expressions using 


inequality symbols. 
1. a» and ab 
2. —а and -b 


3. aand a * b 


| | 
— and 
Ва at b 


In Problems 5-10, fill in the blank with either an appropriate inequality 


symbol ог a number. 
5. If x - 10» 5, then x + 525, 


6. If x - 2 < 7, thenx 9. 


qm 
— 3X с> 4 


8. If 3x-6 < 4x- 4, then x 2), 


7/5 Mi ,then x -12. 


9. If —2 < 1—x < 5,then 5 og 


IA 


10. If -3« x < 9, then <-2х< : 


11. On the number line, m = 5 is the midpoint of the line segment joining the 
number a (left endpoint) and the number b (right endpoint). Use the fact that 
(а, b) = 2 to find a and b. 


12. In the xy-plane, find an equation that describes the set of points (x, y) that 
are equidistant from (0, 5) and (x, —5). 


In Problems 13-16, describe the given interval on the real number line using 


(a) an inequality, (b) interval notation. 


13. 


РНЕ M 


-6 0 2 


FIGURE 1.8.1 Graph for Problem 13 


14. 


S14 tt ttf ШИН 


—2 0 5 


FIGURE 1.R.2 Graph for Problem 14 


15. 


FIGURE 1.8.3 Graph for Problem 15 


16. 


N 
© 
N 


FIGURE 1.R.4 Graph for Problem 16 


In Problems 17-30, solve the given inequality. Write the solution set using 


interval notation. 


17. 25-5 > 6x+7 


4х-2<5х--1 
19. -4<х-8<4 

20. 7 <3-2x<11 

21. {> 10 

22. |-6x| < 42 


23. Вх-4|<5 


24. 5-2 > 7 
25 Эл = 505) 


26. х>>6х-9 


ОТА SENS? Se 


28. (x2—x)(x2+x) 50 


29. X 


30. A DT | 


In Problems 31-34, find equations of two different circles so that each circle 


satisfies the given conditions. 

31. center in the first quadrant and graph is tangent to both the x- and y-axes 
32. x-intercepts of the graph are (-6, 0) and (-2, 0) 

33. passes through the origin and center is on the negative y-axis 


34. center on the x-axis and graph is tangent to the horizontal line through the 
point (0, 3) 


35. Lens Equation The lens equation 


discovered by Carl Friedrich Gauss in 1841, relates the distance 4 from an 
object to a thin convex lens (in meters) to the distance di from the lens to its 
image (in meters), where f is the focal length of the lens and do > f. See FIGURE 
1.R.5. If f= 0.30 m, then what distances d» correspond to di > 0.5 m? Write the 


solution as a simultaneous inequality. 


Image 


FIGURE 1.R.5 Convex lens in Problem 35 


36. Solve the inequality |x — 3| + |x + 1| < 10. Write the solution set using 
interval notation. 


In Problems 37-40, simplify the given expression in part (a). Then, if 
instructed, find the indicated limit in part (b). 


2х - | 


is 


— 

37. (a) Дх — | 

NE LN 
lim —— —— 

»xi4x — | 
x — bx + 5 


38. (a) Ж” 5 


ШШУх- 2 


| | | 


кле 5 


TAN 
li | -— ——— ee 
ins +h 3 


40. (a) 


( 


*This is the same notation used to denote an open interval. It should be clear from the 
context of the discussion whether we are considering a point (a, b) or an open interval 
(а, Б). 


* At this point we are excluding trigonometric, logarithmic, and exponential expressions. 
See Chapters 4 and 5. 


*We are actually using several other properties of limits here. However, we do not feel 


this is the place to discuss all the properties of the limit concept. 
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Chapter 2 Review Exercises 


2.1 Functions and Graphs 


INTRODUCTION Using the objects and the persons around us, it is easy to 
make up a rule of correspondence that associates, or pairs, the members, or 
elements, of one set with the members of another set. For example, to each 
social security number there is a person, to each car registered in the state of 
California there is a license plate number, to each book there corresponds at 
least one author, to each state there is a governor, and so on. A natural 
correspondence occurs between a set of 20 students and a set of, say, 25 desks 
in a classroom when each student selects and sits in a different desk. In 
mathematics we are interested in a special type of correspondence, a single- 


valued correspondence, called a function. 


Student/desk correspondence 


О Lorraine Swanson/ShutterStock, Inc. 


DEFINITION 2.1.1 Function 


A function from a set X to a set Y is a rule of correspondence that 


assigns to each element x in X exactly one element y in Y. 


In the student/desk correspondence above suppose the set of 20 students is the 
set X and the set of 25 desks is the set Y. This correspondence is a function 
from the set X to the set Y provided no student sits in two desks at the same 


time. 


[ Terminology A function is usually denoted by a letter such as f, в, or h. 


We can then represent a function f from a set X to a set Y by the notation f. X 
— Y. The set X is called the domain of f. The set of corresponding elements y 
in the set Y is called the range of the function. For our student/desk function, 
the set of students is the domain and the set of 20 desks actually occupied by 
the students constitutes the range. Notice that the range of f need not be the 
entire set Y. The unique element y in the range that corresponds to a selected 
element x in the domain X is called the value of the function at x, or the image 
of x, and is written f(x). The latter symbol is read “f of x" or “f at x,” and we 


write y = f(x).* See FIGURE 2.1.1. Since the value of y depends on the choice of 


x, у is called the dependent variable; x is called the independent variable. 
Unless otherwise stated, we will assume hereafter that the sets X and Y consist 


of real numbers. 


FIGURE 2.1.1 Domain and range of a function f 


The Squaring Function 


The rule for squaring a real number is given by the equation y = x2 or f(x) = x». 


The values of f at x = —5 and X — VT are obtained by replacing x, 


in turn, by the numbers —5 and 7 ; 


f(-5)-(-5y = 25 and ((У7)-(У7)2-7. 


Occasionally for emphasis we will write a function using parentheses in place 


of the symbol x. For example, we can write the squaring function f(x) = x2 as 


К )=( X (1) 


This illustrates the fact that x is a placeholder for any number in the domain 
of the function y = f(x). Thus, if we wish to evaluate (1) at, say, 3 + h, where Л 
represents a real number, we put 3 + h into the parentheses and carry out the 


appropriate algebra: 


f(3 + h) = (3 + h) 29 + 6h + hk] 


See (6) of Section 1.5. 


If a function fis defined by means of a formula ог an equation, then typically 
the domain of y = f(x) is not expressly stated. We will see that we can usually 
deduce the domain of y = f(x) either from the structure of the equation or from 


the context of the problem. 


Domain and Range 


In Example 1, since any real number x can be squared and the result x» is 
another real number, f(x) = x» is a function from R to R, that is, / R > R. In 
other words, the domain of f is the set R of real numbers. Using interval 
notation, we also write the domain as (-со, с). The range of f is the set of 


nonnegative real numbers ог (0, +); this follows from the fact that x» > 0 for 


[ Domain of a Function As mentioned earlier, the domain of a function y 


every real number x. 


= f(x) that is defined by a formula is usually not specified. Unless stated or 


implied to the contrary, it is understood that: 


The domain of a function is the largest subset of the set of real numbers x for 


which f(x) is a real number. 


This set is sometimes referred to as the implicit domain of the function. For 
example, we cannot compute (0) for the reciprocal function f(x) - 1/х since 
1/0 is not a real number. In this case we say that fis undefined at x = 0. Since 
every nonzero real number has a reciprocal, the domain of f(x) - 1/x is the set 
of real numbers except 0. Ву the same reasoning, the function g(x) = l/(x» — 
4) is not defined at either x = —2 or x = 2, and so its domain is the set of real 
numbers with -2 and 2 excluded. The square root function 


h(x) = Vx 


is not defined at x = -1 because 


№ | is not real number. Ш order Юг 


h [4 ) Л to be defined in the real number system 


we must require the radicand, in this case simply x, to be nonnegative. From 
the inequality x > 0 we see that the domain of the function h is the interval 
(0, =). 


The term natural domain is also used. 


Domain and Range 


Determine domain 74 of 
f(x) — 28 + x 


Solution The radicand x — 3 must be nonnegative. By solving the inequality x 


—3 > 0 we get x > 3 and so the domain of f is [3, ©). Now, since the 


svmbol denotes 174 the nonnegative sauare root of a number, 


— 3 > O0 for E A 


A+ Vx ЕТ 
consequently . The 
3 


smallest value of f(x) occurs 
f3)24-4 WE 


because x — 3 and Å 3 and increase as x takes on 
increasing larger values, we conclude that y > 4. Consequently the range of f 


Moreover, 


is the interval (4, со). 


Domain of f 


Determine the domain and range of 


f(x) = Ме + 2x — 15| 


Solution As іп Example 3, the expression under the radical symbol—the 
radicand—must be nonnegative, that is, the domain of f is the set of real 
numbers x for which x + 2x — 15 > 0 or (x — 3) (х+ 5) > 0. We have 
already solved the last inequality by means of a sign chart in Example 3 of 


Section 1.1. The solution set (->, —5] U |3, се) of the inequality is also the 


domain of f. 


Domain of Two Functions 


Determine the domain of the given function. 


| 
g(x) = - 
(а) X- "E 2х m 15 


5x 
(b) o x ud 3x Pu 4 


Solution A function that is given by a fractional expression is not defined at 


the x-values for which its denominator is equal to 0. 


(а) The expression under the radical is the same as in Example 4. Since x» + 
2x — 15 is in the denominator we must have x + 2x — 15 + 0. This excludes x 
= —5 and x = 3. In addition, since x2 + 2x — 15 appears under a radical, we 
must have x» + 2x — 15 > 0 for all other values of x. Thus the domain of the 


function g is the union of two open intervals (-се,-5) U (3, e). 


(b) Since the denominator of h(x) factors, 


x —àx—4-—(x-tix-4) 


we see that (x + 1)(x — 4) = 0 for = -1 and x = 4. In contrast to the function 
in part (a), these are the only numbers for which Л is not defined. Hence, the 
domain of the function Л is the set of real numbers with x = -1 and = 4 


excluded. 


Using interval notation, the domain of the function A in part (b) of Example 5 


can be written as 


bam, "ҮІ (91,45) 19 (Лю), 


As an alternative to this ungainly union of three disjoint intervals, this domain 


can also be written using set-builder notation as (хіх + —1 and x ж 4}. 


[ Graphs A function is often used to describe phenomena in fields such as 


science, engineering, and business. In order to interpret and utilize data, it is 
useful to display this data in the form of a graph. The graph of a function f'is 
the graph of the set of ordered pairs (x, f(x)), where x is in the domain of f. In 
the xy-plane an ordered pair (x, f(x)) is a point, so that the graph of a function 
is a set of points. If a function is defined by an equation y = f(x), then the 
graph of f is the graph of the equation. To obtain points on the graph of an 
equation у = f(x), we judiciously choose numbers x1, x2, x3, ... in its domain, 
compute (ха), f(x2), f(x3), ..., plot the corresponding points (xi, f(x1)), (2, 
Хоо)), (хз, Кхз)), ..., and then connect these points with a curve. See FIGURE 


2.1.2. Keep in mind that: 


FIGURE 2.1.2 Points on the graph of a function у = f(x) 
* a value of x is a directed distance from the y-axis, and 


* a function value f(x) is a directed distance from the x-axis. 


[ End Behavior A word about the figures in this text is in order. With a few 


exceptions, it is usually impossible to display the complete graph of a 
function, and so we often display only the more important features of the 
graph. In Figure 2.1.2, notice that the graph goes up on its left side and down 
on its right side. Unless indicated to the contrary, we may assume that there 
are no major surprises beyond what we have shown and the graph simply 
continues in the manner indicated. The graph in Figure 2.1.2 indicates the so- 
called end behavior or global behavior of the function f: For a point (x, y) on 
the graph, the values of the y-coordinate become unbounded in magnitude as 
the x-coordinate becomes unbounded in magnitude in both the negative and 
positive directions on the number line. It is convenient to describe this end 


behavior using the arrow symbols introduced in Section 1.5: 


у —> 0 asx —® and y- —o asx-» о. 


The symbol >> is read “approaches.” Thus, for example, y > - оо as x > со is 


read *y approaches negative infinity as x approaches infinity." More will be 


said about the concept of global behavior of a function in Chapter 3. 


If a graph terminates at either its right or left end, we will indicate this by a 
dot when clarity demands it. We will use a solid dot to represent the fact that 
the endpoint is included on the graph and an open dot to signify that the 
endpoint is not included on the graph. If you have an accurate graph of a 
function y = f(x) it is often possible to see the domain and range of f. In FIGURE 
21.3 assume that the blue curve is the entire, or complete, graph of some 
function f. The domain of f then is the interval (а, b] on the x-axis and the 


range is the interval [c, d] on the y-axis. 


y 


d 
Range 
of f asi 


Domain 
of f 


FIGURE 2.1.3 Domain and range interpreted graphically 


Example 3 Revisited 


From graph of 


the 
f(x) == 4 F у X 7 Ыы o 


2.1.4, we can see that the domain and range of f аге, respectively, the interval 


13, cc) on the x-axis and the interval |4, с ) on the y-axis. This agrees with the 


results in Example 3. 


y А 


- у=4+\х-3 
Range of f : 


is 14, со) 


omain of f 


S [3, ов) —> 


FIGURE 2.1.4 Graph of function іп Example 6 


[ Vertical Line Test From the definition of a function we know that for 


each x in the domain of f there corresponds only one value f(x) in the range. 
This means a vertical line that intersects the graph of a function y = f(x) (this 
is equivalent to choosing an x) can do so in at most one point. Thus, if every 
vertical line that intersects a graph of an equation does so in at most one point, 
then the graph is the graph of a function. The last statement is called the 
vertical line test for a function. See FIGURE 2.1.5(a). On the other hand, if some 
vertical line intersects a graph of an equation more than once, then the graph 
is not that of a function. See Figures 2.1.5(b) and 2.1.5(c). When a vertical 
line intersects a graph in several points, the same number x corresponds to 


different values of y in contradiction to the definition of a function. 


(a) Function (b) Not a function (c) Not a function 


FIGURE 2.1.5 Vertical line test 


[ Intercepts To graph a function defined by an equation y = f(x), it is usually 


а good idea to first determine whether the graph of f has any intercepts. Recall 


that all points on the y-axis are of the form (0, у). Thus, if 0 is the domain of a 
function f, the y-intercept is the point on the y-axis whose y-coordinate is КО), 
in other words, (0, (0)). See FIGURE 2.1.6(a). Similarly, all points on the x-axis 
have the form (x, 0). This means that to find the x-intercepts of the graph of y 
= f(x), we determine the values of x that make y = 0. That is, we must solve 


the equation f(x) - 0 for x. A number c for which 


is referred to as a zero of the function f or a solution, or root, of the equation 


fx) = 0. 


* Тһе real zeros of a function f are the x-coordinates of the x-intercepts of the 


graph of f. 


In Figure 2.1.6(b), we have illustrated a function that has three zeros xi, x2, 
and хз because f(x1) = 0, f(x2) = 0, and (оз) = 0. The corresponding three x- 
intercepts are the points (xi, 0), (x2, 0), and (хз, 0). Of course, the graph of the 


function may have no intercepts. This case is illustrated in Figure 2.1.4. 


y 


y у-Йа) 
y=f&) f 


ў 
у= (х) 
(0, f(0)) (0, f(0)) 
>x -х >x 
іе (x20) Х(з.0) (ху. 0) (x, 0) 


(a) y-intercept (b) Three x-intercepts (c) y-intercept, two x-intercepts 


FIGURE 2.1.6 Intercepts of the graph of a function 
More will be said about this in Chapter 3. 


A graph does not necessarily have to cross a coordinate axis at an intercept; a 
graph could simply be tangent to, or touch, an axis. In Figure 2.1.6(c) the 
graph of y - f(x) is tangent to the x-axis at (хі, 0). Also, the graph of a function 
f can have at most one y-intercept since, if 0 is the domain of f, there can 


correspond only one y-value, namely, y = f(0). 


Intercepts 


Find, if possible, the х- and y-intercepts of the given function. 


(a) f(x) = x2 + 2x — 2 


ЦЭ : 


Solution (a) Since 0 is іп the domain of f, (0) 2 —2 is the y-coordinate of the 
y-intercept of the graph of f. The y-intercept is the point (0, —2). To obtain the 
x-intercepts we must determine whether f has any real zeros, that is, real 
solutions of the equation f(x) = 0. Since the left-hand side of the equation x» + 


2x - 2 - 0 has г Obvious factors, we use the v formula to obtain 


Since 


Д г- V 4. 3 T ж V3 eros of f 
irrational VA ш 
-1 | 3 52 : г аге (һе points 


(—1 — УЗ, 0) and ( = + V3, 0} 


(b) Because 0 is not in the domain of f(f(0) = —3/0 is not defined), the graph of 
f possesses no y-intercept. Now since fis a fractional expression, the only way 
we сап have f(x) - 0 is to have the numerator equal zero. Factoring the left- 
hand side of x: — 2x — 3 = 0 gives (x + 1)(x — 3) = 0. Therefore the numbers 
—] and 3 are the zeros of f. The x-intercepts are the points (—1, 0) and (3, 0). 


[ Approximating Zeros Even when it is obvious that the graph of a 
function y - f(x) possesses x-intercepts it is not always a straightforward 
matter to solve the equation f(x) = 0. In fact, it is impossible to solve some 
equations exactly; sometimes the best we can do is to approximate the zeros 


of the function. One way of doing this is to obtain a very accurate graph of f. 


Approximate Intercepts 


With the aid of a graphing utility the graph of the function f(x) = x3 — x + 4 is 
given in FIGURE 2.1.7. From (0) - 4 we see that the y-intercept is (0, 4). As we 
see in the figure, there appears to be only one x-intercept with x-coordinate 
close to —1.7 or —1.8. But there is no convenient way of finding the roots of 
the equation xs — x + 4 = 0. We can however approximate the real root of this 
equation with the aid of the find root feature of either a graphing calculator or 
computer algebra system. We find that x « —1.796 and so the approximate x- 


intercept is (—1.796, 0). As a check, note that the function value 


FIGURE 2.1.7 Graph of function in Example 8 


f(—1.796) = (— 1.796)? — (—1.796) + 4 = 0.0028 


is nearly 0. 


NOTES FROM THE CLASSROOM 


(i) When sketching the graph of a function, you should never 
resort to plotting a lot of points by hand. That is something a 
graphing utility, that is, a calculator or a computer algebra 
system (CAS), does so well. On the other hand, you should not 
become dependent on a calculator to obtain a graph. Believe it or 
not, there are precalculus and calculus instructors who do not 
allow the use of graphing calculators on quizzes or tests. Usually 
there is no objection to your using calculators or computers as an 
aid in checking homework problems, but in the classroom 
instructors want to see the product of your own mind, namely, 
the ability to analyze. So you are strongly encouraged to develop 
your graphing skills to the point where you are able to quickly 
sketch by hand the graph of a function from a basic familiarity of 
types of functions and by plotting a minimum of well-chosen 
points such as intercepts. 


(ü) A function can involve several independent variables. As a 
simple example, the perimeter P and area A of rectangle are 
functions of its length x and width y, that is, P = 2x + 2y and А 
— xy. In a general discussion, a function of, say, two 
independent variables x and y is written f(x, y). A major part of 
the third term of a typical calculus course is devoted to the study 
of functions of several variables. 


Exercises 2.1 Answers to selected odd-numbered 
problems begin on page ANS-3. 


In Problems 1-6, find the indicated function values. 
о) =x — l; f(—5), = V3). f (3). and f(6) 
2 f(x) = 202 +x; f(—-5)f(—3).f Q2). and f(7) 
3. ЛО) = Vx +1: f(—1),f(0), f(3), and f(5) 
a в/о) = V2x + 4; f(—3).f(5). SG) and f(4) 


3x 
fix) = 52: /(—1),/(0), f(1), and f( V2) 


Mors f(— V2), 7—1), f(0), and (2) 


-2” 


In Problems 7 and 8, find 


f(x), f(2a), f(a’). f(— ). f(2a + 1), f(x + Л) 


for the given function f and simplify as much as possible. 
m коо | 2 | 
Mr )--2( у *3X ) 
Р — \3 2 
mf )=( у—2( ) +20 


9. For what values of x is f(x) = 6x» — 1 equal to 23? 


10. For what values of x is f ( X ) X 1 


equal to 4? 


In Problems 11—20, find the domain of the given function f. 


— à — 10x + 25 
x+ ] 


x? — 4x — 12 
X 


^ 
v —y +] 


] ( X ) шин, 
H Жи В. 
2. X 2х | 
Іп Problems 21-26, use the sign-chart method to find the domain of the given 


function f. 


21. T (x ) — 
22. J ( X) = 
nf (X) = 


24. 


f(x) = 


25. 


f(x) = 


26. 


In Problems 27-30, determine whether the graph in the figure is the graph of a 


function. 


27. 


28. 


29. 


Graph for Problem 27 


Graph for Problem 28 


Graph for Problem 29 


30. 


Graph for Problem 30 


In Problems 31—34, use the graph of the function f given in the figure to find 


its domain and range. 


31. 


32. 


33. 


Graph for Problem 31 


Graph for Problem 32 


Graph for Problem 33 


34. 


Graph for Problem 34 


In Problems 35-42, find the real zeros of the given function f. 
35. f(x) = 5x 6 
36. f(x) = —2x +9 


37. f(x) 222 - 5x - 6 


38. f(x) 23 -2x- 1 


39. f(x) = x(3x — 1)(x + 9) 


40. f(x) = x – о — 2x 


41. f(x) 24-1 


МГї(х)-2- 


In Problems 43-50, find the х- апа y-intercepts, if any, of the graph of the 


given and function f. Do not graph. 


70) = зх – 4 
44. f(x) = 2 — 6х+ 5 
45. Кх) = 4(х — 2) -1 
46. f(x) = 2x — 3)(0 + 8x + 16) 
F(x) х+4 
Ж25--8 --. 
2! x — 16 
| x(x + ІҢх- 6) 
| = 
48. х + S 
NC =; 


50. ІН X) =>; 


In Problems 51-56, find the function fif f(2) = —3 in each case. 


51. flx)=4x+k 
52. f(x) = —2x2 + kx 
53. fx) 2 ka - x *1 


54. f(x) = а + хз + kxo— x-1 


56. | Х, — К 


In Problems 57 and 58, use the graph of the function f given in the figure to 
estimate the values of (-3), f(-2), f(-1), КІ), Д2) and ЖЗ). Estimate the y- 


intercept. 


ӨЛЕ 


Graph for Problem 57 


58. 


Graph for Problem 58 


In Problems 59 and 60, use the graph of the function f given in the figure to 
estimate the values of f(—2), f(—1.5), f(0.5), (1), K2), and f(3.2). Estimate the 


x-intercepts. 


59. 


Graph for Problem 59 


60. 


Graph for Problem 60 


Calculus-Related Problems 


61. In calculus some of the functions that you will encounter have as their 
domain the set of positive integers п. The factorial function fn) = n! is 


defined as the product of the first n positive integers, that is, 


ПХК БУЕ БЫ ЛЬВЫ 


(a) Evaluate (2), КЗ), #5), ара (7). 
(b) Show that An + 1) = f(n) - (n + 1). 
(c) Simplify f (n + 2)/ и). 


62. Another function of a positive integer п gives the sum of the first п 


squared positive integers: 


S(n) = <п(п + 1)(2n +1) = 12+ 22 +... + т. 


(a) Find the value of the sum 12 + 22 + --- + 99» + 1002. 
(b) Find n such that 300 « 5(п) < 400. [Hint: Use a calculator.] 


For Discussion 


63. Determine an equation of a function y = f(x) whose domain is (а) [3, ee), 


(b) (3, >). 


64. Determine an equation of a function у = f(x) whose range is (а) (3, e»), 


(b) (3, >). 


65. Find a function 5(п) analogous to that given in Problem 62 for the sum of 


the first n positive integers. [Hint: Add the corresponding terms of 


S(n)= 1+4+243+-4+ (п = 1) + nn 
and S(n)=n+t+(n—1)+ (п = 2) + + 2 + 1.] 


66. Area Under a Graph Consider the function у = f(x) whose graph is 
shown in FIGURE 2.1.20. Find the areas A(1), A(2), and A(3) of the blue 


isosceles triangles bounded between the graph of f and the intervals 


| 3 7 9 23 25 
Р al; B Al and 5 но 


Discern the pattern of the intervals and find the area function А(п) of the 


triangular region on the nth interval. 


FIGURE 2.1.20 Graph for Problem 66 


2.2 Symmetry and Transformations 


INTRODUCTION In this section we discuss two aids in sketching graphs of 
functions quickly and accurately. If you determine in advance that the graph 
of a function possesses symmetry, then you can cut your work in half. In 
addition, sketching a graph of a complicated-looking function is expedited if 
you recognize that the required graph is actually a transformation of the graph 
of a simpler function. This latter graphing aid is based on your prior 


knowledge of the graphs of some basic functions. 


[ Power Functions A function of the form 


f(x) =x", (1) 


where п represents a real number, is called a power function. The domain of 


a power function (1) depends on the power n. For example, we have already 


l 
2] 


seen in Section 2.1 for n = 2, n = and n = —1, respectively, that: 


• the domain of f(x) = x: is Фе set R of real numbers or (- оо, со), 


* the domain of f ( X ) = X д = X] 


is 
(0, =), 


f(x) =x! = — 


* the domain of X is the set 
R of real numbers except x = 0. 


Simple power functions, or modified versions of these functions, occur so 
often in problems in calculus that you do not want to spend valuable time 
plotting their graphs. We suggest that you know (memorize) the short 
catalogue of graphs of power functions given in FIGURE 2.2.1 on the next page. 
You might already know that the graph in part (a) of that figure is a line and 
the graph in part (b) is called a parabola. 


FIGURE 2.2.1 Brief catalogue of power functions f(x) = xn for 
various n 


[ Symmetry In Section 1.4 we discussed symmetry of a graph with respect 


to the y-axis, the x-axis, and the origin. Of those three types of symmetries, 


the graph of a function f сап be symmetric with respect to the у-ахі ог with 
respect to the origin, but the graph of a nonzero function f cannot be 
symmetric with respect to the x-axis. Before proceeding with the discussion of 


symmetry of graphs of functions we need the following definition. 


Can you explain why the graph of a function cannot have symmetry with respect to the 


x-axis? See Problem 47 in Exercises 2.2. 


DEFINITION 2.2.1 Even and Odd Functions 


(@ A function f with domain X is said to be an even function if 


К-х) = f(x) for every x in X. 


(1) A function f with domain X is said to be an odd function if 
К-х) = —f(x) for every x in X. 


[ Graphical Interpretation The graphical interpretation of Definition 


2.2.1 is illustrated in FIGURES 2.2.2 and 2.2.3. In Figure 2.2.2, observe that if fis 


an even function and 


FIGURE 2.2.2 Even function 


FIGURE 2.2.3 Odd function 


1163) А-х) = f(x) 
l | 
(x, y) is a point on its graph, then necessarily (—х, у) 


is also on its graph. Similarly we see in Figure 2.2.3, that if f is an odd 


function and 


f(x) f(-x) = —f(x) 
} } 
(x, y) is a point on its graph, then necessarily (—x, —у) 


is on its graph. The function whose graph is given in FIGURE 2.2.4 is neither 
even or odd. Using the information on page 29 of Section 1.4, we summarize 


these observations in terms of symmetry of the graph in the next theorem. 


FIGURE 2.2.4 Function is neither even nor odd 


THEOREM 2.2.1 Tests for Symmetry 


The graph of a function y — f(x) with domain X is symmetric 
with respect to: 


(1) the y-axis if and only if y = f(x) is an even function, ог 


(ü) the origin if and only if y — f(x) is odd function 


Even and Odd Functions 


(a) f(x) = хәз is an even function since by (7) of Definition 2.2.1 and the laws 


of exponents 


cube root of — 1 15 —1 


} 
f(-x) = ( xy = (—1)?32® = (V 1223 = (= 1228 = PF = f(x). 


In Figure 2.2.1(1), we see that the graph of fis symmetric with respect to the 
y-axis. For example, since (8) = 823 = 4, (8, 4) is a point on the graph of y = 


хоз. Because f is an even function, f(-8) = f(8) implies (-8, 4) 15 on the same 


graph. 
(b) f(x) 2 xs is an odd function since by (ii) of Definition 2.2.1, 


3 


f(—x) = (~x = (- 1 = —x = -f(x). 


Inspection of Figure 2.2.1(c) shows that the graph of f is symmetric with 
respect to the origin. For example, since f(1) = 1, (1, 1) is a point on the graph 
of у = xs. Because fis an odd function, f (21) = -f(1) implies (—1, —1) is on the 


same graph. 


(c) f(x) = хз + 1 is neither even nor odd. From 
" z 3 
f(-x) = (x +1=-x +1 


we see that (-х) + f(x), and (-х) + —/(х). The graph of fhas neither y-axis 


The graphs in Figure 2.2.1, with part (g) the only exception, possess either y- 


nor origin symmetry. 


axis or origin symmetry. The functions in Figures 2.2.1(b), (d), (f), and (i) аге 
even, whereas the functions in Figures 2.2.1(a), (c), (e), and (h) are odd. 


Often we can sketch the graph of a function by applying a certain 
transformation to the graph of a simpler function (such as those given in 
Figure 2.2.1). We are going to consider two kinds of graphical 


transformations, rigid and nonrigid. 


[ Rigid Transformations-Shifts A rigid transformation of a graph of 


function fis one that changes the position of the graph or one that changes the 
orientation of the graph in the xy-plane but does change its basic shape. For 
example, the circle (x — 2)» + (y — 3)2 = 1 with center (2, 3) and radius г = 1, 
has exactly the same shape as the circle x» + y» = 1 with center at the origin. 


We can think of the graph of (x — 2)2 + (y - 3» = ав the graph of xo + y2 = 1 


shifted horizontally 2 units to the right followed by an upward vertical shift of 
3 units. For the graph of a function y = f(x) we examine four kinds of shifts or 


translations. 


THEOREM 2.2.2 Vertical and Horizontal Shifts 


Suppose y — f(x) is a function and c is a positive constant. Then 
the graph of: 


() у = f(x) + cis the graph of f shifted vertically up c units 


(ü) y — f(x) — c is the graph of f shifted vertically down c 
units 


(üi) y = f(x + c) is the graph of f shifted horizontally to the left 


c units 


(v) y = f(x — c) is the graph of f shifted horizontally to the 
right c units 


Consider the graph of a function y - f(x) given in FIGURE 2.2.5. The shifts of 
this graph described in (7)-(iv) of Theorem 2.2.2 are the graphs in red in parts 
(a)-(d) of FIGURE 2.2.6. If (x, y) is a point on the graph of y = f(x) and the graph 
of fis shifted, say, upward by с > 0 units, then (x, у + c) is a point on the new 
graph. In general, the x-coordinates do not change as a result of a vertical 
shift. See Figures 2.2.6(a) and 2.2.6(b). Similarly, in a horizontal shift the y- 
coordinates of points on the shifted graph are the same as on the original 
graph. See Figures 2.2.6(c) and 2.2.6(d). 


FIGURE 2.2.5 Graph of y = f(x) 


(s y*c) 


(a) Vertical shift up (b) Vertical shift down 


(c) Horizontal shift left (d) Horizontal shift right 


FIGURE 2.2.6 Vertical and horizontal shifts of the graph of y — f(x) 
by an amount c > 0 


Vertical and Horizontal Shifts 


The graphs of y = x2 + 1, у= x2 — 1, y = (x + 1), and y = (x — 1) are obtained 


from the graph of f (x) = x» in FIGURE 2.2.7(a) by shifting this graph, in turn, 1 
unit up (Figure 2.2.7(b)), 1 unit down (Figure 2.2.7(c)), 1 unit to the left 
(Figure 2.2.7(d)), and 1 unit to the right (Figure 2.2.7(e)). 


+ х 
| 


Xy 17 
Ї Ї 


(a) Starting point (b) Shift up (с) Shift down (d) Shift left (е) Shift right 


FIGURE 2.2.7 Shifted graphs іп Example 2 


[ Combining Shifts In general, the graph of a function 


y — f(x £ Су) ын Сэ, (2) 


where сі and c2 are positive constants, combines a horizontal shift (left or 
right) with a vertical shift (up or down). For example, the graph of y = f(x — 
сі) + c2is the graph of y = f(x) shifted ci units to the right and then с> units up. 


The order in which the shifts are done is irrelevant. We could do the upward shift first 
followed by the shift to the right. 


Graph Shifted Vertically and Horizontally 


Graph y = (x + 1)2 — 1. 
Solution From the preceding paragraph we identify in (2) the form y = f(x + 


сї) — c2 with ci = 1 and c2 = 1. Thus, the graph of y = (x + 1); — 1 is the graph 
of f(x) 2 x» shifted 1 unit to the left followed by a downward shift of 1 unit. 


Тһе graph is given in FIGURE 2.2.8. 


у= (х+ 1) 


FIGURE 2.2.8 Shifted graph in Example 3 


From the graph in Figure 2.2.8 we see immediately that the range of the 
function y = (x + 1)» — 1 = x» — 2x is the interval [-1, e») on the y-axis. Note 
also that the graph has x-intercepts (0, 0) and (—2, 0); you should verify this 


by solving x2 + 2x = 0. Also, if you reexamine Figure 2.1.4 in Section 2.1 you 


у=4 + ух = 3 


will see that the graph of . 
graph of the square root function 7 ( X ) ЕЕ Мх 


2.2.1(g)) shifted 3 units to the right and then 4 units up. 


is the 


(Figure 


[ Rigid Transformations-Reflections Another way of rigidly 


transforming the graph of a function is by a reflection in a coordinate axis. 


THEOREM 2.2.3 Reflections 


Suppose y = f(x) is a function. Then the graph of: 


() y = —f(x) is the graph of f reflected in the x-axis 


(ii) y = f(—x) is the graph of f reflected in the y-axis 


In part (a) of FIGURE 2.2.9 we have reproduced the graph of a function y = f(x) 
given in Figure 2.2.5. The reflections of this graph described in (i)-(ii) of 
Theorem 2.2.3 are illustrated in Figures 2.2.9(b) and 2.2.9(c). If (x, y) denotes 
a point on the graph of y = f(x), then the point (x, —y) is on the graph of y = 
—f(x), and (—x, у) is on the graph of y = f(—x). Each of these reflections is a 


mirror image of the graph of y = f(x) in the respective coordinate axis. 


Reflection or mirror image іп а vertical axis 


О Stephen Finn/ShutterStock, Inc. 


Reflection or mirror image in a vertical axis 


€ Terry W Eggers/age fotostock 


(a) Starting point (b) Reflection in x-axis (c) Reflection in y-axis 


FIGURE 2.2.9 Reflections in the coordinate axes 


Reflections 
Graph 
+ — — Vx 
(a) 2 л 
зо — ү 
Р \ X 


Solution The starting point is the graph of the square root function 


f(x) = Vx... 
& ^ given 1n FIGURE 2.2.10(a). 


у = — 


(а) The graph of = | "7 18 the reflection of the graph of 


J (X ) A in the x-axis. Observe in Figure 2.2.10(b) 
that since (1, 1) is on the graph of f, the point (1, —1) is on the graph of 


у = — X 


V —N ае X 


(b) The отарһ of ~ 


J (x ) Vx in the y-axis. Observe in Figure 2.2.10(c) 


that since (1, 1) is on the graph of f, the point (-1, 1) is on the graph of 


у = — x у = — X 


i . The function w 


is the reflection of the graph of 


looks a little strange, but bear in mind that its domain is determined by the 
requirement that -x > 0, or equivalently x < 0, and so the reflected graph is 


defined on the interval (— ee, 0]. 


>x 


(a) Starting point (b) Reflection in x-axis (c) Reflection in y-axis 


FIGURE 2.2.10 Graphs in Example 4 


If a function f is even, then f(—x) = f(x) shows that a reflection in the y-axis 
would give precisely the same graph. If a function is odd, then from f(—x) = 
—f(x) we see that a reflection of the graph of fin the y-axis is identical to the 
graph of f reflected in the x-axis. In FIGURE 2.2.11 the blue curve is the graph of 
the odd function f(x) = хз; the red curve is the graph of y = f(—x) = (-х)з = —хз. 
Notice that if the blue curve is reflected in either the y-axis or the x-axis, we 


get the red curve. 


FIGURE 2.2.11 Reflection (red) of an odd function (blue) іп y-axis 


[ Nonrigid Transformations A nonrigid transformation of a graph of 
function fis one that distorts the shape of its graph. Stretching or compressing 
а graph are examples of nonrigid transformations. If a function fis multiplied 
by a constant c > 0 the shape of the graph is changed but retains, roughly, its 
original shape. The graph of y - cf(x) is the graph of y - f(x) distorted 
vertically; the graph of f is either stretched (or elongated) vertically or is 


compressed (or flattened) vertically depending on the value of c. 


THEOREM 2.2.4 Vertical Stretches and 
Compressions 


Suppose y — f(x) is a function and c a positive constant. Then 
the graph of y — cf(x) is the graph of f: 


(i) stretched vertically by a factor of c units if c > 1 


(ii) compressed vertically by a factor of с units if 0 < c < 1 


If (x, y) represents a point on the graph of f, then the point (x, су) is on the 
graph of cf. The graphs of y = x and y = 3x are compared in FIGURE 2.2.12; the 
y-coordinate of a point on the graph of y = 3x is 3 times as large as the y- 
coordinate of the point with the same x-coordinate on the graph of y = x. The 
| Э 
ү =—— “aoa X 
comparison of the graphs of y = 10x» (blue graph) and . 10- 
(red graph) in FIGURE 2.1.13 is a little more dramatic; the graph of 


] 2 
ү = 


z 10 A exhibits considerable vertical flattening, especially in a 
neighborhood of the origin. Note that c is positive in this discussion. To 


sketch the graph of y = —10x» we think of it as y = —(10x2), which means we 
first stretch the graph of y = x2 vertically by a factor of 10 units and then 


reflect that graph in the x-axis. 


Vertical 
stretch 


FIGURE 2.2.12 Vertical stretch (red) of the graph of f(x) — x (blue) 


У 


FIGURE 2.2.13 Vertical stretch (blue) апа vertical compression 
(red) of the graph of f(x) = x2 


The next example illustrates shifting, reflecting, and stretching of a graph. 


Combining Transformations 


шу =2— 2\х-—3. 


Solution You should recognize that the given function consists of four 


transformations of the basic us / (X ) A Ё 
vertical shift up horizontal shift to right 
| 1 
у-2-2Ух-3 
11 
reflection іп x-axis — vertical stretch 


We start with the graph of Í (A ) 2 Vx in FIGURE 2.2.14(a). 


Then stretch this graph vertically by a factor of 2 to obtain 


= 2^\/х 


in Figure 2.2.14(b). Reflect this second graph 


ү = = 7 
in the x-axis to obtain + = "in Figure 
2.2.14(c). Shift this third graph 3 units to the right to obtain 


(= — 9 VY — 
b am X 3 in Figure 22.14(d). 


Finally, shift the fourth graph 2 units upward to obtain 


у-2-2Ух — 


2.2.14(е). Note that the point (0, the graph of 


Í (x ) Vx remains fixed in the vertical stretch and the 


reflection in the x-axis, but under the first (horizontal) shift (0, 0) moves to (3, 
0) and under the second (vertical) shift (3, 0) moves to (3, 2). 


(a) Starting point (b) Vertical stretch — (c)Reflectionini-axis (0) Shift right (е) Shift up 


FIGURE 2.2.14 Graph of function in Example 5 


МОТЕ5 ЕКОМ ТНЕ СІ.А55КООМ 


In this section we have seen how more complicated functions can 
be built up from functions y — f(x) of the type given in Figure 
2.2.1 by transformations. In some texts the beginning, or simpler, 
function is called the parent function. In Example 5 the square 


root function ГД (х ) 2 Мх is the parent function for 
qc IN Du 


Exercises 2.2 Answers to selected odd-numbered 
problems begin on page ANS-3. 


In Problems 1-10, determine whether the given function y = f(x) is even, odd, 


or neither even nor odd. Do not graph. 
1. fx) =4- x» 

2. fix) = x» 2х 

3. f(x) =ж-х+4 


4. f(x) 2xstxsx 
| | | 
T= бай 
Б. 
feo ==— 
6. 


fa ы а МТ 


„/\Х) = 
9. fix) = |x 
10. f(x) = x|x| 


In Problems 11-14, classify the function y — f(x) whose graph is given as 


even, odd, or neither even nor odd. 


11. 


y 


Graph for Problem 11 


12. 


13. 


14. 


Graph for Problem 12 


Graph for Problem 13 


Graph for Problem 14 


In Problems 15-18, complete the graph of the given function у = f(x) if (a) fis 


an even function and (b) fis an odd function. 


15. 


Graph for Problem 15 


16. 


17. 


18. 


Graph for Problem 16 


Graph for Problem 17 


FIGURE 2.2.22 Graph for Problem 18 


In Problems 19 and 20, suppose that f(—2) = 4 and КЗ) = 7. Determine (2) and 
Ши 


19. If fis an even function. 
20. If fis an odd function. 


In Problems 21 and 22, suppose that 2(-1) = —5 and (4) = 8. Determine 2(1) 
and g(—4). 


21. If g is an odd function. 
22. If g is an even function. 


In Problems 23-32, the points (-2, 1) and (3, -4) are on the graph of the 
function y = f(x). Find the corresponding points on the graph obtained by the 


given transformations. 

23. the graph of f shifted up 2 units 

24. the graph of f shifted down 5 units 

25. the graph of f shifted to the left 6 units 


26. the graph of f shifted to the right 1 unit 


27. the graph of f'shifted up 1 unit and to the left 4 units 
28. the graph of f shifted down 3 units and to the right 5 units 
29. the graph of f reflected in the y-axis 
30. the graph of f reflected in the x-axis 
31. the graph of f stretched vertically by a factor of 15 units 
l 
32. the graph of f compressed vertically by a factor of 4 unit, then reflected 


in the x-axis 


In Problems 33-36, use the graph of the function y = f(x) given in the figure to 
graph the following functions. 


(a) у=) +2 
(b) у= Дх) - 2 
(c) у= f(x * 2) 
(d) у= fx - 5) 
(e) у=-/0) 
(f) y 2 f-x) 


33. 


34. 


35: 


Graph for Problem 33 


Graph for Problem 34 


FIGURE 2.2.25 Graph for Problem 35 


36. 


FIGURE 2.2.26 Graph for Problem 36 


In Problems 37 and 38, use the graph of the function y - f(x) given іп the 


figure to graph the following functions. 
(a) у= fo) +1 
(b) у= х) – 1 


(c) у= fix 7) 


(d) у= Хх — 7/2) 


(e) у= -f(x) 


(f) у= А-х) 


(2) у= 3/00 


Graph for Problem 37 


38. 


FIGURE 2.2.28 Graph for Problem 38 


In Problems 39-42, find an equation of the final graph after the given 
transformations are applied to the graph of y = f(x). 


39. the graph of f(x) - хз shifted up 5 units and right 1 unit 


40. the graph of f(x) = хәз stretched vertically by a factor of 3 units, then 
shifted right 2 units 


41. the graph of f(x) = ха reflected in the x-axis, then shifted left 7 units 


42. the graph of f(x) = 1/x reflected in the y-axis, then shifted left 5 units and 
down 10 units 


In Problems 43-46, describe in words how the graph of the first function is 
obtained from the graph of the second function using rigid and nonrigid 


transformations. Carefully graph the first function. 


&y--1-t-2V-x-t2; у= Vx 


| 1; 
у = 2 + 5(-х)?; у = ж 


44. . 2 


:ул-т5 


X 
| | 
46. (х- 2) X 
For Discussion 


47. Explain why the graph of a nonzero function cannot be symmetric with 


respect to the x-axis. 


48. What points, if any, on the graph of y - f(x) remain fixed, that is, the same 


on the resulting graph after а vertical stretch or compression? After а 


reflection in the x-axis? After a reflection in the y-axis? 


49. Copy the graph of y = f(x) in FIGURE 2.2.29 on a piece of paper. By paying 
close attention to the five blue dots on the graph of y = f(x) draw а 
representative graph of a vertical stretch and a vertical compression defined 
by (a) y = сх), c > Тапа (b) y = сКх), 0 < c < 1. [Hint: See the first question 
in Problem 48.] 


FIGURE 2.2.29 Graph for Problem 49 
50. Discuss the relationship between the graphs of y = f(x) and y = f(|x|). 


51. Discuss the relationship between the graphs of y = f(x) and y = f(cx), 


where с > 0 is a constant. Consider two cases: 0 < c < 1 and c > 1. 


52. Review the graphs of y = x and y = l/x in Figure 2.2.1. Then discuss how 
to obtain the graph of the reciprocal у = 1/Кх) from the graph of y = f(x). 
Sketch the graph of y = 1/f(x) for the function f whose graph is given in Figure 
2.2.26. 


2.3 Linear Functions 


INTRODUCTION The notion of a line plays an important role in the study of 


differential calculus. There are three types of lines in the xy- or Cartesian 


plane: horizontal lines, vertical lines, and slant or oblique lines. We will see in 
this section that an equation of each of these lines stems from a linear 


equation in two variables 


Ах + By + C—U, (1) 


where A, B, and C are real constants. The characteristic that gives (1) its name 
linear is that the variables x and y appear only to the first power. We will refer 
back to (1) when we review lines and their equations, but let's note the cases 


of special interest: 


C 
А = 0,B # 0, gives y = Tg (2) 
: C 
А *0.B = 0, ріуеѕх = = А (3) 
| А С 
А + 0,B + 0, рімеѕу = ——x — —. (4) 
i | В В 


The first and the third of these three equations define functions. By relabeling 


—С/В in (2) as b we get a constant function. 


DEFINITION 2.3.1 Constant Function 


A constant function y — f(x) is a function of the form 


у=ё 


where b is a constant. 


The domain of a constant function is the set of real numbers (— «e, о). In the 
definition of a function we are pairing each real number x with the same value 
of y, that is, (x, b). In our student/desk example of a function in Section 2.2 
this is equivalent to having all the students in a classroom sit in one desk. On 
the other hand, the equation in (3) does not define a function. We cannot have 


one student (the fixed value of x) sit in all the desks in a classroom. 


By relabeling -А/В and —C/B in (4) as a and b, respectively, we get the form 


of a linear function. 


DEFINITION 2.3.2 Linear Function 


A linear function y — f(x) is a function of the form 


(f(x) = ax + b 


where a a = 0 апа b are constants. 


The domain of a linear function is the set of real numbers (- со, со) 


[ Graphs Since the graphs of constant and linear functions are straight lines, 
it is appropriate that we will review equations of all lines. We begin with the 
recollection from plane geometry that through any two distinct points (xi, y1) 
and (x2, yz) in the plane there passes only one line Г. If хі # x2, then the 


number 


is called the slope of the line determined by these two points. It is customary 
to call y2 — yı the change in y or the rise of the line; x2 — хі is the change in x 


or the run of the line. Therefore (7) is 


rise 
m =] 
run 


See FIGURE 2.3.1(a). Any pair of distinct points on a line will determine the 
same slope. To see why this is so, consider the two similar right triangles in 
Figure 2.3.1(b). Since we know that the ratios of corresponding sides in 


similar triangles are equal we have 


(a) Rise and run 


4 (X4. Уд) Ё 
(Ха, Уз) п 
/ 
(Хэ, У») 


(b) Similar triangles 


Slope of a line 


Hence the slope of a line is independent of the choice of points on the line. 


In FIGURE 2.3.2 we compare the graphs of lines with positive, negative, zero, 
and undefined slopes. In Figure 2.3.2(a) we see, reading the graph from left to 
right, that a line with positive slope (т > 0) rises as x increases. Figure 
2.3.2(b) shows that a line with negative slope (т < 0) falls as x increases. If 
(хі, у!) апа (x2, у) are points on a horizontal line, then у! = уг and so its rise is 
y2 — yi = 0. Hence from (7) the slope is zero (m = 0). See Figure 2.3.2(c). If 
(хі, yi) and (x2, y2) are points on a vertical line, then хі = x2 and so its run is x2 
— x1 = 0. In this case we say that the slope of the line is undefined or that the 
line has no slope. See Figure 2.3.2(d). So when you see the phrase line with 


slope in a discussion you know that vertical lines are excluded. 


4 
© 
› (x А * 
] — Run=0 
ise « 0 Rise-0 ару) 
x x x 


(21253 (d) m undefined 


FIGURE 2.3.2 Lines with slope (a) — (c); line with no slope (d) 


[ Point-Slope Equation We are now in a position to find an equation of a 


line Г. To begin, suppose L has slope m and that (xi, уі) is on the line. If (x, y) 


represents any other point on L, then (7) gives 


т =. 


Multiplying both sides of the last equality by x — хі gives an important 


equation. 


THEOREM 2.3.1 Point-Slope Equation of a Line 


The point-slope equation of the line through (хі, y1) with slope 
т 18 


y—y-mx-x) (8) 


Point-Slope Equation 


Find an equation of the line with slope 6 and passing through 


(—3,2) 


| 
т = 0,Х) = —5 


Solution Letting 
obtain from (8) 


,and yi = 2 we 


Simplifying gives * 
бх + 5. 


Point-Slope Equation 


Find an equation of the line passing through the points (4, 3) and (-2, 5). 


Solution First we compute the slope of the line through the points. From (7), 


= Ж. 2 | 


т-----------. 
—2-4_ —6 3 


Тһе point-slope equation (8) then gives 


the distributive law 


| | 
у—3 = —з(х — 4) ог уш-іх- 2] 


The distributive law a(b + c) = ab + ac is the source of many errors on students" papers. 


A common error goes something like this: 


— (2x — 3) = —2X — 3. 


The correct result is: 


T-Ux-3)7(-Dx — 3) 
=(=] 1-0 
= — 2х + 3, 


[ Slope-Intercept Equation Any line with slope (that is, any line that is 
not vertical) must cross the y-axis. If this y-intercept is (0, b), then with хі = 0, 
уі = b, the point-slope form (8) gives y — b = m(x - 0). The last equation 


simplifies to the next result. 


THEOREM 2.3.2 Slope-Intercept Equation of a 
Line 


The slope-intercept equation of the line with slope m and y- 


intercept (0, b) is 


y=mx+b 


[ Family of Lines For т # 0, (8) and (9) give us the form of the linear 
function in (6). The coefficient a in (6) is, of course, the slope m of the line. 
When b = 0 in (9), the equation у = mx represents a family of lines that pass 
through the origin (0, 0). In FIGURE 2.3.3 we have drawn a few of the members 


of that family. 


FIGURE 2.3.3 Lines with slope through the origin are y — mx 


Example 2 Revisited 


We can also use the slope-intercept from (9) to obtain the equation of the line 


through two points in Example 2. As in that example, we start by finding the 


| 


slope 3. The equation of the line is then 


xcd 
>= —zx +} 
у 3 X 2 Substituting the coordinates of 


eher point (4, 3) or (-2, 5) into the last i enables us to determine b. If 


we use 2 3 then 


and 50 


жЕ 
| 
(22 
4: 
Uo | 
| 
2117 


[ Horizontal and Vertical Lines We saw іп Figure 2.3.2(с) that a 


horizontal line has slope m - 0. An equation of a horizontal line passing 
through a point (а, b) can be obtained from (8), that is, y — b = O(x — a). The 
equation of a horizontal line is then 


y = b. (10) 


We have already seen this in (5) and іп (2) where -С/В played the part of the 
symbol b. A vertical line through (а, b) has undefined slope and all points on 


the line have the same x-coordinate. The equation of a vertical line is then 


X — а. (11) 


Equation (11) is (3) with -C/A replaced by the symbol а. 


Vertical and Horizontal Lines 


Find equations for the vertical and horizontal lines through (3, —1). Graph 


these lines. 


Solution Any point on the vertical line through (3, —1) has x-coordinate 3. 
Тһе equation of this line is then x = 3. Similarly, any point on the horizontal 
line through (3, —1) has y-coordinate — 1. The equation of this line is у = - 1. 
Both lines are graphed in FIGURE 2.3.4. Don't forget, only y = — 1 is a function. 


FIGURE 2.3.4 Horizontal and vertical lines in Example 4 


[ Parallel and Perpendicular Lines Suppose Гл and 12 are two distinct 
lines with slope. This assumption means that both Lı and L2 аге nonvertical 
lines. Then necessarily Li and L2 are either parallel or they intersect. If the 
lines intersect at a right angle they are said to be perpendicular. We can 
determine whether two lines are parallel or are perpendicular by examining 


their slopes. 


Parallel lines 


© Andrew С. Davis/ShutterStock, Inc. 


THEOREM 2.3.3 Slopes of Parallel and 
Perpendicular Lines 


If Li and L2 are lines with slopes ті and тэ, respectively, then 


+ Lis parallel to Ly if and only if m, = m, and 
+ [1 is perpendicular to [5 if and only if mm = —1 


There are several ways of proving the two parts of Theorem 2.3.3. The proof 
of (12) can be obtained using similar right triangles, as in FIGURE 2.3.5, and the 
fact that the ratios of corresponding sides in such triangles are equal. We leave 
the justification of (13) as an exercise. See Problem 64 in Exercises 2.3. Note 
that the condition mim» = —1 implies that m» = -І/ті, that is, the slopes are 
negative reciprocals of each other. A horizontal line у = b and a vertical line x 


= a are perpendicular, but the latter is a line with no slope. 


L| 


FIGURE 2.3.5 Parallel Lines 


Parallel Lines 


Тһе linear equations 3x + y = 2 and 6x + 2y = 15 can be rewritten in the slope- 


intercept forms 


у = —3х + 2 апа y--—3xt =; 


respectively. As noted іп red in the preceding line the slope of each line is -3. 
Therefore the lines are parallel. The graphs of these equations are shown in 
FIGURE 2.3.6. 


FIGURE 2.3.6 Parallel lines in Example 5 


Perpendicular Lines 


Find an equation of the line through (0, —3) that is perpendicular to the graph 
of 4х - 3y - 6 = 0. 


Solution We express the given linear equation in slope-intercept form: 


Их — sy +6 =0 implies 3y = 4x + 6. 


Dividing by 3 gives +” . This line, whose 


pum 27 
y = 5х + 2 
graph is given іп blue in FIGURE 2.3.7, has slope 3| The нь! any line 


- 


perpendicular to it is the negative reciprocal of namely, 4. біпсе (0, 
—3) is the y-intercept of the required line, it follows from (9) that its equation 


825 ии 
18 b = 4x 
is the red line in FIGURE 2.3.7. 


~ . The graph of the last equation 


FIGURE 2.3.7 Perpendicular lines in Example 6 


[ Graphs As mentioned in the earlier sections of this chapter, when graphing 


an equation it is always a good habit to try to find x- and y-intercepts of its 
graph. Except in the cases of horizontal and vertical lines, and lines through 
the origin, a line will have distinct x- and y-intercepts. Of course, that is all we 


need to draw a line: two points. 


Graph of a Linear Equation 


Graph the linear equation 3x — 2y + 8 = 0. 


Solution There is no need to rewrite the linear equation in the form y = mx + 


b. We simply find the intercepts of the graph. 


y-intercept: Setting x = 0 gives —2у + 8 = 0 or y 4. The y-intercept is (0, 4). 


8 
3 


x-intercept: Setting v = 0 gives Зх+ 8 = 00r" ` . The x- 


Ч m 8 0) 
interceptis * 3 2 21 


As shown in FIGURE 2.3.8, the line is drawn through the two intercepts (0, 4) 


„(-з.0) 


3х-2у%8-0 


FIGURE 2.3.8 Graph of equation in Example 7 


[ Increasing-Decreasing Functions We have just seen in Figures 
2.3.2(a) and 2.3.2(b) that if a > 0 (which, as we have just seen plays the part 
of т) the values of a linear function f(x) = ax + b increase as x increases, 
whereas for а < 0, the values f(x) decrease as x increases. The notions of 
increasing and decreasing can be extended to any function. The ability to 
determine intervals over which a function f is either increasing or decreasing 


plays an important role in applications of calculus. 


DEFINITION 2.3.3 Increasing/Decreasing 


Suppose y — f(x) is a function defined on an interval [a, b], and 
x1 and x2 аге any two numbers in the interval such that хі < x». 


Then the function f is 


+ increasing on the interval if f(x,) < f(x) 
+ decreasing on the interval (хү) > f(x) 


In FIGURE 2.3.9(a) the function fis increasing on the interval (а, b], whereas fis 
decreasing оп (а, b] in Figure 2.3.9(b). A linear function f(x) = ax + b 
increases on the interval (~œ, о) for a > 0 and decreases on the interval 
(-, о) юга < 0. 


(b) Ға) > f(x2) 


FIGURE 2.3.9 Increasing function in (а); decreasing function in (b) 


[ Points of Intersection We are often interested in finding the points 


where the graphs of two functions intersect. The x-intercepts of the graph of a 


function f сап be interpreted as the points where the graph of f intersects the 
graph of the constant function у = 0. In general, at a point P of intersection of 
the graphs of two functions f and g, the coordinates (x, y) of P must satisfy 
both equations y = f(x) and у = g(x), and so f(x) = g(x). Two distinct lines can 


intersect at a single point. 


Intersecting Lines 


Find the point where the two lines in Figure 2.3.7 intersect. 


Solution We equate 


4 ' 3 
ут-ах t 2andy = —- 4x — 


— and solve for x: 


12 


Ву substituting” = 5 into either equation we find that 


— 6 
5 


2. The point of intersection of the lines is then 


Exercises 2.3 Answers to selected odd-numbered 
problems begin on page ANS-4. 


In Problems 1-6, find the slope of the line through the given points. Graph the 
line through the points. 


1. (3, -7), (1, 0) 
2. (-4, —1), (1, -1) 
3. (5, 2), (4, —3) 


4. (1,4), (6, —2) 


5. (21, 2), (3, 22) 


FIGURE 2.3.10 Graph for Problem 7 


FIGURE 2.3.11 Graph for Problem 8 


In Problems 9-16, find the slope and the x- and y-intercepts of the given line. 
Graph the line. 


9. 3x -4y + 1220 


у, 


| 
5X — Зу = 


т 


10. 


11. 2х-3у-9 
12. -4x-2y+6=0 


13. 2x + Sy - 8-0 


In Problems 17-22, find an equation of the line through (1, 2) with the 


indicated slope. 


2 
17. 3 


is. 10 


19. 0 
20. -2 
21. -1 


22. undefined 


In Problems 23-36, find an equation of the line that satisfies the given 


conditions. 

23. through (2, 3) and (6, —5) 
24. through (5, —6) and (4, 0) 
25. through (8, 1) and (-3, 1) 
26. through (2, 2) and (-2,-2) 
27. through (-2, 0) and (2, 6) 
28. through (0, 0) and (a, b) 


29. through (-2, 4) parallel to 3x - y - 520 


30. through (1, —3) parallel to 2х-5у-4-0 

31. through (5, —7) parallel to the y-axis 

32. through the origin parallel to the line through (1, 0) and (—2, 6) 

33. through (2, 3) perpendicular to x - 4y + 1 20 

34. through (0, —2) perpendicular to 3x + 4y + 5 = 0 

35. through (—5, —4) perpendicular to the line through (1, 1) and (3, 11) 
36. through the origin perpendicular to every line with slope 2 


37. Find the coordinates of the point P shown in FIGURE 2.3.12. 


(5, 6) 


FIGURE 2.3.12 Lines in Problem 37 


38. A line through (2,4) has slope 8. Without finding an equation of the line, 


determine whether the point (1, —5) is on the line. 


In Problems 39-42, determine which of the given lines are parallel to each 


other and which are perpendicular to each other. 


39. (а) 3x-5y 4 920 


(b) 5x= -3y 

(c) -3x + 5у= 2 

(d) 3x+5y+4=0 
(e) -5x -3y 4 820 
(f) 5х-3у-2-0 
40. (a) 2x - 4y - 320 
(b) 2x-y 22 

(c) x- 920 

(d) x24 

(e) y- 620 

(f) -х-2у-6-0 
41. (а) 3x-y- 1-0 
(b) x-3y4920 
(c) 3x - y 20 

(d) x - 3yz1 

(е) 6x - 3y 4 1020 
(f) x + 2y 2-8 

42. (a y 5-0 
(b) х=7 

(c) 4х-бу-3 


(d) 12x -9y 47 20 


(e) 2х-3у-2-0 
(f) 3x - 4y- 11 20 


In Problems 43 and 44, find a linear function (6) that satisfies both of the 


given conditions. 
43. Д-1)-5,1)-6 
44. f(-1)2 1 + /(2), f(3) = 4f(1) 


In Problems 45-48, find the point of intersection of the graphs of the given 


linear functions. Sketch both lines. 


45. f(x) = -2x + 1, g(x) = 4x - 6 


46. f(x) 
47. f(x) = 4x + 7, g(x) = Ix 


2x + 5,g(x) = 5х + 5 
-- 


48. f(x) = 2x — 10, g(x) = -3x 


In Problems 49 and 50, for the given linear function compute the quotient 
] = 


where Л is а constant. 


49. f(x) = -9х + 12 


50. f(x) — aX — 5 


51. Find an equation of the red line L shown in FIGURE 2.3.13 if an equation of 


the blue curve is y = x» + 1. 


FIGURE 2.3.13 Graphs for Problem 51 


52. A tangent line L to a circle at a point P on the circle is perpendicular to 
the line through P and the center of the circle. Find an equation of the red line 
L shown in FIGURE 2.3.14. 


FIGURE 2.3.14 Circle and tangent line in Problem 52 
Applications 


53. Thermometers The functional relationship between degrees Celsius Tc 


and degrees Fahrenheit ТЕ is linear. 


(a) Express Tr as a function of Tc if (0°C, 32°F) and (60°C, 140°F) are on the 
graph of Tr. 


(b) Show that 1009С is equivalent to the Fahrenheit boiling point 212?F. See 
FIGURE 2.3.15. 


Fahrenheit (F) Celsius (C) Kelvin (K) 


1|--Water--- 08 


FIGURE 2.3.15 Thermometers in Problems 53 and 54 


54. Thermometers—Continued The functional relationship between 


degrees Celsius Tc and temperature measured in Kelvin units 7x is linear. 


(a) Express Тк as a function of Tc if (0°C, 273 К) and (27°C, 300 К) аге on 
the graph of Тк. 


(b) Express the boiling point of water 100°C in Kelvin units. See Figure 
2.315 


(c) Absolute zero is defined as OK. What is ОК in degrees Celsius? 


(d) Express Tx as a linear function of Tr. 


(e) What is 0 K in degrees Fahrenheit? 


55. Simple Interest In simple interest, the amount A accrued over time is the 
linear function A = P + Prt, where P is the principal, t is measured in years, 
and r is the annual interest rate (expressed as a decimal). Compute A after 20 
years if the principal is P = 1000 and the annual interest rate is 3.4%. At what 
time is A - 2200? 


56. Linear Depreciation Straight line, or linear, depreciation consists of an 
item losing all its initial worth of A dollars over a period of n years by an 
amount A/n each year. If an item costing $20,000 when new is depreciated 
linearly over 25 years, determine a linear function giving its value V after x 


years, where 0 < x < 25. What is the value of the item after 10 years? 
For Discussion 


57. Consider the linear шини 


f ( X ) = 5. X —4 . If x is changed by 1 unit, 


how many units will y change? If x is changed by 2 units? If x is changed by n 


(n a positive integer) units? 


58. Consider the interval (хі, x2] and the linear function f(x) ж ax * р, а ж 0. 
Show that 


хүж хү. faa) + Ло.) 
5 


f 


N 


and interpret this result geometrically for a > 0. 


59. How would you find an equation of р line that is the perpendicular 


1.10). 


е of the line segment through ` 


3,4) 


7 В 


60. Using only the concepts of this section, how would you prove ог disprove 
that the triangle with vertices (2, 3), (-1, —3), and (4, 2) is a right triangle? 


61. Using only the concepts of this section, how would you prove or disprove 
that the quadrilateral with vertices (0, 4), (-1, 3), (-2, 8), and (-3, 7) is a 


parallelogram? 


62. If C is an arbitrary real constant, the equation 2x — 3y = C defines а 
family of lines. Choose four different values of C and plot the corresponding 
lines on the same coordinate axes. What is true about the lines that are 


members of this family? 


63. Find the equations of the lines through (0, 4) that are tangent to the circle 
хә + уз =4. 


64. To prove (13) you have to prove two things, the “only if" and the “if” 
parts of the theorem. 


(a) In FIGURE 2.3.16, without loss of generality, we have assumed that two 
perpendicular lines, y = mix, mi > 0 and y = mox, m2 < 0, intersect at the origin. 


Use the information in the figure to prove the “only if” part: 
If Li and L2 are perpendicular lines with slopes ті апа m, then mi m» = —1. 
(b) Reverse your argument in part (a) to prove the “if” part: 


If Li and Lo are lines with slopes ті and тэ such that mim = —1, then Li and 


L» are perpendicular. 


уштүх 


т] — тә 


FIGURE 2.3.16 Lines іп Problem 64 


65. Suppose three distinct points A, B and C on a circle of radius r are 
vertices of a triangle as shown in red in FIGURE 2.3.17. Prove that if the side AB 
of the triangle is a diameter of the circle, then the triangle ABC is a right 
triangle. [Hint: Let the coordinates of points A and С be (xi, уі) and (x2, y»), 


respectively.] 


FIGURE 2.3.17 Triangle in Problem 65 


2.4 Quadratic Functions 


INTRODUCTION The squaring function y = x2 that played an important role 
in Section 2.2 is a member of a family of functions called quadratic 


functions. 


DEFINITION 2.4.1 Quadratic Function 


A quadratic function y — f(x) is a function of the form 


f(x) = ах + bxtc 


where а = 0, b, and с are constants. 


The domain of a quadratic function fis the set of real numbers (— оо, ©). 


[ Graphs and Transformations The graph of any quadratic function is 
called a parabola. The graph of a quadratic function has the same basic shape 
of the squaring function y = x» shown in FIGURE 2.4.1. In the examples that 
follow we will see that the graphs of quadratic functions (1) are simply 


transformations of the graph of y - x». 


* The graph of f(x) = ax», a > 0, is the graph of y = x2 stretched vertically 
when а > 1, and compressed vertically when 0 < a < 1. 


* Тһе graph of f(x) 2 ax», a < 0, is the graph of y 2 ax», a > 0, reflected in the 


x-axis. 


* The graph of f(x) = ax» + bx + c, b ж 0, is the graph of y = ax» shifted 


horizontally or vertically. 


FIGURE 2.41 Graph of simplest parabola 


From the first two items in the bulleted list, we conclude that the graph of a 
quadratic function opens upward (as in Figure 2.4.1) if a > 0 and opens 


downward if a < 0. 


Stretch, Compression, and Reflection 


ЕНЕ am 
\ 10-Х | 
(а) The graphs of y = 4x» and * are, respectively, a 


vertical stretch and a vertical compression of the graph of y = x». The graphs 


of these functions are shown in FIGURE 2.4.2(a); the graph of y = 4x2 is shown in 


| 2 


үс X. 
red, the graph of * | 0 в green, and the graph of y = x2 
is blue. 
(b) Е Рак of 
= —4 2 = 217 25212222 
нээ 1 — 10- x ‚У БЕ X are obtained 


from the graphs of t the functions in part С) by reflecting their graphs in the x- 
axis. See Figure 2.4.2(b). 


М М 


(а) Red graph is a vertical stretch of (b) Reflections in x-axis 
blue graph: green graph is a vertical 
compression of blue graph 


FIGURE 2.4.2 Graphs of quadratic functions in Example 1 


[ Vertex and Axis If the graph of a quadratic function opens upward а > 0 
(or downward а < 0), the lowest (highest) point (Л, К) on the parabola is called 


its vertex. All parabolas are symmetric with respect to a vertical line through 
the vertex (Л, К). The line x = h is called the axis of symmetry or simply the 
axis of the parabola. See FIGURE 2.4.3. 

yh Axis Axis yA 


x=h 
! 
! 


Vertex 15 (h, k) 


I 
| 
! 
! 
| 
1 
| . . 
| highest point 
| 


(h.k) Vertex is 
! lowest point 
І 


(a) ys a2 bx c, a» 0 (b) у= а2+ bx +с,а<0 


FIGURE 2.4.3 Vertex and axis of a parabola 


[ Standard Form Тһе vertex (h, К) of а parabola can be determined by 


recasting the equation f(x) = ax» + bx + c into the standard form 


f(x) = а(х — h + К. (2) 


Тһе form (2) is obtained from the equation (1) by completing the square in x. 


Completing the square in (1) starts with factoring the number a from all terms 


involving the variable x: 


See Section 1.4. 
f(x) = ах + bx + с 
, b 


2 + х |+ с. 
а 


~ 
= 


Within the parentheses we add and subtract the square of one-half the 


coefficient of x: 


square of 2 


, b р? p 
УЕ 2 >) С -termsincolor add to 0 
a 4а 4а 


. b b? b? 2 2 
= (e xb ;) tc *— note that a - A = 22 (3) 
а 4а? 4а 4a? 4а 


b ) , 4ac -b 
x4 - 


f(x) = al 


The last expression is equation (2) with the identifications h = —Ь/2а and k = 
(4ac - b2)/4a. If а > 0, then necessarily a(x — й) > 0. Hence f(x) in (2) is а 
minimum when (x — h)2 = 0, that is, for x = h. A similar argument shows that 
if a < 0 in (2), f(x) is a maximum value for x = h. Thus (Л, К) is the vertex of 


the parabola. The equation of the axis of the parabola is x = h or x 2—b/2a. 


If a > 0, then the function fin (2) is decreasing on the interval (~œ, A] and 
increasing on the interval (Л, >). If a < 0, we have just the opposite, that is, f 


is increasing on (- ee, h] followed by decreasing on [h, о). 


[ Coordinates of Vertex We strongly suggest that you do not memorize 
the result in the last line of (3), but practice completing the square each time. 
However, if memorization is permitted by your instructor to save time, then 


the vertex can be found by computing the coordinates of the point 


exe» | 
247 2а // e) 


[ Intercepts The graph of (1) always has a y-intercept since (0) - c, and so 
the y-intercept is (0, c). To determine whether the graph has x-intercepts we 
must solve the equation f(x) - 0. The last equation can be solved either by 
factoring or by using the quadratic formula. Recall that a quadratic equation 


ах + Ьх + с =0,а ж 0, has the solutions 


| —b = NV P? — Дас 


X1 = 


Шин: Лин V D? — Дас 


2a 


X5 


2a 


We distinguish three cases according to the algebraic sign of the discriminant 
b» — 4ас. 


* [f b» — Aac > 0, then there are two distinct real solutions хі and x». The 


parabola crosses the x-axis at the points (xi, 0) and (хә, 0). 


+ [f b» — Aac = 0, then there is a single real solution xı. The vertex of the 
parabola is located on the x-axis at (хі, 0). The parabola is tangent to, or 


touches, the x-axis at this point. 


* [f b» — Aac < 0, then there аге no real solutions. The parabola does not cross 


the x-axis. 


As the next example shows, a reasonable sketch of a parabola can be obtained 


by plotting the intercepts and the vertex. 
Graph Using Intercepts and Vertex 


Graph f(x) = x2 — 2x — 3. 


Solution Since a - 1 > 0 we know that the parabola will open upward. From 
КО) = -3 we get the y-intercept (0, —3). To see whether there are any x- 


intercepts we solve x: — 2x — 3 0. By factoring 


(x + 1)(х— 3) = 0, 


we find the solutions x = —1 and x = 3. The x-intercepts are (—1, 0) and (3, 0). 


To locate the vertex we complete the square: 


f(x) = (x7 — 2x + 1) 1-3 = (à — 2x + 1) - 4. 


Thus the standard form is f(x) = (x — 1)» — 4. With the identifications Л = 1 and 
К = —4, we conclude that the vertex is (1, —4). Using this information we draw 


a parabola through these four points as shown in FIGURE 2.4.4. 


Range of f 
15 [—4, со) 


(1, —4) 


FIGURE 2.4.4 Parabola in Example 2 


One last observation. By finding the vertex we automatically determine the 
range of a quadratic function. In our current example, because the graph opens 


upward ДТ) = —4 is the minimum value of f and so the range of f is the 


interval |-4, о ) on the y-axis. 


Vertex Is the x-intercept 


Graph f(x) = —4x» + 12x — 9. 


Solution The graph of this quadratic function is a parabola that opens 
downward because a - —4 « 0. To complete the square we start by factoring 


—4 from the two x-terms: 


f(x) = —4х + 12x - 9 


Thus the standard form is 


f(x) = —4(х — 5) 
h = 5 Е 0)... 


i and k = 0 we see that the vertex is “аш” 
intercept is (0, (0)) - (0, —9). Solving f(x) 2 0, we find that there is only one 


x-intercept, namely. Е ? E | . Of course, this was to be expected 


(5. 0) 


because the vertex * = is on the x-axis. As shown in FIGURE 2.4.5 
a rough sketch can be obtained from these two points alone. The parabola is 


3.0) 


tangent to the x-axis at ( = 


yz—4x?412x—9 


FIGURE 2.4.5 Parabola in Example 3 
As seen in the figure, because the graph of the function f opens downward its 
(3)2 0 
НӨ, 
maximum value is * 
(— «e, 0] on the y-axis. 


and its range is the interval 


Using (4) to Find the Vertex 


Graph f(x) = x2 + 2x + 4. 


Solution The graph is a parabola that opens upward because a = 1 > 0. For the 
sake of illustration we will use (4) this time to find the vertex. With b = 2, 
=b/2a = —2/2 = —1 and 


f(-1) = (-1)* + 2(-1) + 4 = 3, 


the vertex is (-1, f(-1)) = (-1, 3). Now the y-intercept is (0, f(0)) = (0, 4) but 
the quadratic formula shows that the equation f(x) = 0 or x» + 2х + 4 = 0 has 
по real solutions. Therefore the graph has no x-intercepts. Since the vertex is 


above the x-axis and the parabola opens upward, the graph must lie entirely 


above the x-axis. See FIGURE 2.4.6. 


у=х^+27х+4 
ү 


FIGURE 2.4.6 Parabola in Example 4 


[ Graphs and Transformations The standard form (2) clearly describes 


how the graph of any quadratic function is constructed from the graph of y = 
x2 starting with a nonrigid transformation followed by two rigid 


transformations: 

+ у= axis the graph of y = x2 stretched or compressed vertically. 

e у= а(х — ћ) is the graph of y = ax» shifted |A| units horizontally. 

e у= а(х – hy + kis the graph of y = a(x — h)2 shifted |Д units vertically. 


FIGURE 2.4.7 illustrates the horizontal and vertical shifting in the case where а > 
0, л> 0, and k > 0. 


5 
У= ax 


Vertex (0, 0) 


FIGURE 2.4.7 The red graph is obtained by shifting the blue graph 
h units to the right and k units upward. 


Horizontally Shifted Graphs 


Compare the graphs of (a) у = (x — 2)» and (b) у = (x 3)». 


Solution The blue dashed graph in FIGURE 2.4.8 is the graph of y = x2. 
Matching the given functions with (2) shows in each case that a = 1 and К = 0. 
This means that neither graph undergoes a vertical stretch or compression, and 


neither graph is shifted vertically. 


(a) With the identification Л = 2, the graph of y = (x — 2): is the graph of y = x» 


shifted horizontally 2 units to the right. The vertex (0, 0) for y = x2 becomes 
the vertex (2, 0) for y = (x — 2)». See the red graph in Figure 2.4.8. 


(b) With the identification л = —3, the graph of y = (x + 3) is the graph of y = 
x2 shifted horizontally |-3| = 3 units to the left. The vertex (0, 0) for y = x: 
becomes the vertex (-3, 0) for y = (x + 3)». See the green graph in Figure 
2.4.8. 


yz(x43)? 


FIGURE 2.4.8 Shifted graphs (red and green) in Example 5 


Shifted Graph 


Graph у = 2(x — 1)» — 6. 


Solution The graph is the graph of y = x2 stretched vertically upward, 
followed by a horizontal shift to the right of 1 unit, followed by a vertical shift 
downward of 6 units. In FIGURE 2.4.9, you should note how the vertex (0, 0) on 
the graph of y = x» is moved to (1, —6) on the graph of y = 2(x – 1» — база 
result of these transformations. You should also follow how the point (1, 1) 
shown in Figure 2.4.9(a) ends up as (2, —4) in Figure 2.4.9(d). 


(d) Vertical shift 


FIGURE 2.4.9 Graphs in Example 6 


[ Graphs апа Inequalities A graph of a function f сап be of help in 
solving certain inequalities such as f(x) > 0 or f(x) < 0. In the case of the 
inequality f(x) > 0, the solution set is the set of all numbers x in the domain of 
f for which the y-coordinates of points on the graph are positive, in other 
words, where the graph of f is above the x-axis (y - 0). For a quadratic 
function f(x) = ax» + bx + c, the ability to see the solution set is especially 
useful when the sign-chart method is not convenient because the factors of ax» 


t bx * c are not obvious. 


The sign-chart method for solving nonlinear inequalities was discussed in Section 1.1. 


Example 6 Revisited 


Solve 
(а) 2x - Ax - 4« 0 
(b) 2x: - 4x - > 0. 


Solution You should verify that y 2 2x: — 4x — 4 is an equivalent form of the 
function y = 2(x — 1) — 6 in Example 6. To solve the given inequalities we 
only need the graph and its x-intercepts (if there are any). In this case, the x- 
coordinates of these шэг obtained by solving the equation y = 0 or 2x» — 


4x - 4 = he quadratic formula, are 


|— \/Запа1 + V3. 


(a) From the graph in Figure 2.4.9(d) we see that solution set of the inequality 


(1 — V3, 1 + V3) 


the graph of the function is below the x-axis on this interval. 


ЇМ 


(b) Again from Figure 2.4.9(d), we see іп that the graph of the function is 
above (y > 0) the x-axis to the left of the x-intercept on the negative x-axis and 


to the right of the x-intercept on the positive x-axis. Thus the solution of the 


inequality y 2 0 the union of intervals 


(—9, 1— V3] U [1 + V3, о) 
И 


[ Freely Falling Object Suppose an object, such as a ball, is either thrown 
straight upward (downward) or simply dropped from an initial height so. Then 
if the positive direction is taken to be upward, the height s(t) of the object 


above ground is given by the quadratic function 


S(t) = —8Р + vof + So, (5) 


where g is the acceleration due to gravity (32 ft/s2 ог 9.8 m/s2), vois the initial 
velocity imparted to the object, and 7 is time measured in seconds. See FIGURE 
2.4.10. If the object is dropped, then vo - 0. An assumption in the derivation of 
(5), a straightforward exercise in integral calculus, is that the motion takes 
place close to the surface of Earth and so the retarding effects of air resistance 
is ignored. Also, the velocity of the object while it is in the air is given by the 


linear function 


v(t) = — gt + Ро. (6) 


FIGURE 2.4.10 Rock thrown upward from an initial height so 
See Problems 55—58 in Exercises 2.4. 


Exercises 2.4 Answers to selected odd-numbered 
problems begin on page ANS-5. 


In Problems 1—6, sketch the graph of the given function f. 
1. f(x) = 2х2 

2. f(x) = -2x2 

3 (х= 2—2 


4. fix) =2 +5 


5. f(x) =—2х +1 

6. f(x) = —2x2 — 3 

In Problems 7—18, consider the quadratic function f. 
(a) Find all intercepts of the graph of f. 

(b) Express the function fin standard form. 
(c) Find the vertex and axis of symmetry. 
(d) Sketch the graph of f. 

75 C3) ЕУ) 

8. f(x) = —x2 + 4x 

9. f(x) = (3 - x)x + 1) 

10. f(x) = (x -2)(x - 6) 

11. f(x) = x2 — 3x + 2 

12. f(x) 2 —x2 +6x—5 

13. f(x) = 422 - 4x + 3 


14. f(x) = —x» + 6x — 10 


Щр) = —2х +х+1 


= 


16. f(x) =x2-2x-7 
17. f(x) = xo - 10x + 25 
18. f(x) = —x» + 6x - 9 


In Problems 19 and 20, find the maximum or the minimum value of the 


function f. Give the range of the function f. 


19. f(x) = Зо – 8x+1 
20. f(x) = -2x2 — 6x + 3 


In Problems 21-24, find the largest interval on which the function f is 


increasing and the largest interval on which fis decreasing. 


f(x) = ix — 25 


22. fix) = —(х + 10) 
23. f(x) = —2x2 — 12x 
24. f(x) = 2 + 8x- 1 


In Problems 25—30, describe in words how the graph of the given function can 


be obtained from the graph of y = x» by rigid or nonrigid transformations. 
25. f(x) = (x — 10) 


26. f(x) = (x + 6)2 


wf) = —з(х + 4)? +9 


28. f(x) = 10(x - 2» - 1 
29. f(x) 2(-x- 6» -4 
30. fx) 2-(1— х)2 +1 


In Problems 31-36, the given graph is the graph of y = x» shifted/reflected in 
the xy-plane. Write an equation of the graph. 


31. 


32. 


33. 


Graph for Problem 31 


Graph for Problem 32 


34. 


353 


Graph for Problem 33 


Graph for Problem 34 


FIGURE 2.4.15 Graph for Problem 35 


36. 


FIGURE 2.4.16 Graph for Problem 36 


In Problems 37 and 38, find a quadratic function f(x) = ax» + bx + c that 


satisfies the given conditions. 


37. f has the values f(0) = 5, f(1) = 10, f(-1) = 4 
38. graph passes through (2, —1), zeros of f are 1 and 3 


In Problems 39 and 40, find a quadratic function in standard form f(x) 2 a(x — 
h)2 + К that satisfies the given conditions. 


39. the vertex of the graph of fis (1, 2), graph passes through (2, 6) 


40. the maximum value of fis 10, axis of symmetry is x = —1, and y-intercept 
is (0, 8) 


In Problems 41—44, sketch the region in the xy-plane that is bounded between 
the graphs of the given functions. Find the points of intersection of the graphs. 


41. y=—x+4,y=x2+2x 
42. у-2х-2,у-1-ж 
43. y=x2+2x+2,y=—x2 — 2х+2 
44. y=x2.-6x4+1, y=-x2+2x+1 


In Problems 45-48, proceed as in Example 7 and use a graph as an aid in 


solving the given inequality. 
45. —х2 + 6х <7 


46. х+х < 1 


„02 2V3àx +3=0 
48. х+2х+3 > 0 


In Problems 49 and 50, graph the quadratic function f and the linear function 


g. Find the points of intersection of the graphs and solve the given inequality. 
49. fx) =x- x-3, gx) 2 x 5; fx) > g(x) 


50. f(x) = —x + 2x, g(x) --3х- 6; g(x) < f(x) 


51. Find the maximum value of 


fa) = Ру 10 


Problems 19 and 20. Let Ї И X | 


. [Hint: See 


52. Consider the graphs shown in FIGURE 2.4.17. Find the points on both 
graphs for 1 < х < 6 such that the vertical distance d between the graphs, 
indicated by the black dashed line, is a maximum. What is the maximum 


vertical distance? 


FIGURE 2.4.17 Graphs for Problem 52 


53. (a) Express the square of the distance d from the point (x, y) on the graph 
of y = 2x to the point (5, 0) shown in FIGURE 2.4.18 as a function of x. 


(b) Use the function in part (a) to find the point (x, y) that is closest to (5, 0). 


FIGURE 2.4.18 Distance in Problem 53 


54. As shown in FIGURE 2.4.19 on page 87, an arrow that is shot at a 45? angle 
with the horizontal travels along a parabolic arc defined by the equation y = 
ах + x + c. Use the fact that the arrow is launched at a vertical height of 6 ft 
and travels a horizontal distance of 200 ft to find the coefficients a and c. 


What is the maximum height attained by the arrow? 


200 ft > 


FIGURE 2.4.19 Arrow іп Problem 54 


55. Anarrow is shot vertically upward with an initial velocity of 64 ft/s from 


a point 6 ft above the ground. See FIGURE 2.4.20. 
(a) Find the height s(t) and the velocity v(t) of the arrow at time 2 0. 


(b) What is the maximum height attained by the arrow? What is the velocity 


of the arrow at the time the arrow attains its maximum height? 


(c) At what time does the arrow fall back to the 6-ft level? What is its 


velocity at this time? 


Ground 


FIGURE 2.4.20 Arrow in Problem 55 


56. The height above ground of a toy rocket launched upward from the top of 
a building is given by s(t) = –16р + 96t + 256. 


(a) What is the height of the building? 


(b) What is the maximum height attained by the rocket? 
(c) Find the time when the rocket strikes the ground. 


57. А ball is dropped from the roof of a building that is 122.5 meters above 


ground level. 

(a) What is the height and velocity of the ball асг = 1 s? 

(b) At what time does the ball hit the ground? 

(c) What is the impact velocity of the ball when it hits the ground? 


58. А few years ago a newspaper in the Midwest reported that an escape artist 
was planning to jump off a bridge into the Mississippi River wearing 70 Ib of 
chains and manacles. The newspaper article stated that the height of the 
bridge was 48 ft and predicted that the escape artist's impact velocity on 
hitting the water would be 85 mi/h. Assuming that he simply dropped from 
the bridge, then his height (in feet) and velocity (іп feet/second) / seconds 
after jumping off the bridge are given by the functions s(t) = —16f2 + 48 and 
v(t) = —32t, respectively. Determine whether the newspaper's estimate of his 


impact velocity was accurate. 
Applications 


59. Spread of a Disease One model for the spread of a flu virus assumes that 
within a population of P persons the rate at which a disease spreads is jointly 
proportional to the number D of persons already carrying the disease and the 
number P — D of persons not yet infected. Mathematically, the model is given 


by the quadratic function 


R(D) = kD(P — D). 


Spreading a virus 
€ James Klotz/ShutterStock, Inc. 


where R(D) is the rate of spread of the flu virus (in cases per day) and k > 0 is 


a constant of proportionality. 


(a) Show that if the population P is a constant, then the disease spreads most 


rapidly when exactly one-half the population is carrying the flu. 


(b) Suppose that in a town of 10,000 persons, 125 are sick on Sunday, and 37 


new cases occur on Monday. Estimate the constant К. 


(c) Use the result of part (b) to estimate the number of new cases on Tuesday. 


[Hint: The number of persons carrying the flu on Monday is 162 = 125 + 37.] 


(d) Estimate the number of new cases on Wednesday, Thursday, Friday, and 


Saturday. 
For Discussion 


60. In Problems 56 and 58, what is the domain of the function s(t)? [Hint: It 


is not (— оо, ce ).] 


61. On the Moon the acceleration due to gravity is one-sixth the acceleration 
due to gravity on Earth. If a ball is tossed vertically upward from the surface 


of the Moon, would it attain a maximum height six times that on Earth when 


the same initial velocity is used? Defend your answer. 


62. Suppose the quadratic function f(x) = ax» + bx + с has two distinct real 
zeros. How would you prove that the x-coordinate of the vertex is the 
midpoint of the line segment between the x-coordinates of the intercepts? 


Carry out your ideas. 


63. Carefully graph the quadratic function f(x) = x» — 4x + 3. Use a calculator 


_ fa) = FU) 


(а) Simplify X — | 


or CAS if necessary. 


mx) 


(b) Use m(x) in part (a) to find т(-5) and т(4). 


(c) The numbers т(-5) апа т(4) in part (b) represent the slopes of two lines. 
Find equations of these lines and then graph the lines superimposed on the 
graph of f(x). What are these lines called? 


64. In FIGURE 2.4.21 a rectangle is inscribed in a right triangle whose base has 
length 6 inches and height has length 8 inches. Express the area A of the 
rectangle as a quadratic function of the variable x shown in the figure and give 
its domain. Find the value of x for which the area A is a maximum. Discuss: 
Why does the maximum area of the rectangle occur at the same value of x for 
all heights Л > 0 of the right triangle? 


8 іпсһев 


х i 


I— — 6 inches ——> 


FIGURE 2.4.21 Rectangle in Problem 64 


2.5 Piecewise-Defined Functions 


INTRODUCTION А function f may involve two or more equations, or 
formulas, with each equation defined on different parts of the domain of f. A 
function defined in this manner is called a piecewise-defined function, or 


simply, a piecewise function. For example, 
f(x) x, х< 0 (1) 
X) = 
| xctl х=0 


is not two functions, but a single function in which the rule of correspondence 
is given in two pieces. In this case, one piece is used for the negative real 
numbers (x < 0) and the other part on the nonnegative numbers (x > 0); the 
domain of f is the union of the intervals (->, 0) U (0, ө)-(-о, ©). For 
example, since —4 « 0, the rule given in (1) indicates that we square the 


number: 


"i __ anid o 
f(—4) = (—4)? = 16; 
on the other hand, since 6 > 0 we add 1 to the number: 


f(6)— 6 +1=1. 


Graph of a Piecewise-Defined Function 


Graph the piecewise-defined function 


=] r< 0 
f(x) = +0, х=0 (2) 
x-l х>0. 


Solution Although the domain of f consists of all real numbers (— оо, со ), each 


piece of the function is defined on a different part of this domain. We draw 
+ the horizontal line y = —1 for x < 0, 

* the point (0, 0) for x = 0, and 

• the line y 2 x + 1 for x 0. 


Тһе graph is given in FIGURE 2.5.1. 


“,-х- 1, х>0 


FIGURE 2.5.1 Graph of piecewise-defined function іп Example 1 


Тһе solid dot at the origin in Figure 2.5.1 indicates that the function in (2) is 
defined at x 2 0 only by (0) - 0; the open dots indicate that the formulas 
corresponding to x < 0 and to x > 0 do not define f at x 2 0. Since we аге 


making up a function, consider the definition: 
= г, 559 (3 
(х) = Б 
Р stl, х>0. j 


The graph of g shown in FIGURE 2.5.2 is very similar to the graph of (2), but (2) 
and (3) are not the same function since (0) = 0 but g(0) = —1. 


FIGURE 2.5.2 Graph of piecewise-defined function in (3) 


[ Greatest Integer Function We consider next a special kind of 


piecewise-defined function known as a step function, that is, a function which 
is constant on an interval and then jumps to another constant value on the next 


abutting interval. This new function, which has many notations, will be 


f(x) = [x 


denoted here by * , and is defined by the 


rule 


[x] = n. where nis an integer satisfying n = x <n + 1. (4) 


The function f is called the greatest integer function because (4), translated 


into words, means that: 
f(x) is the greatest integer n that is less than or equal to x. 


For example, 


f(6) = 6 since 6 = x = 6, ү{ 1.5) 2 since 
f(0.4) = 0 since 0 = f(7.6) = 7 ѕіпсе7 = x 
f(T) = 3since3 = х = т, f(- v2) 2 since 


and so on. The domain of fis the set of real numbers and consists of the union 


of an infinite number of disjoint intervals; іп other words, 


Í ( I ) | | | 13 a piecewise-defined function given Бу 


Тһе range of fis the set of integers. A portion of the graph of fis given on the 
closed interval [-2, 5] in FIGURE 2.5.3. 


FIGURE 2.5.3 Greatest integer function 


There are several alternative names and notations for the greatest integer 


function. In some texts 7 | сад ) | | | is written f(x) = 


int(x). In computer science the greatest integer function is known as the floor 
function and is denoted by f(x) = Lx]. See Problems 49, 50, and 55 іп 
Exercises 2.5. 


Shifted Graph 


Graph М = [x Е 2) 


Solution he function is y = ЛХ - 2) where 


Т (. ) = | | ] Thus the graph іп Figure 2.5.3 is shifted 


horizontally 2 units to the right. Note in Figure 2.5.3 that if n is an integer, 


3700) = [п] ^n 


. But in FIGURE 2.5.4, 
forx2n,y2n- 


УА 

4+ 

3-- e 
у=[х-2] 

2-- — | 

1-- $— | 


1 1 2 3 4 5 
+ eo 
+—› 

ф--- - 


FIGURE 2.5.4 Shifted graph in Example 2 


[ Continuous Functions A continuous function is one whose graph has 
no holes, finite gaps, or infinite breaks. In calculus, the formal definition of 
continuity of a function involves the limit concept first introduced in Section 
1.5. If you are curious about how this is done, then read the Notes from the 


Classroom at the end of this section. In this course it suffices to think in 


informal terms. А continuous function is often characterized by saying that its 
graph сап be drawn "without lifting pencil from paper." When a function is 


not continuous at a number a we say that it is discontinuous at a. 


Discontinuous/Continuous 


(a) Each of the functions 


"T x—4 ян” M 
Jœ) = > =x +42, хт2, 
ЛЭ Ix — 2| -1, х<2 
ху = = 
? х-2 li, x>2, 


is discontinuous at the number 2. In FIGURE 2.5.5(a) we see that there is a hole 
in the graph f at 2, that is, there is no point (2, f(2)). In Figure 2.5.5(b) there is 
a finite gap or jump in the graph of g at 2. The graph of the function h in 
Figure 2.5.5(c) has an infinite break at 2. 


(b) The function f(x) = xs — 3x + 2 is continuous at every real number; its 


graph given in Figure 2.5.5(d) has no holes, gaps, or infinite breaks. 


› 
5 
y 2 "^ 
NE 1 МЕР Sed 
= = 
2 1-2 
x x « 
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(a) Hole in graph (b) Finite gap in graph (c) Infinite break in graph (d) No holes, gaps, әс breaks 


FIGURE 2.5.5 Graphs of functions in Example 3 


You should be aware that constant functions, linear functions, and quadratic 


functions are continuous. Piecewise-defined functions can be continuous ог 


discontinuous. The functions given in (2), (3), and (4) are discontinuous. 


[ Absolute-Value Function The function y = |x|, called the absolute-value 


function, appears frequently in the study of calculus. To obtain the graph, we 


graph its two pieces consisting of perpendicular half lines: 


—x, ifx< 0 
у = [| 24070 (6) 


See FIGURE 2.5.6(а). Since у > 0 for all x, another way of graphing (6) is 
simply to sketch the line y = x and then reflect in the x-axis that portion of the 
line that is below the x-axis. See Figure 2.5.6(b). The domain of (6) is the set 
of real numbers (- œ, со ), and as is seen in Figure 2.5.6(a), the absolute-value 
function is an even function, decreasing on the interval (- ee, 0), increasing on 


the interval (0, о), and is continuous. 


y УА 
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Reflect this portion 
of y=xin 
the x-axis 


(a) у= ld (b) 


FIGURE 2.5.6 Graph of absolute-value function (6) 


In some applications we are interested in the graph of the absolute value of an 
arbitrary function у = f(x); in other words, у = |f(x)|. Since |f(x)| is nonnegative 
for all numbers x in the domain of f, the graph of y = |f(x)| does not extend 
below the x-axis. Moreover, the definition of the absolute value of f(x), 
КӨЛЕ ЕШ fo» 2 : (7) 

f(x), Чо) = 0, 


shows that we must negate f(x) whenever f(x) is negative. There is no need to 
worry about solving the inequalities in (7); to obtain the graph of y = |f(x)|, we 
can proceed just as we did in Figure 2.5.6(b): Carefully draw the graph of y = 
f(x) and then reflect in the x-axis all portions of the graph that are below the x- 


axis. 


Absolute Value of a Function 


Graph у = |-3x + 2]. 


Solution We first draw the graph of the linear function f(x) = —3x + 2. Note 


that since the slope is negative, fis decreasing and its graph crosses the x-axis 


(5. 0) peo 


at “= . We dash the graph for " ^ ^ 3 since that portion is 
below the x-axis. Finally, we reflect that portion upward in the x-axis to obtain 


the solid blue v-shaped graph in FIGURE 2.5.7. Since f(x) = x is a simple linear 
function, it is not surprising that the graph of the absolute value of any linear 
function f(x) 2 ax * b, a ж 0, will result in a graph similar to that of the 


absolute-value function shown in Figure 2.5.6(a). 


\ m | 
\ Reflect this 
\ portion , 

ylorx > т 


FIGURE 2.5.7 Graph of function іп Example 4 


Absolute Value of a Function 


Graph y = |-x2 + 2x + 3]. 


Solution As in Example 3, we begin by drawing the graph of the function f(x) 
= —х2 + 2x + 3 by finding its intercepts (—1, 0), (3, 0), (0, 3) and, since fis а 
quadratic function, its vertex (1, 4). Observe in FIGURE 2.5.8(a) that y < 0 for x < 
—] and for x > 3. These portions of the graph of f are reflected in the x-axis to 
obtain the graph of y = |-х2 + 2x + 3| shown іп red in Figure 2.5.8(b). 


УА y=—x2 +2х+3 УА yz 22x + 31 


FIGURE 2.5.8 Graphs of functions іп Example 5 


NOTES FROM THE CLASSROOM 


© Alexander Raths/ShutterStock, Inc. 


The precise definition of continuity of a function is given in 
terms of the limit concept introduced in Section 1.5. A function f 
is said to be continuous at a number a if 


(i) (а) 15 defined, (ii) lim f(x) exists, and (йі) lim f(x) = Ха). (8) 
ха xoa 


It is sufficient to say that f is discontinuous, or is not continuous, 
at a number a if any one of the three conditions in (8) fails to be 
satisfied. For example, in Figure 2.5.5(a), the function is 
discontinuous at 2 because f(2) is not defined. In other words, 2 
is not in the domain of f. But observe that the limit as x — 2 


lim f(x) = 4 


exists, that is, x2 In Figure 
2.5.5(b), the function is discontinuous at 2 because 


lim f(x) 


LE 
х-> 2 does not exist. Note that the one-sided 
limits exist but are not equal: 


lim f(x) = —1 and lim, f(x) = 1. 
2-2 IE) 


In this case it also happens that f(2) is not defined. In Figure 


2.5.5(c), we can conclude that the function is not continuous at 2 
either from the fact that f(2) is not defined or from the fact that 


lim f(x) 
x2 does not exist. In Figure 2.5.5(d), the 


function is continuous at every real number a because 


(i)f(a) = a = За + 2, (i) lim f(x) = а — За + 2,and (iii) lim f(x) = f(a). 
xoa ШІ 


Exercises 2.5 Answers to selected odd-numbered 
problems begin on page ANS-6. 


In Problems 1-4, find the indicated values of the given piecewise-defined 


function f. 
5-4 
| , х=2 | | | 
/(х)=+х—2 f(0). (2). fC—7) 
1 4, х = 2; 
xí 1 
5 Г х= +] 
wu JX РТУ 
f(x) = 3. ТЕРЕ ТСЄЄТГТОЭ f) 
2 5, х- 1 


-2 Эү „> 
f(x) = t ЗУ : fC), f(0), f(—2), f( V2) 


3. =x x«l 
0 x «0 
f(x) = 4%, 0<х<1  f(-3.f().f(4).f(62) 
4 xctl х = | 


5. The piecewise-defined function 


|. xarational number 


0 x an irrational number 


is called the Dirichlet function after the German mathematician Johann 
Peter Gustav Lejeune Dirichlet (1805-1859). Dirichlet is responsible for the 
definition of a function as we know it today. Find each of the following 


function values. 


I2) 
f(1.12) 


(е) (5.72) 


(d) + 


(f) (т) 

6. Suppose fis the Dirichlet function f in Problem 5. 

(a) If xı and x2 are rational numbers, then what is f(x + х)? 
(b) If xı and x2 are irrational numbers, then what is f (хі + x2)? 


(c) If xı and x2 are rational and irrational numbers, respectively, then what is 
fn + хэ)? 


(d) If r is a positive rational number, show that fis r-periodic, that is, f(x + г) 


f(x) for any real number х. 


(e) Describe what the graph of f looks like. What is the y-intercept of the 
graph? 


7. Determine the values of x for which the piecewise-defined function 


f(x) = x +1, х<0 
Да 2-2, хэ, 
is equal to the given number. 

(a) 7 

(b) 0 

(c) -1 

(d) -2 

(e) 1 

(f) —7 


8. Determine the values of x for which the piecewise-defined function 


Х--І, х<0 
fix) = 52. x=0 


is equal to the given number. 
(a) 1 
(b) 0 


(c) 4 


| 


> 
(а) = 

(е) 2 

dcs 

In Problems 9—34, sketch the graph of the given piecewise-defined function. 


Find any x- and y-intercepts of the graph. Give any numbers at which the 


function is discontinuous. 


-—— ux 1 
y = 


1 ba хэ»! 


ү = 


10. 


11. ? 


12. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. у 


27. 


28. у 


29. у 


30. 


31. 


у=[х+3| 
у= 741 
у=2- | 
у=-1- |x 
у= -2 + |х + 1| 


| 2 
у=-5-3х 

yzpx-5| 

y=- 1| 

yz|4 - x) 

y =|x2 - 2x] 

y = |x — 4х + 5| 

у-|М-2) 


In Problems 35 and 36, sketch the graph the given piecewise-defined function 
ffor c = -2, -1, 1, 2. 


2 к 
X ай 7 х<0 
` 2 LI a = 
35. —x tc, х=0 
12 c 
_(х— CF; 4208 
21) DE бийг ЇР >< 
37. Without graphing, give the range of the function f(x) = (~1)w. 


38. Compare the graphs of 
y = 2[x] and y = [2x] 


In Problems 39-42, find a piecewise-defined function f whose graph is given. 
Assume that the domain of fis (— оо, о). 


39. 


40. 


41. 


Graph for Problem 39 


Graph for Problem 40 


Graph for Problem 41 


42. 


Graph for Problem 42 


In Problems 43 апа 44, sketch the graph of y = fw]. 


43. fis the function whose graph is given in Figure 2.5.9. 
44. fis the function whose graph is given in Figure 2.5.10. 


In Problems 45 and 46, use the definition of absolute value and express the 


given function f as a piecewise-defined function. 


x| 


y = 
45. Ж ) Х 


ү — 


ә 


f(x) = 


46. 


Хх- 3 


In Problems 47 and 48, find the value of the constant К such that the given 
piecewise-defined function fis continuous at x = 2. That is, the graph of f has 


no holes, gaps, or breaks in its graph at x = 2. 

"E 5x + 1, 
. f(x) = " ен 
kx + 2, 
+ 1, 


49. The ceiling function g(x) = [x] = is defined to be the least integer n that 


>< 
һә N 


- 
^ 
1-2 


f(x) = 


= 
һә 


48. 


is greater than or equal to x. ЕШ in the blanks. 


y- "Axis 

‚ =—2 75 -l 

‚ =1<х=0 
gx) = [x] = жне 

i 15122 

; 2<х=3 


50. Graph the ceiling function g(x) = [x] defined іп Problem 49. 
For Discussion 


In Problems 51—54, describe in words how the graphs of the given functions 
differ. [Hint: Factor and cancel.] 


22-9 2-9 
2-9 x#3 х +3 
f(x) = 37 g(x) =4x-3 h(x) 24x—3 
51. 1 4, x73 6 x=3 
x — 7x +6 
| x —7x + 6 = , х=1 
1163 = – SET g(x) = х- 1 
8, х= |] 
х — 7х +6 
= , XI 
h(x) = x—1 
Бр). 5 х- 1 
A 
7 - 1 
4-1 > ХФ 1 
f(x) = — | g(x) = 4x — 1 
y? — 
0, х = |, 
х — 1 
>, х=] 
h(x) = 4x — 1 
2 x= |] 


53. = 


| 
е 
++ 
N 


x 8 =——; 
f(x) = FTT g(x) =4x—2 


N 
“л 
к 

| 
N 


+ 
N 


h(x) = х — 


2 
= 

| 
N 


54. 


55. Using the notion of a reflection of a graph in an axis, express the ceiling 


function g(x) = [x] = in terms of the floor function f(x) = Lx] (see page 89). 
56. Discuss how to graph the function y = |x| + |x – 3|. Carry out your ideas. 


57. In the computer algebra system Mathematica, frac(x) is the piecewise- 


defined function 
frac (x) 


where Lx] is the floor function (see page 89) and [x] is the ceiling function in 


defined in Problem 49. Find each of the following function values. 
=y Е. I \ 
ас (5) 
(b) frac(1) 
9 
o frac с (1) 
үзчү ( —— ) 
„trac ( —3 


(e) frac(-2) 


(в) frac(z) 
(h) Їгас(7:) 
(1) frac(—477) 


58. Graph the function у = frac(x), defined in Problem 57, on the interval [-5, 
Эр 


2.6 Combining Functions 


INTRODUCTION Two functions f and g can be combined in several ways to 
create new functions. In this section we will examine two such ways in which 
functions can be combined: through arithmetic operations, and through the 


operation of function composition. 


[ Arithmetic Combinations Two functions can be combined through the 


familiar four arithmetic operations of addition, subtraction, multiplication, and 


division. 


DEFINITION 2.6.1 Arithmetic Combinations 


If f and g are two functions, then the sum f + g, the difference f 
— g, the product fg, and the quotient f/g are defined as follows: 


(ГТ g)x) = f(x) + g(x) (D 
(f — 8)(x) = f(x) — g(x) (2) 
(fg)(x) = 46397153) (3) 


provided g(x) + 0 (4) 


Sum, Difference, Product, and Quotient 


Consider the functions f(x) = x: + 4х and g(x) = x» — 9. From (1)-(4) we can 


produce four new functions: 


(f + 2) (<) = f(x) + g(x) = (22 + 4x) + (x7 — 9) = 222 + Ax — 9, 
(f— 8)(x) = f(x) — g(x) = (х? + 4x) — (2-9) = Ax + 9, 
(2) (х) = f(x)g(x) = Q + 4х)(х? — 9) = x4 + 4? — 92 — 36x, 


(3 Жо х + 4x 
(х) = = - 
8 g(x) x-—9 


and 


[ Domain of an Arithmetic Combination When combining two 
functions arithmetically it is necessary that both f and g be defined at a same 
number x. Hence the domain of the functions f + g, f — g, and fg is the set of 
real numbers that are common to both domains, that is, the domain is the 
intersection of the domain of f with the domain of g. In the case of the 
quotient f/g, the domain is also the intersection of the two domains, but we 
must also exclude any values of x for which the denominator g(x) is zero. In 
Example 1 the domain of f and the domain of g is the set of real numbers 
(— оо, е), and so the domain of f+ g, f — g, and fg is also (— ee, сэ). However, 
since g(—3) = 0 and g(3) = 0, the domain of the quotient (f/g)(x) is (->, о) 
with x = 3 and x = —3 excluded, in other words, (– о, –3) U (-3, 3) U (3, 
со). In summary, if the domain of fis the set Xi and the domain of g is the set 
X2, then: 


e the domain of f+ а, f— g, and fe is Xi N Хо, and 


• the domain of f'g is the set (хіх е Xi N X», g(x) # 0}. 


Domain of f + g 


By solving the inequality 1 — x > 0), it is seen that the domain of 


f(x) = мІ х 
a ; is the interval (-со, 1]. 


Similarly, the domain of the function 


g(x) = Ух + 2 


Hence, the domain of the sum 


is the interval |-2, ee). 


(f + 2) (х) = f(x) + g(x) = VI -х+ Мх+2 


is the intersection (->, 1] n [-2, =). You should verify this result by 


sketching these intervals on the number line that this intersection, or the set of 


[ Composition of Functions Another method of combining functions f 


numbers common to both domains, is the closed interval |-2, 1]. 


and g is called function composition. To illustrate the idea, let's suppose that 
for a given x in the domain of g the function value g(x) is a number in the 
domain of the function f. This means we are able to evaluate f at g(x), in other 
words, f(g(x)). For example, suppose f(x) = x» and g(x) = x + 2. Then for x = 1, 
g(1) = 3, and since 3 is the domain of f, we can write f(g(1)) = f(3) = 3» = 9. 
Indeed, for these two particular functions it turns out that we can evaluate f at 


any function value g(x), that is, 
f(g(x) = f(x + 2) = (x + 2): 


The resulting function, called the composition of f and g, is defined next. 


DEFINITION 2.6.2 Function Composition 


If f and g are two functions, then the composition of f and g, 
denoted by f » g, is the function defined by: 


(f^ 2)(x) f(g(x)) 


The composition of g and f, denoted by g » f, is the function 
defined by: 


When computing a composition such as (f 9 g)(x) = f(g(x)), be sure to 
substitute g(x) for every x that appears in f(x). See part (a) of the next 
example. 

Two Compositions 


If f(x) = x: + 3x — 1 and g(x) = 20 + 1, find (a) (f ° g)(x) and (b) (e ° (©). 


Solution (a) For emphasis we replace x by the set of parentheses () and write f 


in the form 
fi у=( yY-*3X )-1. 


Thus to evaluate (f ° g)(x) we fill each set of parentheses with g(x). We find 


(f° g)(x) = f(gG)) = 020° + 1) 
= (222 +1 y T 3(2х2 +1)-1 Lo [use (а + by = а + 2ab + b 
4х + 42+ 1+3-2x2 + 3-1 1 and the distributive law 


= 4x4 + 10x? + 3. 


(b) In this case write g in the form 


Then 


(ee N) = g(f(x)) = g(x + 3x — 1) 
= U(x? + 3х — 1)? + 1 .— use(a +b +c}? = ((a + b) + c)? 


= 2(х* + 6x8 + 7x? -— Ox t+ 1) 4+ 1 = (а + by + 2(a + b)c + секс. 
2:55--2-62--2:72-2-6х-52:1-1 
= 2х* + 1223 + 1422 — 12x + 3. 


Parts (a) and (b) of Example 3 illustrate that function composition is not 


commutative. That is, in general 


1220 


The next example shows that a function can be composed with itself. 


f Composed with f 


If f(x) = 5x — 1, then the composition f ° fis given by 


(fe fy(x) = (о) = fox — 1) = 5(5x — 1) — 1 = 25x — 6. 


Writing a Function as a Composition 


ГЕ -23 2 
Express Е(х) ЕЕ бх T б 


Ше 
composition of two functions fand g. 
Solution If we define f and g as T ( 2 ) Vx and g(x) = 
бхз + 8, then 
F(x) = (f° g)(x) = f(gG)) = f(6x* + 8) = Vox? + 8. 


There are other solutions to Example 5. For instance, if the functions f and g 


fí X) = /6x + 5 об = xs, 
(fo g)(x) = f(x) = 


are defined by + 


then observe 


W6x + 8 


[ Domain of а Composition As stated іп the introductory example to this 


discussion, to evaluate the composition (f ° g)(x) = f(g(x)) the number g(x) 


must be in the domain of f For example, the domain 


f(x) — Vxisxzo 

‘ and the 
domain of g(x) = x — 2 is the set of real numbers (- со, о). Observe that we 
cannot evaluate f(g(1)) because g(1) = —1 and —1 is not in the domain of f. In 
order to substitute g(x) into f(x), g(x) must satisfy the inequality that defines 


the domain of f, 2 аг > 0. This last по is the same as x - 2 > 


0 ою 2 he | domain + 


f(g(x)) = Ve ve 


which is only a portion of "m 67 domain (->, оо) of g. Ш e 


се), 


+ Тһе domain of the composition f ° g consists of the numbers x in the 


domain of g such that g(x) is in the domain of f. 
Read this sentence several times. 


Domain of a Composition 


Consider the function f (. | ) ET ~ 


From the requirement that x - 3 > 0 we see that whatever number x is 
substituted into f must satisfy x > 3. Now suppose g(x) = x2 + 2 and we want 
to evaluate f(g(x)). Although the domain of g is the set of all real numbers, in 
order to substitute g(x) into f(x) we require that x be a number in that domain 
so that g(x) > 3. From FIGURE 2.6.1 we see that the last inequality is satisfied 


whenever x < —1 orx > 1. In other words, the domain of the composition 


FIGURE 2.6.1 Domain of (f » g)(x) in Example 6 


Гео) = f02 + 2) = Ма +2) -32 VÆ - 1 


is the union of intervals (->,—1] U П, œ). 


In certain applications a quantity y is given as a function of a variable x which 
in turn is a function of another variable 7. By means of function composition 
we can express y as a function of t. The next example illustrates the idea; the 


symbol V plays the part of y and r plays the part of x. 


Inflating a Balloon 


A weather balloon is being inflated with a gas. If the radius of the balloon is 
increasing at a rate of 5 cm/s, express the volume of the balloon as a function 


of time f in seconds. 


Solution Let's assume that as the balloon is inflated, its shape is that of a 


sphere. If ғ denotes the radius of the balloon, then r(t) = 5t. Since the volume 


204323 
— ЗПР 


of a sphere is , the composition is (V ° r)(t) = 


V(r(t)) = V(5t) or 


= - 


Weather balloon 


Courtesy of NASA. 


[ Transformations The rigid and nonrigid transformations that were 
studied in Section 2.2 are examples of the operations on functions just 
discussed. For с > 0, a constant, the rigid transformations defined by y = f(x) + 
c and y = f(x) — c are the sum and difference of the function f(x) and the 


constant function g(x) = с. The nonrigid transformation у = cf(x) is the 
product of f(x) and the constant function g(x) - c. The rigid transformations 
defined by y = f(x + с) and y = f(x — c) are compositions of f(x) with the linear 
functions g(x) = x + c and g(x) = x — c, respectively. 


Exercises 2.6 Answers to selected odd-numbered 
problems begin on page ANS-7. 


In Problems 1-10, find the functions f + g, f — g, fg, and f/g, and give their 
domains. 


1. fx) =x + 1, g(x) 222 - x 


2. (х) =x- 4, gx) 2x3 


5. f(x) = 3x3 — 4x2 + 5х, g(x) = (1 — x) 


2 4 X 
6. 70) = х-6 800 = х = 3 
ДО) = Ух + 2, g(x) = V5 — Sx 

| х+ 4 
Е/9--2-6 80) = — 


9. f(x) =x- х— 6, g(x) =-х +9 


(e° f)(x) 


In Problems 13-16, find the functions f° g апа g ° f and give their domains. 


в о) =х^+1, g(x) = Ух-і 


14. f(x) = > x + 5, g(x) =-х+4 


| 2 
(х) = 6, а(х) =+] 
H^ zr | gx) i 


=. 


xr 
, F(x) = mE. g(x) = — 


In Problems 17-22, find the functions f° g and g ° f. 


— 


17. f(x) — 2x — 3, g(x) = 3x + 3) 


18. f(x) 2 x — 1, g(x) = xs 


| 
70) =х +5, g0-. 


19. x 
20. f(x) = Vx = 4, g(x) = m 
a Рх) =x41, g(x) =xt+ Vx-1 
ыо) = 0-4, g(a) = УЗ 


In Problems 23-26, find f ° f and f ° (1/f). 
23. f(x) = 2x +6 


24. f(x) el 


| 

fe) = 5 

25. X 
x +4 
f(x) = 

xl X 
In Problems 27 and 28, find (f° g ° h)(x) =f (g(hG9)). 
27. f(x) = Vx, g(x) = xh h(x) = х 1 
28. fix) =x, g(x) = хә + 3x, h(x) = 2x 
29. For the functions f(x) = 2x + 7, g(x) = 3x, find (f° g ° g)(x). 
30. For the functions f(x) = —x + 5, g(x) = —4x: + x, find (f° g 2 PO). 
In Problems 31 and 32, find (f ° f° f) (x) = fF F). 
31. fix) = 2х- 5 
32. fix) = 2-1 
In Problems 33-36, find functions f and g such that F(x) = f ° g. 


33. F(x) = (о — 4x)s 


m 2 ; 
34. F (X) mn 9х + 16 
х F(x) = (x — 3)? +4Мх- 3 


36. F(x)=1+|2x+ 9] 


In Problems 37 and 38, sketch the graphs of the compositions f ° g and g ° f. 


37. fx) = |x| - 2, g(x) = x - 2] 


„/(х) = [х— 1], g(x) = |x! 


39. Consider the function y = f(x) + g(x), where f(x) 2 x and 


g ( нан ) | | | Fill in the blanks and then sketch 


the graph of the sum f+ g on the indicated intervals. 


< 
°ч 


| 
ә 
ІЛ 
= 


> -- 
ии 
ANAAAA 


0 
= 
| 
| ху<72 
| d € cy 4 


40. Consider the function y = f (x) + g(x), where f (x) = |x| and 


g(x) = [x] 
ыг й . Proceed as in Problem 39 and then sketch 


the graph of the sum f + g. 

In Problems 41 and 42, sketch the graph of the sum f+ g. 
41. fix) =l- Цо) = hl 

42. fi) =x, g(x) = by 


In Problems 43 and 44, sketch the graph of the product fg. 


43. fix) = x, 80) = hi 


44. Í (x) — X g(x) = [x] 
In Problems 45 and 46, sketch the graph of the reciprocal 1/f. 

45. f(x) = |x] 

46. fix) 2x -3 

Calculus-Related Problems 


In Problems 47 and 48, 
(a) find the points of intersection of the graphs of the given functions, 


(b) find the vertical distance d between the graphs on the interval / 


determined by the x-coordinates of their points of intersection, 


(c) use the concept of a vertex of a parabola to find the maximum value of d 


on the interval /. 


47. 


FIGURE 2.6.2 Graph for Problem 47 


48. 


у=х?®—6бх +i 


FIGURE 2.6.3 Graph for Problem 48 
Applications 


49. For the Birds A birdwatcher sights a bird 100 ft due east of her position. 
If the bird is flying due south at a rate of 500 ft/min, express the distance d 
from the birdwatcher to the bird as a function of time т. Find the distance 5 


minutes after the sighting. See FIGURE 2.6.4. 


Bird- 100 ft 


watcher 


Bird's 
path 


FIGURE 2.6.4 Birdwatcher in Problem 49 


50. Bacteria Growth A certain bacteria when cultured grows in a circular 


shape. The radius of the circle, measured in centimeters, is given by 


r(t) = 4 UST № 
where time #1$ measured in hours. 
(a) Express the area covered by the bacteria as a function of time t. 


(b) Express the circumference of the area covered as a function of time 7. 


For Discussion 


51. Suppose f(x) = x» + 1 and gi X ) m Vx 


Discuss: Why 
is the domain of 


(Ро в)(х) =f(g(x)) = (Мх) + 1=x+1 


not (— оо, со)? 


һә 
л 


(x) = ——— and g(x) = ——— 
52. Suppose ) AG. — ] 5 X + 2. 


Discuss: Why is the domain o 


ә 
N 
N 
e 
+ 
т 


(fo ®)(х) = f(g(x)) = = = 
800) = 


not the set (хіх ж 2}? 


53. Find the error in the following reasoning: If f(x) = 1/(х- 2) and 


g(x) = I/Vx t 1,, 


(7) х) 1/(х — 2) 21 апа $0 (2) vo 
8/” 1/Мх 1 х-2 i 


x x1 
Лох) = Vx + 2, р(х) = =, and f(x) = — 
54. Suppose V x(x — 10) x 


What is the domain of the function y = fi(x) + р(х) + f(x)? 

55. Suppose f(x) = хз + 4x, g(x) = x — 2, and h(x) = —x. Discuss: Without 
actually graphing, how are the graphs of f° g, g ° f, f° h, and h ° f related to 
the graph of f? 


56. The domain of each piecewise-defined function, 
f(x) = 
g(x) = 


is (- о, co). Discuss how to find f+ g, f— g, and fg. Carry out your ideas. 
57. Discuss how the graph of 


у — aU (x) T f(x) Ноо. 


graph of y = f(x). Illustrate your ideas using f(x) = x» — 6x + 5. 


58. Discuss: 
(a) Is the sum of two even functions f and g even? 


(b) Is the sum of two odd functions f and g odd? 


(с) Is the product of an even function f with an odd function 2 even, odd, ог 


neither? 


(d) Is the product of an odd function f with an odd function g even, odd, ог 


neither? 


59. Тһе product fg of two linear functions with real coefficients, f(x) = ax b 
and g(x) = сх + d, is a quadratic function. Discuss: Why must the graph of this 


quadratic function have at least one x-intercept? 


60. Make up two different functions f and g so that the domain of F(x) = f° g 
is [-2, 0) U (0, 2]. 


61. Suppose у = f (x) is a function with domain the set X. Discuss: Is the 


domain of the composition f ° f also X? 
62. Тһе Heaviside function 
О, x «a 


U(x = а) = | 
1, ха, 


is frequently combined with other functions by either addition of 
multiplication. Given that f(x) = x2, compare the graphs of y = f (x – 3) and y = 
Jes e Эрт = 3). 


63. If U is the Heaviside function defined in Problem 62, then sketch the 


following functions. 


(a) y 2 2U(x — 1) + U(x — 2) 


64. Find an equation for the function f illustrated in FIGURE 2.6.5 in terms of 
the Heaviside function U(x — a). [Hint: Think addition.] 


FIGURE 2.6.5 Graph for Problem 64 


65. Use the identity 
f(x) = Уро) + f(—x)] + о) — (6551 


to show that every function f can be written as the sum of an even function g 


and an odd function Л. 


66. A square with a side of length x is inscribed in a circle of radius г. See 
FIGURE 2.6.6. If A(x) is the area of the square, find x(r) and (А ° x)(r). 


FIGURE 2.6.6 Inscribed square in Problem 66 


2.7 Functions Defined Implicitly 


INTRODUCTION The graphs of many equations that we study in 


mathematics are not the graphs of functions. For example, the equation 


x +y=9 (1) 


describes a circle of radius 3 centered at the origin. Equation (1) is not a 
function because for any choice of x satisfying —3 < x < 3 there corresponds 
two values of y. See FIGURE 2.7.1(а). However, equation (1) defines at least two 


functions f and g on the interval [-3, 3]. To obtain these functions we solve 


the equation x» + у = 9 for y in terms of x. From 
y = — 9 — y“ 
© . we obtain 


у= х) = М9 – х? ( 


N 
— 


апа 


“ә 
~ 


у = g(x) = -V9 - x. ( 


The graphs of equations (2) and (3) are, in turn, the upper semicircle and the 


lower semicircle shown in Figures 2.7.1(b) and 2.7.1 (c). 


(a) Not a function (b) Function (с) Function 


FIGURE 2.7.1 Not a function (a); functions (b) and (c) 


[ Functions Defined Explicitly апа Implicitly An equation of the form 
y = f(x), is said to define a function explicitly, or is an explicit function, 
because the variable y is expressed directly in terms of the variable x by 
means of a formula f(x) which gives a single value of y for each appropriate 
value of x. All the functions that we have studied in the earlier sections of this 
chapter were defined explicitly. In contrast, an equation in two variables of the 


form 


F(x,y) —U (4) 


may define one or more functions implicitly. It may be possible to determine 
explicit functions by solving F(x, y) - 0 for y in terms of x. For example, the 


explicit functions given in (2) and (3) are said to be defined implicitly by the 


equation 
F(x, y) 
Ч 
2 2 Баг 
Х2--у:-9-0. 
As another example: е4 2 . defines a function 


explicitly but the equation 2y — x3 + 2 = 0 defines the same function implicitly. 


In general, if an equation involving two variables F(x, y) = 0 defines a 
function f implicitly on some interval, then F(x, f(x)) = 0 is an identity on the 
interval. The graph of f is either a portion (that is, one or more arcs) of the 
graph of the equation F(x, y) - 0, or all of the graph of this equation. In the 
case of the functions in (2) and (3), note that both equations 


x'-[fx)-9-20 and x + [2(х)]* - 9 = 0 


are identities on the interval [-3, 3]. The equation x» + y2 = 9 actually defines 


many more functions implicitly. For example, the graph of the function 


Ч A / 2 
у Ен h ( X) ES 9 ЕЕ А with domain 


[-3, 0] is one quarter of the circle in Figure 2.7.1(a) and x2 + [A(x)]}2 - 9 = 0 on 
the interval |-3, 0]. See FIGURE 2.7.2 and Problem 36 in Exercises 2.7. 


y = N9 — x2, [-3, 0] 


FIGURE 2.7.2 Another function defined implicitly by (1) 
Functions Defined Implicitly 


Find functions defined implicitly by the equation 1 — x — (y – 1)» = 0. 


Solution By isolating the term containing the variable y on one side of the 


equation, we see that 


N 


(У — 1) = 1-х implies у = 1+V1 — х. 


From the last equation we obtain two explicit functions: 


y=f(x) = 1+ М1 -х ( 


UA 
~ 


and 


v=g(x) =1— У1-л,. (6) 


See Example 5 in Section 2.2. 


The domain of each function is (->, 1]. The graphs of both f and g can be 
obtained using vertical and horizontal shifts and a reflection of the graph 


y= Vi 


. The graphs of f апа g аге shown, respectively, in 
parts (a) and (b) of FIGURE 2.7.3. If the graphs of f and g are plotted on the same 


rectangular coordinate system, we then obtain the complete graph of the 


original equation 1 — x — (y — 1)» = 0. See Figure 2.7.3(c). 


1-x-(y-1?-20 


(a) (b) (c) 


FIGURE 2.7.3 Graphs of functions in Example 1 


Functions Defined Implicitly 


Find functions defined implicitly by the equation x» — 2ху + 2y» — 2 = 0. 


Solution The algebra in this case is not as straightforward as in Example 1. 


But if we write the given equation as 


(—x)y + (2x — 1) = 0, 


we can then identify it as quadratic equation of the form ау? + by + c = 0 with 


_ __ 1.2 
C — 5X NE 


а = 1, b = —x, and Тһе quadratic 
formula then gives 
3 
‚= (у + VA — x 
! нийг 1 7 — Å 
P^». ^. Thus we get 


two explicit functions 


f(x) = xx У4- x) (7) 


2 
Ш 


апа 


у = g(x) = 3x — У4- 2). (8) 


Тһе domain of each function is the interval [-2, 2]. With the aid of a graphing 
utility we get the graphs shown in parts (a) and (b) of FIGURE 2.7.4. As in 
Example 1, by plotting these two graphs on the same coordinate system we 


obtain the complete graph of x2 — 2xy + 2y2 = 2 given in Figure 2.7.4(c). 


(a) (b) (с) 


FIGURE 2.7.4 Graphs of functions іп Example 2 


[ Algebra Do not jump to the conclusion from the preceding examples that 


an equation Е(х, y) - 0 can readily be solved for y. For example, it is known 


that the equation 


х? + у = Зху (9) 


defines several functions implicitly, but very few instructors of mathematics 
(ncluding the authors) can solve equation (9) for y without looking up a 
specialized formula. The graph of the equation хз + ys = 3xy shown in FIGURE 
2.7.5(a) is a famous curve called the Folium of Descartes. With the aid of a 
computer algebra system (CAS) such as Mathematica or Maple, one of the 
functions y = f(x) defined implicitly by (9) is found to be 


5 AYE EAE ажо. (10) 
у + ХОЛ х X 2 1 
| Удур + 4V/x° — 40 2 


Тһе graph of this function consists of the red arcs shown іп Figure 2.7.5(b). 
Note the hole in the red graph at the origin. 


(a) Folium (b) Function 


FIGURE 2.7.5 Graph of (9) in (a); Graph of (10) in (b) 


One last point, solving an equation F(x, у) = 0 for y in terms of x is often more 
than just an exercise in challenging algebra or a lesson in the use of the 
correct syntax of a CAS. Sometimes it is simply impossible! For example, the 


equation 


x + ху? — у – 2х у = 0 (11) 


cannot be solved for y. 


NOTES FROM THE CLASSROOM 


© Olly/ShutterStock, Inc. 


(i) If we can solve an equation F(x, y) — 0 for y in terms of x 
and determine a function y — f(x), then, as discussed above, the 
graph of f is a portion, or perhaps, all of the graph of F(x, y) - 0. 
Stated in a different manner, this means that the graph of f 
cannot contain points that are not on the graph of F(x, y) = 0. 
Bear this in mind when you work Problems 17 and 18 in 
Exercises 2.7. 


(1) We will see іп the next section, as well as in Sections 4.8 
and 6.2, that the notion of an implicitly defined function plays 
an important role in defining the inverse of a certain kind of 
function. 


Exercises 2.7 Answers to odd-numbered 
problems begin on page ANS-8. 


In Problems 1-10, find two functions defined implicitly by the given equation. 
Graph each function. 


1. 4x2- y 0 


2. 2у-ху-0 

3. x+y2=5 

4. y- >= 4(x + 2) 
5. (x - 1р+у= 1 

6. 2 + (у-– 3» 29 

7. (у- Dy x3) 20 

8. x+y2=0 

9. у+4у+х=0 

10. (у - х) -у+х=0 


In Problems 11-18, find a single function defined implicitly by the given 
equation. Graph the function and give its domain. Use a graphing utility if 


necessary. 

П. y - x2 xy 

12. ху+2у+3 = х 

13. 3x2 + 4ху = 16 

14. x - 2y - x * xy Z0 


Vy —-x+3=0 
мх + Vy = 1 


16 


17 


—х+ Му+2=0 


In Problems 19 and 20, find at least two functions defined implicitly by the 


given equation. Graph each function and give its domain. 
19. | 2 x 
20. |x| + = 4 


In Problems 21-30, find at least two functions defined implicitly by the given 
equation. Use a graphing utility to obtain the graph of each function and give 


its domain. 

21. o— y =4 

22. 4у2-9х-36-0 
23. x2+xy+y2=3 
24. о -2xy cy x *2 
25. x2(x2 + уз) = y2 
26. yy + x3 =2х2 

27. (у= о) = x 

28. x2 + 4xy - 2у2=6 
29. x + уд = 16 

30. хәз + ув =1 


In Problems 31 and 32, find two functions defined implicitly by the given 
equation. Use the sign-chart method in Section 1.1 to find the domain of each 


function. Use a graphing utility to obtain the graph of each function. 


31. yz = x(x2 — 3) 


32. (x - 2p x-1 
Calculator/Computer Problems 


33. If y = f(x) is the function given in (10), use a CAS to carry out the algebra 
to verify the identity: 


x — 3x f(x) + ГУР = 0 


for every x in the domain of f. 


34. The graph of the equation 
7 Э Э ) 
(x+y – 2х) = х ty 


is given in FIGURE 2.7.6. 


(a) Use a CAS, or straightforward algebra, to find four functions defined 
implicitly by this equation. By either method, it might help to start with the 
substitution У = y». 


(b) Use a graphing utility to obtain the graph of each function. 


(c) Give the domain of each function found in part (a). 


FIGURE 2.7.6 Graph for Problem 34 
For Discussion 


35. Give two piecewise-defined functions f and g, with the same domain, 


defined implicitly by the equation in Problem 31. 


36. Give three piecewise-defined functions f, g, and Л, with domain [-3, 3], 
defined implicitly by the equation x» + y» = 9. 


2.8 Inverse Functions 


INTRODUCTION Recall that a function f is a rule of correspondence that 
assigns to each value x in its domain X, a single or unique value y in its range. 
This rule does not preclude having the same number y associated with several 
different values of x. For example, for f(x) = x» 1, the value y = 5 occurs at 
either x = —2 or x = 2. On the other hand, for the function g(x) = Хз, the value y 
= 64 occurs only at x = 4. Indeed, for every value y in the range of g(x) = хз, 
there corresponds only one value of x in the domain. Functions of this last 


kind are given a special name. 


DEFINITION 2.8.1 One-to-One Function 


A function f is said to be one-to-one if each number in the range 
of f is associated with exactly one number in its domain X. 


[ Horizontal Line Test Interpreted geometrically, this means that a 


horizontal line (y = constant) can intersect the graph of a one-to-one function 
in at most one point. Furthermore, if every horizontal line that intersects the 
graph of a function does so in at most one point, then the function is 
necessarily one-to-one. A function is not one-to-one if some horizontal line 


intersects its graph more than once. 


Horizontal Line Test 


(а) The graph of the function f(x) = x: + 1 and a horizontal line y = c, c > 1, 
that intersects its graph are given in FIGURE 2.8.1. The figure indicates that there 
are two numbers xı and x2 in the domain of f for which (ха) = f(x2) = c. Hence 


the function fis not one-to-one. 


у-х2-ҒІ 
ү =’ 


FIGURE 2.8.1 Function f is not one-to-one 


(b) Inspection of FIGURE 2.8.2 shows that every horizontal line у = с intersects 
the graph of the function f(x) - xs. But for any given value of c there is only 
one number хі in the domain of f such that Axı) = c. Hence the function f is 


one-to-one. 


FIGURE 2.8.2 Function f is one-to-one 


A one-to-one function can be defined in several different ways. Based on the 


preceding discussion, the following statement should make sense. 


A function f is one-to-one if and only if f(x1) = f (x2) implies хи = хэ for ай xi 
and x» in the domain of f. (1) 


Stated in a negative way, (1) indicates that a function f is not one-to-one if 
different numbers x: and x2 (that is, хі # x2) can be found in the domain of f 
such that f(x1) = f(xz). You will see this formulation of the one-to-one concept 


when we solve certain kinds of equations in Chapter 6. 


Consider (1) as a way of determining whether a function f is one-to-one 


without the benefit of a graph. 


Checking for One-to-One 


(a) Consider the function f(x) = x: — 8x + 6. Now 0 # 2 but observe that f(0) = 
Д2) = 6. Therefore f'is not one-to-one. 


f(x) | 
(b) Consider the function 2x NS 3 ! 


and let хі and x2 be numbers іп the domain of f. If we assume /(х1) = f(x»), that 


| 
12-3 2% — 


^ 


ike the reciprocal of both sides we see 


2x, — 3 = 2x, — 3 implies 2x, = 2х, or Xp X] 


We conclude from (1) that fis one-to-one. 


[ Inverse of a One-to-One Function Suppose f is a one-to-one function 
with domain X and range Y. Since every number y in Y corresponds to 
precisely one number x in X, the function f must actually determine a 
"reverse" function f-1 whose domain is Y and range is X. As shown in FIGURE 


2.8.3, f and f-1 must satisfy 


F(x) = у and f (y) х. (2) 


Domain of f Range of f 


Range of f >! Domain of /7! 


FIGURE 2.8.3 Functions f and f. 


Note of Caution: The symbol f-1 does not mean the reciprocal 1/f. The number —1 is not 


an exponent. 


The equations in (2) are actually the compositions of the functions f and f-1: 


AFO) =y and К) эх. (3) 


The function f-ı is called the inverse of f or the inverse function for f. 
Following the convention that each domain element be denoted by the symbol 
x, the first equation in (3) is rewritten as f(f-i(x)) = x. We summarize the 


results in (3). 


DEFINITION 2.8.2 Inverse Function 
Let f be a one-to-one function with domain X and range Y. The 


inverse of f is the function f-: with domain Y and range X for 
which 


ЖҮ 0х) = xforevery xin Y 


f '(f(x)) = x for every xin X 


Of course, if a function fis not one-to-one, then it has no inverse function. 


Verifying an Inverse 


Verify | that Ше = the one-to-one function 


f(x) = en 


Solution First observe that the domain and range of both functions is the 


is g(x) = 2x — 14. 


entire set of real numbers (- оо, <<). Now we can use (4) and (5). 


First from (4) we see that 


f(g(x)) = Р(х — 14) 21Qx 14) +7=х-7+7= 


for every real number x. Similarly, from (5) 


g(f(x)) = gx + 7) = 2(43x + 7)-14 2 x + 143 — M = x 


for every real number x. This shows that g = f-1. 


[ Properties Before we actually examine a method for finding the inverse of 


a one-to-one function f, let's list some important properties about f and its 


inverse f-1. 


THEOREM 2.8.1 Properties of Inverse Functions 


(1) The domain of f-: = range of f 


(ii) The range of f-1 domain of f 


(iii) y = f(x) is equivalent to x = /—1(у) 
(iv) An inverse function f-: is one-to-one 


(іу) The inverse of f-1 is f; that is, (f-1)-1 = f 


(vi) The inverse of f is unique 


[ Algebraic Method for Finding f-1 If a function f is one-to-one then it 


must have an inverse. If y = f-1(x) denotes the inverse of f, then we know from 
(4) that x = f(f-i(x)) or x = Ду). In the terminology of Section 2.7, f-1 is a 
function defined implicitly by the equation x = Ку). Thus we need to do the 


following two things to find an explicit function f-1: 


+ Interchange the variables x and y in y = f(x). This gives x = f(y). (6) 
+ Solve x = f(y) for the symbol y in terms of x (if possible). This gives y = f^ (x). 


Inverse of a Function 


f(x) = 2-3 


(b) Find the domain and range of f-1. Find the range of f. 


(a) Find the inverse of 


Solution (a) We proved in part (b) of Example 2 that fis one-to-one. For the 
algebra that follows it is convenient to replace the symbol f(x) with the 


symbol y: 


We then interchange the symbols x and y: 


| 


X = 2 . ©& solve this equation for y 
2y = 3 


By taking the reciprocal of both sides of the last equation we get, 


l 
2y -3 = – 
7 X 
1 3x41 
2y =3 + x = E HG < common denominator 


Dividing both sides of this equation by 2 yields the explicit function 


Зх + | 


The last expression is the inverse of f and it is customary to write the inverse 


function using the symbol f-:(x): 


f(x) =. 


| Эх 


(b) Inspection of the given function f reveals that its domain is the set of real 


1 ^7 

2 кре a 

s xix # 5} 

numbers except =>, that is, ® i + . Moreover, from 


the inverse just found we see that the domain of f: is {x|x # 0). Because 


range of fı = domain of f we then know that the range of fi is 


vin ssi 
{ i "i 2 + . From domain of f-ı = range of f we have also 


discovered that the range of fis {уу + 0). 


Inverse of a Function 


Find the inverse of f(x) = хз. 


Solution We saw that the function f was one-to-one in part (b) of Example 1. 
As in Example 4, we begin by replacing the symbol f(x) with y, that is, write 
the given function as y = x3. Next we interchange x and y to obtain x = уз. 


Solving the last equation for y then gives y = xw». Thus f-1(x) = хз or 


3 


= l р EN 5720 
equivalently f (x ) m X 
ІНЕН 


Finding the inverse of a one-to-one function у = f(x) is sometimes difficult and 
at times impossible. For example, the function f(x) = xs + x + 3 is one-to-one 
and so we know f has an inverse f-1 defined implicitly by the equation x = Ху) 
Or X = ys + y + 3. But solving this equation for y is difficult for everyone 
(including your instructor). As seen in FIGURE 2.8.4, the domain and range of f 
are (~œ, œ) and consequently the domain and range of f-: are (~œ, со), 
Even though we don’t know f-ı explicitly it makes complete sense to talk 
about the values such as f-1(3) and f-1(5). In the case of f-1(3) we simply 
observe that f(0) = 3. This means that (3) = 0. Can you figure out the value 
of f-1(5)? See Problems 43-48 in Exercises 2.8. 


FIGURE 2.8.4 Function is one-to-one 


[ Graphs of f and f-1 Suppose that (a, b) represents any point on the graph 


of a one-to-one function f. Then f(a) 2 b and 
f (b-f f(a) =a 


implies that (b, a) is a point on the graph of f-1. As shown in FIGURE 2.8.5(a), 
the points (а, b) and (b, а) are reflections of each other in the line y = x. This 
means that the line y = x is the perpendicular bisector of the line segment from 
(a, b) to (b, a). Because each point on one graph is the reflection of a 
corresponding point on the other graph, we see in Figure 2.8.5(b) that the 
graphs of f-1 and f are reflections of each other in the line y = x. We also say 
that the graphs of f-: and f are symmetric with respect to the line y = x. 


y y or 
YA (a.b) YA y= fe) 
a (a, b) 


* (ba) 


} + > x 
а b 


(a) (b) 


FIGURE 2.8.5 Graphs of f and /- are reflections in the line у = х. 


Graphs of f and f-1 


In Example 5 we saw that the inverse of y = хз 15 y = хуз. In FIGURES 2.8.6(a) 
and 2.8.6(b) we show the graphs of these functions; in Figure 2.8.6(c) the 
graphs are superimposed on the same coordinate system to illustrate that the 


graphs are reflections of each other in the line y = x. 


FIGURE 2.8.6 Graphs of f and f-: in Example 6 


Every linear function f(x) = ax + b, a + 0, is one-to-one. 


Inverse of a Function 


Find the inverse of the linear function f(x) = 5x – 7. 


Solution Because the graph of y - 5x — 7 is a nonhorizontal line, it follows 
from the horizontal line test that f is a one-to-one function. To find f-1 we 


interchange x and y and solve x = 5y — 7 for y: 


5у=х+7 implies y- 


"ил l. 1 
Therefore 7 ( Х) = 54 + 5] Тһе 


graphs of f and f-1 аге compared in FIGURE 2.8.7. 


FIGURE 2.8.7 Graphs of f and f-: in Example 7 


Every quadratic function f(x) = ax. + bx + c, a ж 0, is not one-to-one. 


[ Restricted Domains For a function f that is not one-to-one, it may be 
possible to restrict its domain in such a manner so that the new function 
consisting of f defined on this restricted domain is one-to-one and so has an 
inverse. Іп most cases we want to restrict the domain so that the new function 


retains its original range. The next example illustrates this concept. 


Restricted Domain 


In Example 1 we showed graphically that the quadratic function f(x) = x2 + 1 
is not one-to-one. The domain of f is (– °, >), and as seen in FIGURE 2.8.8(a), 
the range of fis [1, œ). Now by defining f(x) = x2 + 1 only on the interval (0, 
co), we see two things in Figure 2.8.8(b): the range of fis preserved and f(x) = 
x2 + 1 confined to the domain (0, <<) passes the horizontal line test, in other 
Words, is one-to-one. The inverse of this new one-to-one function is obtained 


in the usual manner. Solving x = y» + 1 implies 


yj 


у=х-1 апа у = ЕУх-іІ|. 


The appropriate algebraic sign in the last equation is determined from the fact 
that the domain and range of f-1 are [1, о) and (0, ог), respectively. This 


forces us to choose 


f 2 (x) — A — | as the inverse 


of f. See Figure 2.8.8(c). 


у=? +1 
on [0, =) 


% 


у= \х-1 
on |1, =) 


(a) Not a onc-to-one function (b) One-to-one function (c) Inverse of function in part (b) 


FIGURE 2.8.8 Inverse function in Example 8 


Exercises 2.8 Answers to selected odd-numbered 
problems begin on page ANS-9. 


In Problems 1-6, the graph of a function fis given. Use the horizontal line test 


to determine whether fis one-to-one. 


Graph for Problem 1 


Graph for Problem 2 


Graph for Problem 3 


Graph for Problem 4 


Graph for Problem 5 


FIGURE 2.8.14 Graph for Problem 6 


In Problems 7—10, sketch the graph of the given piecewise-defined function f 
to determine whether it is one-to-one. 


x= 4 x. 


| 
| 
be 
М A 
Ф 


Іп Problems 11-14, proceed as іп Example 2(a) to show that the given 
function fis not one-to-one. 


11. f(x) = x» — бх 


12. f(x) = (x - 2)(х + 1) 


f(x) = 


14. fx) = |x + 10} 


Ах? + 1 


In Problems 15-18, proceed as іп Example 2(b) to show that the given 


[X] = — 

T f 5x + 8 
2x = 5 

16. | A — 1 

fx) = УА-х 

(x) = 

T" ) x +1 


In Problems 19-24, proceed as in Example 3 and verify that the inverse of the 


7) 


i 


17. 


one-to-one function fis the function g by showing f(g(x)) = x and g(f(x)) = x. 


19. f(x) = х+ 5; а(х) 2x- 5 


24. ` px n L= x 
In Problems 25 and 26, the given function fis one-to-one. Without finding f-i 


find its domain and range. 


mi (x) — 4 ES £5 
f(x) = 5 — Vx +8 


In Problems 27 and 28, the given function / 1$ one-to-one. The domain and 


range of fis given. Find f-1 and give its domain and range. 


2 
EU V 
НЕН 
Vx 


f(x) = 
8. 


x>0,y>0 


x02 
2 


In Problems 29-36, the given function f is one-to-one. Find f-ı. Sketch the 


graphs of f and / on the same rectangular coordinate system. 


29. f(x) = —2x +6 


30. fix) =-2x4+1 
31. Х-х-2 


32. f(x) = 1-23 


JOD) - 2 ш X 
„J (x) = 


35. 146: ) — 
36. f(x ) — 


Іп Problems 37—42, фе given function f is one-to-one. Find f-1. Proceed as in 
part (b) of Example 4 and find the domain and range of f-ı. Then find the 


range of f. 


42. 


In Problems 43 and 44, the function f(x) = 8xs + 2x3 + 5x — 4 is one-to-one. 


Without finding f-1, verify the given function value. 


43. fa (-19) 2-1 


In Problems 45-48, the given function f is one-to-one. Without finding f.i, 


determine the indicated function value. 
45. f(x) = x: + 3x + 4; Ғ(8) 
46. f(x) =x; +x- 1; f(1) 


47. fix) = 2xs – 20; f.(-20) 


ыы . SP 
J” +4’ f | 2) 


In Problems 49-52, the given function f is one-to-one. Without finding f-1, 
find the point on the graph of f-ı corresponding to the indicated value of x in 
the domain of f. 


49. Kx) S 2хз+2х;х=2 


Ss (Go) = be 3e 


-2|-- 


52. f(x) EH "X ин 


53. 


FIGURE 2.8.15 Graph for Problem 53 


54. 


(п. —1) 


FIGURE 2.8.16 Graph for Problem 54 
In Problems 55 and 56, sketch the graph of f from the graph of f-1. 


Sos 


FIGURE 2.8.17 Graph for Problem 55 


56. 


FIGURE 2.8.18 Graph for Problem 56 
In Problems 57-60, the function fis not one-to-one on the given domain but is 
one-to-one on the restricted domain (the second interval). Find the inverse of 


the one-to-one function and give its domain. Sketch the graph of f on the 


restricted domain and the graph of f-1 on the same coordinate axes. 


57. f(x) = 4x2 + 2, (- e», e»); (0, о) 
в f(x) = (3 — 22), (79, х); [5, х) 
BC) =2V4 — х2, [-2,2]; [0,2] 


e f(x) = МІ, [-L 1]; [0,1] 


61. If the functions f and g have inverses, then it can be proved that 


(fog) | = 2! о |. 


Verify this property for the one-to-one functions f(x) = хз and g(x) = 4x + 5. 


62. It can be shown that the equation 


у = Vx — Vy 


= «implicitly defines a one-to- 
one function y = f(x). Without finding f, find f-1. 


For Discussion 


63. Suppose f is a continuous function that is increasing (or decreasing) for 


all x in its domain. Explain why f'is necessarily one-to-one. 


64. Explain why the graph of a one-to-one function / сап have at most one х- 


intercept. 


65. The function f(x) = [2x — 4| is not one-to-one. How should the domain of f 
be restricted so that the new function has an inverse? Find f-1 and give its 
domain and range. Sketch the graph of fon the restricted domain and the 


graph of f-1 on the same coordinate axes. 


66. What property do the one-to-one functions y = f(x) shown in FIGURES 
2.8.19(а) and 2.8.19(b) have in common? Find two more explicit functions with 
this same property. Be very explicit about what this property has to do with f 


УА 


(0, а) 


(а) (b) 


FIGURE 2.8.19 Graphs for Problem 66 


67. The piecewise-defined function 


x + 1, —4 


(x) = uM 
Л ix -- 4), Ох 


IA 
IA A 


shown in FIGURE 2.8.20 is one-to-one. Sketch the graph of f-1. 


FIGURE 2.8.20 Graph for Problem 67 


68. Find f-1 for the piecewise-defined function fin Problem 67. Give the 


domain and range of f-1. 


69. Suppose a function fis one-to-one. For c a constant, we know that the 
graph of the function g(x) = f(x) + c is the graph of f shifted vertically and so g 
is also a one-to-one function. What is the inverse of the function g? Describe 


the graph of g-i in terms of the graph of f-1. 


70. Suppose that the function fis one-to-one and that the domain of f and f-1 
is (-сө, о). If f-1(5) = 10, find x such that 3 + К2х — 4) = 8. 


2.9 Building a Function from Words 


INTRODUCTION In calculus there will be several instances when you will 


be expected to translate the words that describe a problem into mathematical 


symbols and then set up or construct either an equation or а function. 


In this section we focus on problems that involve functions. We begin with a 


verbal description about the product of two numbers. 


Product of Two Numbers 


Тһе sum of two nonnegative numbers is 15. Express the product of one and 


the square of the other as a function of one of the numbers. 


Solution We first represent the two numbers by the symbols x and y and recall 
that “non-negative” means that x > 0 and y > 0. The first sentence then says 
that x + y = 15; this is not the function we are seeking. The second sentence 
describes the function we want; it is called "the product." Let's denote "the 
product" by the symbol P. Now P is the product of one of the numbers, say, x 
and the square of the other, that is, y»: 


Р = xy’. (1) 


Мо, we are not finished because P is supposed to be a "function of one of the 
numbers." We now use the fact that the numbers x and y are related by х+у= 
15. From this last equation we substitute y = 15 — x into (1) to obtain the 


desired result: 


bo 


P(x) = х(15 — xy. ( 


Here is a symbolic summary of the analysis of the problem given in Example 
1: 


х+у=15 
= аас ^ 
let the numbers be x 2 Oand y 2 0 P 
инь, —— 
The sum of two nonnegative numbers is 15. Express the product of (3) 
2 
X у? use х 

^  -імьҡе->-- 


one and the square of the other as a function of one of the numbers. 


Notice that the second sentence is vague about which number is squared. This 
means that it really doesn't matter; (1) could also be written as P = yx». Also, 
we could have used x = 15 — y in (1) to arrive at P(y) = (15 — уу. In a 
calculus setting it would not have mattered whether we worked with P(x) or 
with P(y) because by finding one of the numbers we automatically find the 
other from the equation x + у = 15. This last equation is commonly called а 
constraint. A constraint not only defines the relationship between the 
variables x and y but often puts a limitation on how x and y can vary. As we 
see in the next example, the constraint helps in determining the domain of the 


function that you have just constructed. 


Example 1 Continued 


What is the domain of the function P(x) in (2)? 


Solution Taken out of the context of the statement of the problem in Example 
1, one would have to conclude from the discussion on page 52 of Section 2.1 


that the domain of the function 


is the set of real numbers (— e, e). But in the context of the original problem, 
the numbers were to be nonnegative. From the requirement that x > 0 and y= 
15-х > О wegetx > Oand x < 15, which means that x must satisfy the 


simultaneous inequality 0 < x < 15. Using interval notation, the domain of 


Another way of looking at the conclusion of Example 2 is this: The constraint 


the product function P in (2) is the closed interval |0, 15]. 


X + y = 15 dictates that y = 15 — x. Thus if x were allowed to be larger than 15 
(say, x = 17.5), then y = 15 — x would be a negative number, which contradicts 


the initial assumption that y > 0. 


[ Optimization Problems For the remainder of this section we are going 


to examine "word problems" taken directly from a calculus text. These 


problems, variously called “optimization problems" or “applied maximum 
and minimum problems,” consist of two parts, the “precalculus part" where 
you set up the function to be optimized and the "calculus part" where you 
perform calculus-specific operations on the function that you have just found 
to find its maximum or minimum value. The calculus part is usually 


Си 


identifiable by words such as “maximum (ог minimum),” “least,” “greatest,” 
“large as possible," “find the dimensions," and so on. For example, the actual 


statement of Example 1 as it appears in a calculus text is: 


Find two nonnegative numbers whose sum is 15 such that the product of one 


and the square of the other is a maximum. 


The big hurdle for many students of calculus is separating out the words that 
define the function to be optimized from all the words in the statement of the 


problem. 


Before proceeding with the examples, you are encouraged to read the Notes 


from the Classroom at the end of this section. 


The next example describes a geometric problem that asks for a "largest 
rectangle." Remember, you are not expected to work the entire problem by 
trying to actually find the "largest rectangle," which you would do in a 
calculus course. Right now your only job is to pick out the words, as we 
illustrated in (3), that tell you what the function is and then construct it using 
the variables introduced. In calculus, the function to be optimized is called the 


objective function. See Problems 29—50 in Exercises 2.9. 
Please note. 


Largest Rectangle 


Find the objective function in the following calculus problem: 


A rectangle has two vertices on the x-axis and two vertices on the semicircle 


4 -- 


whose equation 18 + . See 
FIGURE 2.9.1(а). Find the dimensions of the largest rectangle. 


Rectangle 


(a) 


FIGURE 2.9.1 Rectangle in Example 3 


Solution In calculus the words "largest rectangle" mean that we are seeking 
the rectangle, of the many that can be drawn in the semicircle, that has the 
greatest or maximum area. Hence, the function we must construct is the area 
A of the rectangle. If the point (x, y), х > 0, у > 0, denotes the vertex of the 
rectangle on the circle in the first quadrant, then as shown in Figure 2.9.1(b) 
the area A is length x width, or 


The constraint in this problem 15 Ше equation 


V 
T of the semicircle. We use 
the constraint equation to eliminate y in (4) and obtain the area of the 


rectangle or the objective function, 
A(x) = 2х\ 25 — 22. (5) 


This ends the “‘precalculus part" of the problem. 


Тһе next step would be calculus procedures to determine the value of x for 


Were we again to consider the function A(x) out of the context of the problem 


which the objective function A(x) takes on its largest value. 


in Example 3, its domain would be [-5, 5]. Because we assumed that x > 0 the 
domain of A(x) in (4) is actually the open interval (0, 5). But in calculus we 
would use the closed interval [0, 5] even though when x = 0 and x = 5 the area 
would be A(0) 2 0 and A(5) - 0, respectively. Do not worry about this last 
technicality. 


Least Amount of Fencing 


Find the objective function and its domain in the following calculus problem: 


A rancher intends to mark off a rectangular plot of land that will have an area 
of 1000 m». The plot will be fenced and divided into two equal portions by an 
additional fence parallel to two sides. Find the dimensions of the land that 


require the least amount of fence. 


Solution Your drawing should be a rectangle with a line drawn down its 
middle, similar to that given in FIGURE 2.9.2. As shown in the figure, let x > 0 
be the length of the rectangular plot of land and let y > 0 denote its width. The 
function we seek is the "amount of fence." If the symbol F represents this 
amount, then the sum of the lengths of the five portions—two horizontal and 


three vertical—of the fence is 


Е = 2x + Зу. (6) 


FIGURE 2.9.2 Rectangular plot of land in Example 4 


But the fenced-in land is to have an area of 1000 m», and so x and y must be 
related by the constraint ху = 1000. From the last equation we get y = 1000/x 
which can be used to eliminate y in (6). Thus, the amount of fence F as a 
function of x is F(x) = 2x + 3(1000/x) or 


3000 
F(x) = 2х + a m (7) 


Since x represents a physical dimension that satisfies xy - 1000, we conclude 
that it is positive. But other than that, there is no restriction on x. Thus, unlike 
the previous example, the objective function (7) is not defined on a closed 


As can be seen from the graph of (7) given in FIGURE 2.9.3, F has a minimum at 


interval. The domain of F(x) is (0, со). 


some value of x, say x = c. With a graphing calculator or computer we сап 
approximate с and Е(с), but with calculus we can often find their exact values. 


УА 


FIGURE 2.9.3 Іп Example 4, Е(с) is the smallest value of F for x > 0 


If a problem involves triangles, you should study the problem carefully and 
determine whether the  Pythagorean theorem, similar triangles, or 


trigonometry is applicable. 


Shortest Ladder 


Find the objective function and its domain in the following calculus problem: 


A 10-ft wall stands 5 ft from a building. Find the length of the shortest ladder, 
supported by the wall, that reaches from the ground to the building. 


Solution The words “shortest ladder" indicate that we want a function that 
describes the length of the ladder. Let L denote this length. With x and y 
defined in FIGURE 2.9.4, we see that there are two right triangles, the larger 
triangle has three sides with lengths L, y, and x + 5, and the smaller triangle 
has two sides of lengths x and 10. Now the ladder is the hypotenuse of the 
larger right triangle, so by the Pythagorean theorem, 


[2 = (х + 5)? + у. (8) 


Li L) Li Li Li LL. 0 


FIGURE 2.9.4 Ladder in Example 5 


The right triangles in Figure 2.9.4 are similar because they both contain a 
right angle and share the common acute angle the ladder makes with the 
ground. We then use the fact that the ratios of corresponding sides of similar 
triangles are equal. This enables us to write 


= so that у = 


Using the last result, (8) becomes 


: : 10(х + 5) Ү? 
Іг-(х--5)- (sem ) 


5 100 
= (х + 5)4 1+ 5 + factoring (х + 5)? 


"m 


5 

„/ х + 100 

= (х + 5): шинэ — common denominator 
X 


Taking the square root gives us L as a function of x, 


L(x) = х +5 ^ / 2 + 100. = е root of a product 


7 is the product of the square roots 


Because L(x) is not defined at x = 0, the domain of the objective function is 


the set of positive numbers, that is, (0, >). 


Closest Point 


Find the objective function and its domain in the following calculus problem: 


Find the point in the first quadrant on the circle хэ + y» = 1 that is closest to 
the point (2, 4). 


Solution Let (x, y) denote a point in the first quadrant on the circle and let d 
represent the distance from (x, y) to (2, 4). See FIGURE 2.9.5. Then from the 
distance formula, (2) of Section 1.3, 


а= V(x — 2) + (у – 4} = Vx + у — 4x — By + 20. (9) 


FIGURE 2.9.5 Distance d іп Example 6 


Тһе constraint in this problem is the equation of the circle x2 + y» = 1. From 


this we can immediately replace x» + y» in (9) by the number 1. Moreover, 


using the constraint to write +” 
allows us to eliminate y in (9). Thus the distance d as a function of x is: 


d(x) = V21 4х = 8V1 — xl. (10) 


Since we assumed that (x, y) is a point on the circle in the first quadrant then 
technically 0 < x < 1. But to actually solve this problem we would take the 


domain of the objective function (10) to be the closed interval [0, 1]. 


NOTES FROM THE CLASSROOM 


€ MIXA/age fotostock 


When we get to the sections in a calculus text devoted to word 
problems students often react with groans, ambivalence, and 
dismay. While not guaranteeing anything, the following 
suggestions might help you to get through the problems in 
Exercises 2.9. 


* At least try to develop a positive attitude. Try to be neat and 


organized. 


* Read the problem slowly. Then read the problem several more 
times. 


»”« 


+ Pay attention to words such as “maximum,” “least,” “greatest,” 
and "closest" because they may provide a clue about the nature 
of the function you are seeking. For example, if a problem asks 
for “closest,” then the function you are seeking most probably 
involves distance; if a problem asks for "least material," then the 
function you want may be surface area. See Problems 37 and 44 


in Exercises 2.9. 


* Whenever possible, sketch a curve or a picture and identify 
given quantities in your sketch. Keep your sketch simple. 


* Introduce variables and note any constraint or relationship 
between the variables (such as x + y = 15 in Example 1). 


* Identify the domain of the function just constructed. Keep in 
mind that a constraint between the variables may play a part in 
the determination of the domain (as in Example 2). 


Exercises 2.9 Answers to selected odd-numbered 
problems begin on page ANS-10. 


In Problems 1-28, proceed as in Example 1 and translate the words into an 


appropriate function. Give the domain of the function. 


1. The product of two positive numbers is 50. Express their sum as a function 


of one of the numbers. 


2. Express the sum of a nonzero number and its reciprocal as a function of the 


number. 


3. The sum of two nonnegative numbers is 1. Express the sum of the square 


of one and twice the square of the other as a function of one of the numbers. 


4. Let m and n be positive integers. The sum of two nonnegative numbers is 
S. Express the product of the mth power of one and the nth power of the other 


as a function of one of the numbers. 


5. A rectangle has a perimeter of 200 in. Express the area of the rectangle as a 


function of the length of one of its sides. 


6. A rectangle has an area of 400 in». Express the perimeter of the rectangle 


as a function of the length of one of its sides. 


7. Express the area of the shaded rectangle in FIGURE 2.9.6 as a function of x. 


FIGURE 2.9.6 Rectangle in Problem 7 


8. Express the length of the line segment containing the point (2, 4) shown in 
FIGURE 2.9.7 as a function of x. 


FIGURE 2.9.7 Line segment in Problem 8 


9. Express the distance from a point (x, y) on the graph of x + у= 1 to the 


point (2, 3) as a function of x. 


10. Express the distance from a point (x, y) on the graph of y = 4 — x2 to the 


point (0, 1) as a function of x. 


11. Consider the segment of the parabola y = x: between the points А(-2, 4) 
and B(2, 4) shown in FIGURE 2.9.8. Express the sum S of the squares of the 
distances d(A, P) and d(P, B) as a function of x. 


12. The red horizontal line shown in FIGURE 2.9.9 is a chord of a circle of 
radius r. Express the length d of the chord AB as a function of its distance y 


from the center C of the circle. 


FIGURE 2.9.8 Parabola in Problem 11 


FIGURE 2.9.9 Circle and chord in Problem 12 
13. Express the perimeter of a square as a function of its area A. 
14. Express the area of a circle as a function of its diameter d. 
15. Express the diameter of a circle as a function of its circumference C. 


16. Express the volume of a cube as a function of the area A of its base. 


17. Express the area of ап equilateral triangle as a function of its height Л. 


18. Express the area of an equilateral triangle as a function of the length s of 


one of its sides. 


19. A wire of length x is bent into the shape of a circle. Express the area of 


the circle as a function of x. 


20. A wire of length L is cut x units from its left end. As shown in FIGURE 
2.9.10, the piece of wire of length x (blue in the figure) is bent into the shape of 
a circle, whereas the remaining piece wire of length L — x (red in the figure) is 
bent into the shape of a square. Express the sum of the areas as a function of 


+. 


21. A tree is planted 30 ft from the base of a street lamp that is 25 ft tall. 
Express the length of the tree's shadow as a function of its height. What 
happens to the length of the its shadow as the height of the tree approaches 25 
ft? 


22. Тһе frame of a kite consists of six pieces of lightweight plastic. The outer 
frame of the kite consists of four precut pieces, two pieces of length 2 ft, and 
two pieces of length 3 ft. Express the area of the kite as a function of x, where 


2x is the length of the horizontal crossbar piece shown in FIGURE 2.9.11. 
Wire 


----:-- 


(а) Wire о length L 


Circle C) | | Square 


Х ,-х 
(b) Wire cut x units from left end 


FIGURE 2.9.10 Wire of length L in Problem 20 


FIGURE 2.9.11 Kite іп Problem 22 


23. A company wants to construct an open rectangular box with a volume of 
450 ins so that the length of its base is 3 times its width. Express the surface 


area of the box as a function of the width. 


24. A conical tank, with vertex down, has a radius of 5 ft and a height of 15 
ft. Water is pumped into the tank. Express the volume of the water as a 


function of its depth. See FIGURE 2.9.12. [Hint: The volume of a cone is 


У = imr 
211 F fn "m 
~ . Although the tank is a three-dimensional 


object, examine it in cross section as a two-dimensional triangle. | 


Water 


FIGURE 2.9.12 Conical tank in Problem 24 


25. Car A passes point О heading east at a constant rate of 40 mi/h; car В 
passes the same point 1 hour later heading north at a constant rate of 60 mi/h. 
Express the distance between the cars as a function of time t, where f is 


measured starting when car B passes point O. See FIGURE 2.9.13. 


North 


Car B 


West East 


South 


FIGURE 2.9.13 Cars in Problem 25 


26. At time t = 0 (measured in hours), two airliners with a vertical separation 


of 1 mile, pass each other going in opposite directions. See FIGURE 2.9.14. 
Suppose the planes are flying horizontally at rates of 500 mi/h and 550 mi/h. 


(a) Express the horizontal distance between them as a function of time f. 


[Hint: distance - rate x time.] 


(b) Express the diagonal distance between them as a function of time f. 


7 «а A 
l lo 
1 mi ris дену 
— AO 
ва а = 
(a)t=0 (b)r»0 


FIGURE 2.9.14 Planes in Problem 26 


27. The swimming pool shown in FIGURE 2.9.15 is 3 ft deep at the shallow end, 
8 ft deep at the deepest end, 40 ft long, 30 ft wide, and the bottom is an 
inclined plane. Water is pumped into the pool. Express the volume of the 
water in the pool as a function of height h of the water above the deep end. 
[Hint: The volume will be a piecewise-defined function with domain defined 
Бу0 < А < 8.] 


FIGURE 2.9.15 Swimming pool in Problem 27 


28. USPS regulations for parcel post stipulate that the length plus girth (the 
perimeter of one end) of a package must not exceed 108 inches. Express the 


volume of the package as a function of the width x shown in FIGURE 2.9.16. 


``; Length 
№ 


FIGURE 2.9.16 Package in Problem 28 


In Problems 29—50, proceed as in Examples 3-6 and find the objective 
function for the given calculus problem. Give the domain of the objective 
function but do not actually attempt to solve the problem. It would be good 
idea to reread the three paragraphs under the heading Optimization Problems 


on page 119. 
29. Find a number that exceeds its square by the greatest amount. 


30. Of all rectangles with perimeter 20 inches, find the one with the shortest 


diagonal. 


31. A rectangular plot of land will be fenced into three equal portions by two 
dividing fences parallel to two sides. If the area to be enclosed is 4000 m», 


find the dimensions of the land that require the least amount of fence. 


32. A rectangular plot of land will be fenced into three equal portions by two 
dividing fences parallel to two sides. If the total fence to be used is 8000 m, 


find the dimensions of the land that has the greatest area. 


33. А rancher wishes to build a rectangular corral with an area of 128,000 ft» 
with one side along a straight river. The fencing along the river costs $1.50 
per foot, whereas along the other three sides the fencing costs $2.50 per foot. 
Find the dimensions of the corral so that the cost of construction is a 


minimum. [Hint: Along the river the cost of x ft of fence is 1.50x.] 


34. А rectangular yard is (о be enclosed with а fence by attaching it to a 
house whose length is 40 feet. See FIGURE 2.9.17. The amount of fencing to be 
used is 160 feet. Find the dimensions of the yard so that the greatest area is 
enclosed. 


40 ft 


FIGURE 2.9.17 House and yard in Problem 34 


35. Consider all rectangles that have the same perimeter p. (Here p represents 
a constant.) Of these rectangles, show that the one with the largest area is a 


square. 


36. Find the vertices (x, 0) and (0, y) of the yellow triangular region in FIGURE 


2.9.18 so that its area is a minimum. 


37. (a) An open rectangular box is to be constructed with a square base and a 
volume of 32,000 стз. Find the dimensions of the box that require the least 


amount of material. See FIGURE 2.9.19. 


(b) If the rectangular box in part (а) is closed, find the dimensions that require 
the least amount of material. 


FIGURE 2.9.18 Line segment in Problem 36 


y 


FIGURE 2.9.19 Box in Problem 37 


38. A closed rectangular box is to be constructed with a square base. The 
material for the top costs $2 per square foot whereas the material for the 
remaining sides costs $1 per square foot. If the total cost to construct each box 
is $36, find the dimensions of the box of greatest volume that can be made. 


39. A rain gutter with a rectangular cross section is made from a 1 ft x 20 ft 


piece of metal by bending up equal amounts from the 1-ft side. See FIGURE 
2.9.20. How should the metal be bent up on each side in order to make the 


capacity of the gutter a maximum? [Hint: Capacity - volume.] 


20 ft 


X 
FIGURE2.9.20 Rain gutter in Problem 39 
40. A Norman window consists of a rectangle surmounted by a semicircle as 


shown in FIGURE 2.9.21. If the total perimeter of the window is 10 m, find the 


dimensions of the window with the largest area. 


FIGURE 2.9.21 Norman window in Problem 40 


41. A printed page will have 2-in. margins of white space on the sides and 1- 
in. margins of white space on the top and bottom. The area of the printed 


portion is 32 in». Determine the dimensions of the page so that the least 


amount of paper is used. 


42. Find the dimensions of the right circular cylinder with greatest volume 
that can be inscribed in a right circular cone of radius 8 in. and height 12 in. 
See FIGURE 2.9.22. 


FIGURE 2.9.22 Inscribed cylinder in Problem 42 


43. Find the maximum length L of a thin board that can be carried 
horizontally around the right-angle corner shown in FIGURE 2.9.23. [Hint: Use 
similar triangles.] 


FIGURE 2.9.23 Board іп Problem 43 


44. A juice can is to be made in the form of a right circular cylinder and have 
a volume of 32 ins. See FIGURE 2.9.24. Find the dimensions of the can so that 
the least amount of material is used in its construction. [Hint: Material = total 
surface area of can area of top + area of bottom + area of lateral side. If the 
circular top and bottom covers are removed and the cylinder is cut straight up 


its side and flattened out, the result is the rectangle shown in Figure 2.9.24(c).] 


ГЕ | 
Ї 6; 


(а) Circular cylinder (b) Top and bottom. (c) Lateral side is rectangular 
are circular 


2лг 


FIGURE 2.9.24 Juice can in Problem 44 


45. Тһе lateral side of a cylinder is to be made from a rectangle of flimsy 
sheet plastic. Because the plastic material cannot support itself, a thin, stiff 
wire is embedded in the material as shown in FIGURE 2.9.25(а). Find the 
dimensions of the cylinder of largest volume that can be constructed if the 
wire has a fixed length L. [Hint: There are two constraints in this problem. In 


Figure 2.9.25(b), the circumference of a circular end of the cylinder is y.] 


X 


(a) Rectangular sheet (b) Lateral side 
of plastic material of cylinder 


FIGURE 2.9.25 Cylinder in Problem 45 


46. Many medications are packaged in capsules as shown in the 
accompanying photo. Assume that a capsule is formed by adjoining two 
hemispheres to the ends of a right circular cylinder as shown in FIGURE 2.9.26. 


If the total volume of the capsule is to be 0.007 іп.з, find the dimensions of the 


capsule so that the least amount of material is used іп its construction. [Hint: 


4 үү? 


= 
The volume of a sphere is = and its surface area is 4zrr».] 


Hemisphere 


Capsule 


FIGURE 2.9.26 Model of a capsule in Problem 46 


47. A 20-ft long water trough has ends in the form of isosceles triangles with 
sides that are 4 ft long. See FIGURE 2.9.27. Determine the dimension across the 
top of the triangular end so that the volume of the trough is a maximum. 
[Hint: A right cylinder is not necessarily a circular cylinder where the top and 
bottom are circles. The top and bottom of a right cylinder are the same but 
could be a triangle, a pentagon, a trapezoid, and soon. The volume of a right 


cylinder is the area of the base x the height.] 


FIGURE 2.9.27 Water trough in Problem 47 


48. Some birds fly more slowly over water than over land. A bird flies at 


constant rates 6 km/h over water and 10 km/h over land. Use the information 
in FIGURE 2.9.28 to find the path the bird should take to minimize the total 
flying time between the shore of one island and its nest on the shore of 


another island. [Hint: distance — rate x time.] 


Island 


FIGURE 2.9.28 The bird in Problem 48 


49. In arace a woman is required to swim from a floating dock A to the beach 
and, without stopping, swim from the beach out to another floating dock C. 
The distances are shown in FIGURE 2.9.29. She estimates that she can swim 
from dock A to the beach at a constant rate of 3 mi/h and out from the beach 
to dock C at a rate of 2 mi/h. Where should she touch the beach in order to 


minimize the total swimming time from A to C? 


FIGURE 2.9.29 Swimmer in Problem 49 


50. Two flag poles are secured by wires that are attached at a single point 
between the poles. See FIGURE 2.9.30. Where should the point be located to 


minimize the total length of wire used? 


FIGURE 2.9.30 Flag poles in Problem 50 


2.10 The Tangent Line Problem 


Calculus 
PREVIEW 


INTRODUCTION In a calculus course you will study many different things, 
but roughly, the subject “calculus” is divided into two broad but related areas 
known as differential calculus and integral calculus. The discussion of each 
of these topics invariably begins with a motivating problem involving the 


graph of a function. Differential calculus is motivated by the problem 
Find a tangent line to the graph of a function f, 

whereas integral calculus is motivated by the problem 

Find the area under the graph of a function f. 


Тһе first problem will be addressed in this section; the second problem will be 


discussed in Section 3.7. 


[ Tangent Line to a Graph The word tangent stems from the Latin verb 


tangere, meaning "to touch." You might remember from the study of plane 
geometry that a tangent to a circle is a line L that intersects, or touches, the 
circle in exactly one point P. See FIGURE 2.10.1. It is not quite as easy to define 
a tangent line to the graph of a function f. The idea of touching carries over to 
the notion of a tangent line to the graph of a function, but the idea of 


intersecting the graph in one point does not carry over.* 
Tangent L 
line at 


FIGURE 2.10.1 Tangent line L touches a circle at point P 


[ Using Secant Lines Suppose у = f(x) is a continuous function. If, as 


shown in FIGURE 2.10.2, f possesses a line L tangent to its graph at a point P, 


then what is the equation of this line? To answer this question, we need the 


coordinates of P and the slope ти of L. The coordinates of P pose по 
difficulty, since a point on the graph of a function fis obtained by specifying a 
value of x in the domain of f. The coordinates of the point of tangency at x = а 
are then (a, f(a)). As a means of approximating the slope mun, we can readily 
find the slopes msec of secant lines that pass through the point P and any other 
point Q on the graph. See FIGURE 2.10.3. 
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FIGURE 2.10.2 Tangent line L to a graph at point P 
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FIGURE 2.10.3 Slopes of secant lines approximate the slope mtan ОҒ L 


[ Definition of a Tangent Line If P has coordinates (a, f(a)) and if Q has 


coordinates (а + h, Ка + һ)), then as shown in FIGURE 2.10.4, the slope of the 
secant line through P and Q is 


rise — f(a +h) — f(a) 
run (а-һ)-а 
fla + h) = Ка) 


or i= Е, (1) 
` h 


тез 


The expression on the right-hand side of the equality in (1) is called а 
difference quotient. When we let h take on values that are closer and closer 
to zero, that is, as л > 0, the sequence of points Q(a + h, Ка + h)) move along 
the curve closer and closer to the point Р(а, Ха)). Intuitively, we expect the 
secant lines to approach the tangent line L, and that msec > mun as h > 0. Using 


the idea of а limit introduced in Section 1.5 уе write 


Win — Ішті M sec 


discussion using the difference quotient (1). 


Secant 
line 
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FIGURE 2.10.4 Secant lines swing into the tangent line L as h — 0 


DEFINITION 2.10.1 Tangent Line with Slope 


Let y = f(x) be continuous at the number a. If the limit, 


fla + hy = f(a) 


exists, then the tangent line to the graph of f at (a, Ка)) is that 


line passing through the point (a, Ка)) with slope mtan. 


Just like the problems discussed in Section 1.5, observe that the limit in (2) 


has the indeterminate form 0/0 as h = 0. 


We are not going to delve into any theoretical details about when the limit (2) 
exists or does not exist—that discussion properly belongs in a calculus course. 
So to simplify the discussion, we will drop the phase "provided the limit 
exists." For this course it suffices simply to be aware of the fact that the limit 


(2) may not exist for certain values of a See Problem 43 in Exercises 2.10. 


It is very likely that early on in your calculus course you will be asked to 
compute the limit of a difference quotient such as (2). The computation of (2) 
is essentially a four-step process, and three of these steps involve only 
precalculus mathematics: algebra and trigonometry. Getting over the hurdles 
of algebraic or trigonometric manipulations in these first three steps is your 
primary goal. If done accurately, the fourth step, or the calculus step, may be 
the easiest part of the problem. In preparation for calculus we recommend that 


you be able to carry out the calculation of (2) for functions involving 
review (a + b)n for n = 2 and 3 

review adding symbolic fractions 

review rationalization of numerators and denominators 

e positive integer powers of x such as xn for n = 1, 2, and 3, 


| M 


E ж | 
* division of functions such as X and X | ‚ апа 


а 
* radicals such as X : 


See Problems 1-10 іп Exercises 2.10. 


The Four-Step Process 


Find the slope of the tangent line to the graph of = x + 2 аёх = 1. 


Solution We first compute the difference quotient in (2) with the identification 
thata = 1. 


(i) The initial step is the computation of Ха + 1). Because functions can be 
complicated, it might help in this step to think of x wherever it appears in the 
function f(x) as a set of parentheses ( ). For the given function we write f( ) — 
()2 +2. The idea is to substitute 1 + / into those parentheses and carry out the 


required algebra: 


1+ А) = (1+ л)? + 2 
1 + 2А + 12) + 2 


2h + RW. 


( 
( 
3 


(ii) The computation of the difference Ка + h) — Ка) is the most important 
step. It is imperative that you simplify this step as much as possible. Here is a 
tip: In many of the problems that you will be required to do in calculus you 
will be able to factor h from the difference (а + h) — Ка). To begin, compute 
Ха), which in this case is f(1) = 1» + 2 = 3. Next, you can use the result from 
the preceding step: 


fi +h) —f(1)=3+2h + —3 


= 2h + k? 
= h(2 + h). < notice the factor of A 


(iii) The computation difference quotient 


f(a + h) — - f(a) 


/ l 18 now 


straightforward. Again, we use the results from the preceding step: 


fO +h) = КО h(2 + h) 
h h 


= 2 +h. <canceltheh’s 


(іу) The calculus step is now easy. From (2) we һауе 


from the result in step (ii) 


4 { 


(1+Л)— fd 
Man = lim л KD — lim (2 + h) = 2. 
һ->0 һ һ->0 


The slope of the tangent line to the graph of y = x2 + 2 at (1, 3) is 2. 


Equation of Tangent Line 


Find an equation of the tangent line whose slope was found in Example 1. 


Solution We know a point (1, 3) and a slope mun = 2, and so from the point- 


slope equation of a line we find 


y-3-22(x-— 1) Or у = 2х +1. 


Observe that the last equation is consistent with the х- and y-intercepts of the 


red line in FIGURE 2.10.5. 


y=2x+ 1 


FIGURE 2.10.5 Tangent line in Example 2 


[ The Derivative As you inspect Figure 2.10.5, imagine tangent lines at 
various points on the graph of f(x) = x» + 2. This particular function is known 
to have a tangent line at every point on its graph. The tangent lines to the left 
of the origin have negative slope, the tangent line at (0, 2) has zero slope, and 
the tangent lines to the right of the origin have positive slope (as seen in 
Example 1). In other words, for a function f the value of mtan at a point (a, 
Ха)) depends on the choice of the number а. Roughly speaking, there is at 
most one value of тал for each number a in the domain of a function f. More 
specifically, тап is itself a function with a domain that is a subset of the 
domain of the function f. Furthermore, it is usually possible to obtain a 
formula for this slope function. This is accomplished by computing the limit 


f(x + h) — f(x) 


h as h — 0. We then 


substitute a value of x after the limit has been found. The slope function 


derived in this manner from f is said to be the derivative of f and (instead of 


Mun) is denoted by the symbol f. 


DEFINITION 2.10.2 The Derivative 


The derivative of a function y = f(x) is the function f’ defined by 


222 -Itay — (Хх) 
f(x) = lim h 


(3) 


Example 1 Revisited 


Compute the derivative of f(x) = x» + 2. 


Solution We proceed exactly as in Example 1 except that we find f(x + Л) 
instead of f(1 + A). In the first three steps we calculate the difference quotient; 
in steps (її) and (iii) we use the results in the preceding step. In step (iv) we 


compute the limit of the difference quotient. 


(i) fx + һ) = (х+ ho + 2 = хә + 2хһ+ 2+2 


f(x +h) — f(x) 2 xà + 2xh + h? + 2 — (à + 2) 
= x + 2xh + h? + 2 — x? — 2 
= 2xh + k? 
(ii) = h(2x + h) 


f(x +h) – f(x) h(2x +h) 
(iii) h h 


=2x+h + cancel h’s 


(iv) From (3) the derivative of f is the limit as h > 0 of the result in (iii). 


During the process of shrinking Л smaller and smaller, x is held fixed. Hence 


f'(x) = lim(2x + h) = 2x. 
һ->0 


So now we have two functions; from f(x) = x» + 2 we have obtained the 
derivative f(x) = 2x. When evaluated at a number х, the function f gives the y- 
coordinate of a point on the graph and the derived function f" gives the slope 


of the tangent line at that point. We have already seen in Example 1 that f(1) = 


3 and f(1) = 2. 


With the aid of the derivative /(х) - 2х we can find slopes at other points on 
the graph of f(x) = x: + 2. For example, 


bee f(0)22 «— point of tangency is (0,2) 
m on =0 *— slope of tangent line at (0, 2) is m = 0 
ЖИРЕН ЇЁ -3) = 11 <— point of tangency is (-3,11) 

| f(—3) = —6 <— slope of tangent line at ( —3, 11) ism = —6 


The fact that (0) = 0 means that the tangent line to the graph of fis horizontal 
at the point (0, 2). 


Derivative of a Function 


Compute the derivative of f(x) = 2x3 — 4x + 5. 
Solution 


(i) The function is f( ) = 2( )» — 4( ) + 5 and so 


f(x + В) = 2(x + hy — 4(х + h) + 5. 


The algebra here is a bit more complicated than in the previous example. We 
will use the binomial expansion for (a + b): and the distributive law. 


Continuing, 


See (7) in Section 1.5. 


f(x +h) 2( + 3h + Зх? + №) — A(x + h) +5 
2x7 + бр + 6хһ? + 2h? — 4х — 4h + 5 eee 


of the distributive law 


(ii) As mentioned previously, in this step we are looking for a factor of h: 


f(x +h) — f(x) -2х + 6h + 6x? + 2I — 4x 
4h + 5 — (238 — Ax + 5) 
28 + 6x°h + 6xh? + 213 — Ах 
Аһ + 5 — 2x +4х-5 < terms inred add to 0 
= 68h + 6xh? + 213 — 4h 
= h(6x + 6xh + 2n? 4) < factor out A 


(iii) We use the last result: 


f(x +h) — f(x) _ h(6x + 6xh + 2h? — 4) 


h h 
= бл? + 6xh + 2А? — 4 


= cancel h’s 


(iv) From (3) and the preceding step the derivative of fis 


fx) = lim(6x + 6xh + 2h? — 4) = 60 — 4. = 
= 


Equation of Tangent Line 


Find an equation of the tangent line to the graph of f(x) = 2/x at x = 2. 


Solution We start by finding the derivative of f. In the second of the four steps 


we will have to combine two symbolic fractions by means of a common 


2 
f(x +h) = 
о. 1.2 d 


2... 2X th 
xthx xxt+h 
oe = 2% = Dh 
L—————À— —2x-2x-0 
x(x + h) 
—2h 
= = there is the factor of h 


(ii) x(x + h) 


= а common denominator is x(x + h) 


h 


(iii) The last result is to be divided by Л, or more precisely | . We invert 


and multiply by / ] 2 


—2h 
fxh) — f(x) _ x(x + h) —2h 1 -2 
һ h x(x Л)? — x(x- h) 
І 


= cancel h's 


(iv) From (3) the derivative of f'is 


-7 = 


(х) = lim = 
fo) h0 x(x + h) х? 


We are now in a position to find an equation of the tangent line at ће point 
corresponding to x = 2. From f(2) = 2/2 = 1, we get the point of tangency (2, 
1). Then from the derivative f(x) = —2/x» we see that /(2) = —2/4, and so the 


| 


т 
slope of the tangent line at (2, 1) is 12. From the point-slope equation 
of a line, the tangent line is 
y-12 —5(х — 2) ог y=-3x+2 


The graph of у = 2/x is the graph of у = 1/х stretched vertically. (See Figure 


2.2.1(e).) The tangent line at (2, 1) is shown in red in FIGURE 2.10.6. 


Point of tangency 


(2, 1) 


Slope is /7(2) = - 


FIGURE 2.10.6 Tangent line in Example 5 


[ Alternative Definition There is an alternative definition of the 


derivative. If we let x = a + h in (2), then h = x — a. Consequently the slope of 
the secant line through P(a, f(a)) and Q(x, f(x)), as shown in FIGURE 2.10.7, is 


fx) — fla) 


X а . As h > 0 we must have x > а, and 
so the derivative (3) takes on the form 


(x) — f(a 
f(a) = токо (4) 


xa х= ag 


Secant 
line 


О(х, ТОО) 
f(x) — Ка) 


Tangent L 
line 


P(a, f(a)) 


FIGURE 2.10.7 Secant line and tangent line at (a, f(a)) 


Review (1) and (2) of Section 1.5. 


Using (4) 


Use (4) to compute the derivative of f(x) = 4x» — 5x + 9. 


Solution We use the four-step process exactly as in Examples 3 and 4. The 
algebra is a slightly different; the analogue of the tip in (й) of Example 1 is 
that we look for the factor x — a in the difference f(x) — f(a). Thus step (ii) will 


often require factoring the difference of two squares, the difference of two 


cubes, and so on. 


(i) Ка) = 4a» — 5a + 9 


f(x) 


(i) 


(а) = 4) — 5x + 9 — (44? - 5а + 9) 


= 402 — 5x + 9 - 44? + 5a — 9 

= 4x? — 5x — 4а? + 5a -f 
= 4d — Да? — Sx + 5a 
-4(2-а)-5(х-а) 
=4(х=аета -50с-а) “очей —a 
= (x — a)[4(x + а) — 5] 
= (x — а)(Ах + 4a — 5) 


regroup terms in 
preparation for factoring 


first term is the 
difference of two squares, 


= < cancel x — а 


f(x) — fla) (x = а) (4х + 4a — 5) 


(üi) 


X 


a x—a 
= 4х + da — 5 


(іу) In the limit process indicated in (4), а is held fixed. Hence 


Ха) = lim(4x + 4a — 5) = 84 — 5. < ше Шин ой4хавх>> a is4a mm 
xa 


As you can see in (4) and the final line in Example 6, the derivative comes out 
a function of the symbol a rather than x, that is, /(а) - 8a - 5. As a 
consequence, (4) is not used as often as (3) to compute a derivative. See 
Problems 33-40 in Exercises 2.10. Nevertheless, (4) is important because it is 


convenient to use in some theoretical aspects of differential calculus. 


Exercises 2.10 Answers to selected odd- 
numbered problems begin on page ANS-10. 


In Problems 1—10, proceed as in Example 1. 


(a) Compute the difference quotient 


fla + п) — f(a) 


/ l at the given value 
of a. 


(b) Then, if instructed, compute 


. дачи) — fila) 
Man = м 
һ->0 h 


(c) Use the result of part (b) to find an equation of the tangent line at the point 


of tangency. 
1. f(x) -х2-6,а4-3 


2. f(x) = -3x + 10, a = -1 


Sh mes) mam е Il 
4. f(x) = —x2 + 5x-3,a=-2 


5. Дх == 2x34: 0:2. 


f(x) = 8 — 4, а= 


-2|-- 


6. 


(x) = =, а=] 
А Vx oc 


In Problems 11—26, proceed as in Examples 3 and 4. 


(a) Compute the difference quotient 
f(x + h) — f(x) 


/ 1 for the given 


function. 


(b) Then, if instructed, compute the derivative 


P(x) = lim т = Лә) 
| һ—>0 h 
11. f) = 10 

12. fx) = -3x + 8 

13. f(x) = -4o 

14. fo) 2o -x 

15. f(x) 23e - x 47 

16. fx) =2m+x-1 

17. Қх) = хз + 5x- 4 


18. f(x) = 2x3 + x2 


MIS ——— 


+ С duc | 
20. ) | ) 2х mm 4 


f(x) = 


21. X — | 


2 | х + 5 


“ээ, 
Ри” 
т 
= 
|| 
ez 
+ 
| 


f(x) = > 


24. X 
Го) = 2Vx 
f(x) = V2x + 1 


In Problems 27-32, use the appropriate derivatives obtained in Problems 11- 


26. 


26. For the given function, find the point of tangency and slope of the tangent 
line at the indicated value of x. Find an equation of the tangent line at that 


point. 
27. fx) = 3o - x - 7, x 2 
28. х) = =x, x23 


29. fix) = х3 +5х- 4, х=1 


pug 1 Э 
f(x) = 2х +x, х= – 


--2|-- 


| 
fæ) -х%-, х= 


31. 


29 


3. у 2x = 4” 


In Problems 33-40, proceed as in Example 6. 


(a) Compute the difference quotient X (1 
for the given function. 


(b) Then, if instructed, compute the derivative 


f(a) = lim Их) 


х-?а X — 


f (a) 
a 

33. f(x) = 322+ 1 

34. fix) 232— 8x — 3 

35. fix) = 10x: 


36. f(x) = x 


"EE! 
f(x) = Р 


37. 


f(x) = 


3 X 
wi(x) = Vix 
, f(x) = — Vx + 9 


For Discussion 


In Problems 41 and 42, use either (3) or (4) to compute the derivative of the 
given function. Find the points on the graph of f at which f(x) = 0. Interpret 


your answers geometrically. 


41. f(x) = хз — Зо - 9x 


> | 4 3 
a f(x) = x" —3x +2 


43. Use (2) to show that the graph of f(x) = |x| possesses no tangent line at the 
point (0, 0). 


44. Use either (3) or (4) to compute the derivative of f(x) = xis. [Hint: Recall 
from Section 1.5, as — bs = (a — b)(a2 + ab + b»).] 


45. What is the tangent line to the graph of a linear function f(x) = ax + b? 


46. If f'(x) > 0 for every x in an interval, then what can be said about f on the 
interval? If f(x) < 0 for every x in an interval, then what can be said about f on 


the interval? [Hint: Draw a graph.] 


47. If fis an even function and if (x, y) is on the graph of f, then (—x, y) is also 
оп the graph of f. How are the slopes of the tangent lines at (x, y) and (-х, y) 


related? 


48. If fis an odd function and if (x, y) is on the graph of f, then (—x, —y) is 
also on the graph of f. How are the slopes of the tangent lines at (x, y) and (—x, 
—y) related? 


49. Consider the semicircle whose equation is 


т al ia . Discuss: How can 


the derivative f'(x) be found using only the geometric fact that the radius of a 


circle is perpendicular to the tangent line at a point (x, y) on the circle? 


50. Consider the semicircle whose equation is 


f(x) — t 
т . Use (3) to find the 


derivative f'(x) and compare your result with that in Problem 49. 


51. Find an equation of the tangent line, shown in red in FIGURE 2.10.8, to the 
graph of y = f(x) at point P. What аге /(-3) апа f(-3)? 


Tangent -3 
line 


FIGURE 2.10.8 Graph for Problem 51 


52. Find an equation of the tangent line, shown in red in FIGURE 2.10.9, to the 
graph of y = f(x) at point P. What is /(3)2 What is the y-intercept of the 


tangent line? 


Tangent line 


FIGURE 2.10.9 Graph for Problem 52 


Chapter 2 Review Exercises Answers to 


selected odd-numbered problems begin on page ANS 
— 10. 


А. ЕШ іп the Blanks 


In Problems 1-34, fill in the blanks. 


X) = ———— 
д x + 25 


) is a point on the graph of f. 


m Ax 
x) = — 
2. Л | Ox m 2 and f(2) = 3, then 


Az 


Е 


ba | 


3. The domain of the function 


f(x) = 
> 9 


4. The range of the function f(x) = |х| – 1015____ 


5. The zeros of the function 


f(x) = 


6. If the graph of fis symmetric with respect to the y-axis, f(—x) = 


х — | 


= P 
7. The graph of X is the graph of f(x) = 
_____ shifted 1 unit to the right. 


8. The point ( ‚ 3) lies on the graph of 


7 (. ) “ reflected in the y-axis. 


9. The lines 2x — Sy = 1 and Kx + Зу + 3 = 0 are parallel if k= 


10. The x- and y-intercepts of the line —4х + 3y — 48 = 0 are 


11. The graph of a linear function for which f(-2) = 0 and f(0) = —3 has slope 


m= 


12. An equation of a line through (1, 2) that is perpendicular to у = 3x — 5 is 


13. The x- and y-intercepts of the parabola f(x) = x — 2x — 1 are : 


14. The range of the function f(x) = —x: + 6x — 21 is T 


15. Тһе quadratic function f(x) = ax» + bx + c for which (0) = 7 and whose 
only x-intercept is (—2, 0) is f(x) = 
16. If f(x) 2 x + 2 and g(x) = x» — 2x, then (f° g)(-1) = 


17. The vertex of the graph of f(x) = x: is (0, 0). Therefore, the vertex of the 
graph of y = —5(х – 10)» + 2 is қ 


18. 4441 | (X ) = в сэн 4 


is the inverse of a one-to-one function f, and without finding f, the domain of f 


is and range of fis 


19. The x-intercept of a one-to-one function f is (5, 0), and so the y-intercept 


offiis — . 
ME ait 
20. The inverse 4 2x + | is f= 


21. The point (a, 16a) lies on the graph of 


Ах - 3, X 


im 
> 
| 
ық, 
+ 
т 
> 
ч Cc 
V A 
T 
IA 


22. J (x) - [х T 2| i 4 


К-5.3) = 


‚ Шеп 


23. If the entire graph of a one-to-one function f lies in the fourth quadrant, 


then graph of f-1 lies in the quadrant. 


24. The point (3, 1) lies on the graph of a one-to-one function f. If /-(2х) = 3, 


then x = 


In Problems 25-34, refer to FIGURE 2.R.1. Use approximation if necessary. 


УА (0.5, 3) 


-IF (2,-0.6) 


FIGURE 2.R.1 Graph for Problems 25-34 
25. The domain of fis___. 
26. Therangeoffis___. 
27. x-intercepts of the graph of fare — . 
28. fis decreasing on the intervals — — 
29. fis increasing on the intervals _____ 
30. fix) > Oontheintervals — . 
31. f(x) <Oontheintervals__. 
50 Иа 
33. The greatest function value on the interval [2, 6] is — 
34. If Кх) = 0.5, Шеп = a 


B. True/False 


In Problems 1-24, answer true or false. 

1. The points (0, 3), (2, 2), апа (6, 0) are соШпеаг — . 

2. The graph of a function сап have only one y-intercept — 
3. If fis a function such that f(a) = f(b), then a = b. 2 


4. The graph of nonzero function / сап be symmetric with respect to the x- 


axis. 
5. Тһе domain of f(x) = (x — 1)is is (о, оо). 
g(x) ДІ зр 


6. If f(x) =x and $ , then 
the domain of g/fis [-2, о). 


7. The graph of y = (x + 2» – 2х - 4 is the graph of f(x) = x» — 2x shifted 2 


units to the left. 


8. The graph of y = |-x| - 1 is a reflection of the graph of f(x) = |x| — 1 in the 


x-axis. 

9. A function fis one-to-one if it never takes on the same value twice. — — 
10. Two lines with positive slopes cannot be perpendicular. 

11. The equation of a vertical line through (2, —5)isx=2. 


12. A point of intersection of the graphs of f and f-: must Пе on the line y = x. 


13. The one-to-one function f(x) = 1/x has the property that f= f-1. 


14. The function f(x) = 2x2 + 16x — 2 decreases on the interval [-7, —2]. 


15. No even function defined on the interval (—a, a), а > 0, can be one-to-one. 


16. АП odd functions аге one-to-one. 


17. If a function fis one-to-one, then 


=] 
(X) = 
А, ғо) 


18. If fis an increasing function on an interval containing хі < x2, then f(x1) < 


Хо). 
19. The function f(x) = |x| — 1 is decreasing on the interval (0, с). 
20. For function composition, f° (e + л) = f * о + А. 


21. If the y-intercept for the graph of a function fis (0, 1), then the y-intercept 
for the graph of y 2 4 — 3f(x) is (0, 1). 


22. For any function f, (хі + хә) = f(x1) + f(x2). 


23. The graph of y = x: + 4х + 4 is the graph of f(x) = x» shifted horizontally 
to the right. 


24. The eraph of + Р “ dsthe graph of 


f | ) E m " * reflected in the y-axis. 


C. Review Exercises 


In Problems 1 and 2, identify two functions f and g so that h =f ° g. 


Шш 3x — 5 
h(x) eme 
h(x) = 4(x + 1) = Vx + 1 


3. Write the equation of each new function if the graph of f(x) = x3 — 2 is 
(a) shifted 3 units to the left. 

(b) shifted 5 units down. 

(c) shifted 1 unit to the right and 2 units up. 

(d) reflected in the x-axis. 

(e) reflected in the y-axis. 

(f) vertically stretched by a factor of 3. 


4. FIGURE 2.R.2 shows the graph of a function f whose domain is (— e», о). 
Sketch the graph of the following functions. 


(a) y 2 f(x) — т 


(b) у=Хх- 2) 


(с) 
(d) y = -fx) 
(e) y = f) 


(f) y = 28) 


FIGURE 2.R.2 Graph for Problem 4 


In Problems 5 and 6, use the graph of the one-to-one function f in Figure 
2.R 2. 


5. Give the domain and range of f... 
6. Sketch the graph of f. 


In Problems 7-10, the given graph is а rigidly transformed graph of a power 
function f. Identify the function and then write the equation of the graph. 


10. 


Graph for Problem 7 


Graph for Problem 8 


Graph for Problem 9 


FIGURE 2.R.6 Graph for Problem 10 


11. Express y = x – |x| + |х — 1| as a piecewise-defined function. Sketch the 


graph of the function. 


12. Sketch the graph of the function 


У ш [x] T | (X | the numbers at 


which the function is discontinuous. 


In Problems 13 and 14, by examining the graph of the function f give the 


domain of the function g. 


13. f(x) =x — 6x + 10, g(x) = М? — 6x + 10 


f(x) =- + 7х— 6, g(x) = 


Іп Problems 15 and 16, 


| 5 


(х) = ——, g(x) = — 
fi x + 1 5 х= 2] Give the 


domain of the indicated composition. 

IS, //9:5 

16. gef 

In Problems 17 and 18, the given function fis one-to-one. Find f-1. 


17. Кх) = (x+ Ds 


f(x) =x + Ух 


19. Express the area of the yellow region in FIGURE 2.R.7 as a function of Л. 


у 


FIGURE 2.8.7 Circle іп Problem 19 


20. Determine a quadratic function that describes the parabolic arch shown in 


FIGURE 2.R.8. 


Le —13 &——- 


FIGURE 2.R.8 Arch in Problem 20 


21. The diameter d of a cube is the distance between opposite vertices as 
shown in FIGURE 2.R.9. Express the diameter d as a function of the length s of a 


side of the cube by first expressing the length y of the diagonal in Figure 2.R.9 
as a function of s. 


FIGURE 2.R.9 Cube in Problem 21 


22. А circular cylinder of height h is inscribed in a sphere of radius 1 as 


shown in FIGURE 2.R.10. Express the volume of the cylinder as a function of Л. 


FIGURE 2.8.10 Cylinder in Problem 22 


23. A baseball diamond is a square that is 90 ft on a side. See FIGURE 2.R.11. 
After a player hits a home run, he jogs around the bases at a rate of 6 ft/s. 


(a) As the player jogs between home base and first base, express his distance 
from home base as a function of time 7, where t = 0 corresponds to the time he 
left home base—that 15,0 < £ < 15. 


(b) As the player jogs between home base and first base, express his distance 
from second base as a function of time 1, where 0 < f < 15. 


Зесопа Базе 


FIGURE 2.R.11 Baseball player in Problem 23 


24. Consider the four circles shown in FIGURE 2.R.12. Express the area of the 
blue region between them as a function of Л. 


y 


лы 4. 


FIGURE 2.8.12 Circles іп Problem 24 


In Problems 25-28, find the objective function for the given calculus problem. 
Do not actually attempt to solve the problem. 


25. Find the minimum value of Фе sum of 20 times a positive number and 5 
times the reciprocal of that number. 


26. Arancher wants to use 100 m of fence to construct a diagonal fence 
connecting two existing walls that meet at a right angle. How should this be 
done so that the area enclosed by the walls and fence is a maximum? 


27. The running track shown as the red curve in FIGURE 2.R.13 is to consist of 
two parallel straight parts and two semicircular parts. The length of the track 
is to be 2 km. Find the design of the track so that the rectangular plot of land 


enclosed by the track is a maximum. 


FIGURE 2.8.13 Running track in Problem 27 


28. А pipeline is to be constructed from a refinery across a swamp to storage 
tanks. See FIGURE 2.R.14. The cost of construction is $25,000 per mile over the 
swamp and $20,000 per mile over land. How should the pipeline be made so 


that the cost of construction is a minimum? 


Storage tanks 


Swamp 


FIGURE 2.8.14 Pipeline in Problem 28 
In Problems 29-32, compute 
, -JAFTA =J) 
f'(x) = lim— — — — 


һ->0 h for the given 
5 
function. Find an equation of the tangent line to the graph of f at the indicated 


value of x. 


29. f(x) = —3x2 + 16x + 12, x 2 


30. f(x) = x - x2, x=-1 


— 
mmm 
- 
— 
|| 

t3 
э 
— 
|| 
-2|-- 


EF . 2X 
M(x) =x+4Vx, x=4 


In Problems 33-36, use the derivative f'(x) to determine whether there аге any 


points on the graph of f where the tangent line is horizontal. 
33. fin Problem 29 
34. fin Problem 30 
35. fin Problem 31 


36. fin Problem 32 


*Many instructors like to call x the input of the function and f(x) the output. 


* We leave the discussion of the many subtleties and questions surrounding the tangent 


line problem to a course in calculus. 


3 Polynomial and Rational 
Functions 


Chapter Contents 


3.1 Polynomial Functions 

3.2 Division of Polynomial Functions 

3.3 Zeros and Factors of Polynomial Functions 
3.4 Real Zeros of Polynomial Functions 

3.5 Approximating Real Zeros 


3.6 Rational Functions 


Calculus 
37 PREVIEW The Area Problem 


Chapter 3 Review Exercises 


3.1 Polynomial Functions 


INTRODUCTION In Chapter 2 we graphed functions such as y = 3, y = 2x – 
1, y = 5x» — 2x +4, and y = хз. These functions, in which the variable x is 
raised to a nonnegative integer power, are examples of a more general type of 
function called a polynomial function. Our goal in this section is to examine 
some of the properties of polynomial functions and to present some general 
guidelines for graphing such functions. First we state the formal definition of 


a polynomial function. 


DEFINITION 3.1.1 Polynomial Function 


A polynomial function y — f(x) is a function of the form 


f(x): = aol a AE ax + ах + а 


where the coefficients ап, dn-1, ..., a», ал, ao are real numbers and 


n is a nonnegative integer. 


The domain of any polynomial function fis the set of all real numbers (— с, 


со Jk 
The following functions are not polynomial functions: 


not a nonnegative integer | nota nonnegative integer 


y = 5x — 3х! and y = 2x!? — 4. 


The function 


nonnegative integr powers 


x! — 10? + 7х? + 6x + 4 


5 
|| 
oo 
>t 
i 
| 
м 
= 


is a polynomial, where we interpret the number 4 as the coefficient of xo. 
Since 0 is a nonnegative integer, a constant function such as y = 3 is a 


polynomial function because it is the same as y = Зхо. 


[ Degree Polynomial functions are classified by their degree. The highest 


power of x in a polynomial is said to be its degree. So if an # 0, then we say 
that f(x) in (1) has degree z. The number a» in (1) is called the leading 
coefficient and ao is called the constant term of the polynomial. For example, 


degree | 


f(x) = 37 — 4х — 3x + 8, 
Ї Ї 


leading coefficient constant term 


is a polynomial function of degree 5. We have already studied special 
polynomial functions in Sections 2.3 and 2.4. Polynomial functions of degrees 


n=0,n= 1, andn= 2 аге, respectively, 


f(x) = a, constant function | 

В : . Section 2.3 
f(x) = ах + do, linear function 

f(x) = ах? + ах + ao. quadratic function] Section 2.4 


Polynomials of degrees и = 3, п = 4, апа и = 5 are, in turn, commonly referred 
to as cubic, quartic, and quintic functions. The constant function f(x) = 0 is 


called the zero polynomial. 


[ Graphs Recall that the graph of a constant function f(x) = ao is a 


horizontal line, the graph of a linear function f(x) = aix + ao is a line with 


slope m = a1, and the graph of a quadratic function f(x) = a2x2 + aix + ao is a 
parabola. See Sections 2.3 and 2.4. Such descriptive statements cannot be 
made about the graph of a higher-degree polynomial function. What is the 
shape of the graph of a fifth-degree polynomial function? It turns out that the 
graph of a polynomial function of degree n > 3 сап have several possible 
shapes. In general, graphing a polynomial function f of degree n 2 3 often 
demands the use of either calculus or a graphing utility. However, we will see 


in the discussion that follows that by determining 
* shifting, 
* end behavior, 


* symmetry, 


intercepts, and 
* local behavior 


of the function we can, in some instances, quickly sketch a reasonable graph 
of a higher-degree polynomial function while keeping point-plotting to a 
minimum. Before elaborating on each of these concepts we return to the 


notion of a power function first introduced in Section 2.2. 


[ Power Function A special case of the power function (see Section 2.2) is 


the single-term polynomial function or monomial, 


f(x) = х", na positive integer. (2) 


The graphs of f for degrees n = 1, 2, 3, 4, 5, and 6 are given in FIGURE 3.1.1. 
The interesting fact about (2) is that all the graphs for n odd are basically the 
same. The notable characteristics are that the graphs are symmetric about the 
origin and become increasingly flatter near the origin as the degree n 
increases. See Figures 3.1.1(а)-3.1.1(с). A similar observation is true for the 
graphs of (2) for n even, except, of course, the graphs are symmetric with 
respect to the y-axis. See Figures 3.1.1(d)-3.1.1(f). 


(d)nz2,f(x) =х2 (e)n = 4, f(x) = x4 (f) n = 6, f(x) = х6 


FIGURE 3.1.1 Brief catalogue of power functions f(x) — x» n — 
ША, euet lo 


[ Shifted Graphs Recall from Section 2.2 that for с > 0, the graphs of 


polynomial functions of the form 


n 


ax" + c, y-ax —c 
and у = а(х + с)", у = а(х — с)" 


за 
ll 


can be obtained by vertical and horizontal shifts of the graph of y = axn. Also, 
if the leading coefficient а is positive, the graph of y = ах» is either a vertical 
stretch or a vertical compression of the graph of the basic single-term 
polynomial function f(x) = x». When a is negative we also carry out a 


reflection in the x-axis. 


Graphing a Shifted Polynomial Function 


The graph of y = —(х + 2)3 — 1 is the graph of f(x) = x: reflected in the x-axis, 
shifted 2 units to the left, and then shifted vertically downward 1 unit. First 
review Figure 3.1.1(b) and then see FIGURE 3.1.2. 


FIGURE 3.1.2 Reflected and shifted graph іп Example 1 


[ End Behavior The knowledge of the shape of a single-term polynomial 


function f(x) - x» is important for another reason. Before reading further, 
examine the computer-generated graphs given in FIGURE 3.1.3 and FIGURE 3.1.4. 
Although the graph in Figure 3.1.3 certainly resembles the graphs in Figures 
3.1.1(b) and 3.1.1(c), and the graph in Figure 3.1.4 resembles the graphs in 
Figures 3.1.1(d)-3.11(f), the functions graphed in these two figures are not 
power functions f(x) = x», n odd, or f(x) = x», n even. We will not tell you what 
the specific functions are except to say that they were both graphed on the 
interval [-1000, 1000]. The point is this: the function whose graph is given in 


Figure 3.1.3 could be almost алу polynomial function 


f(x) = a," + а-ы + ах + ay (3) 


Graph of a polynomial function with ал > 0 of odd 
degree on [— 1000, 1000] 


FIGURE 3.1.4 Graph of a polynomial function with ал > 0 of even 
degree on [— 1000, 10001 


with a» > 0, of odd degree n, n = 3, 5, ... when graphed on |-1000, 1000]. 
Similarly, the graph in Figure 3.1.4 could be that of any polynomial function 
given in (1), with a» > 0, of even degree n, п = 2, 4, ... when graphed on a 
large interval around the origin. As the next theorem indicates, the terms 
enclosed in the blue rectangle in (3) are irrelevant when we look at a graph of 
a polynomial globally—that is, for large values of |x|. How f(x) behaves when 


|x| is very large is said to be the end behavior a polynomial function f. 


THEOREM 3.1.1 End Behavior 


For |x| very large, that is, for x = - œ and x — >, the graph of 


the polynomial function f(x) = ал + dn-1Xn-1 + ... + ах + 
aix + ао, resembles the graph of y = anxn. 


To see why the graph of a polynomial function such as f(x) = —2x3 + 4x2 + 5 
resembles the graph of the single-term polynomial y = —2x3 when the values 


of |x| are large, let's factor out the highest power of x, that is, x: 


both these terms become 
negligible when |x| is large 


| 
4 5 
f(x) = x( 2+— + ) (4) 


X b са 


By letting |x| increase without bound, both 4/x and 5/хз can be made as close 
to 0 as we want. Thus when |х| is large, the values of the function f in (4) are 
closely approximated by the values of y = —2x3. For example, for x = 1000 we 


see that 


f(1000) = —2(1000)? + 4(1000)? + 5 = —1,995,999,995 
whereas y = —2(1000)? = —2,000,000,000. 


[ Types of End Behavior There сап be only four types of end behavior for 


a polynomial function f. Although two of the end behaviors are already 
illustrated in Figures 3.1.3 and 3.1.4, we include them in FIGURE 3.1.5. This 


pictorial summary shows that: 


The end behavior of a polynomial function f depends on its degree n and on 


the sign of its leading coefficient an. 


For example, to interpret the red arrows in Figure 3.1.5 let's examine part (a) 
of this figure. The position and direction of the left arrow (left arrow points 
down) indicates that the graph is heading downward (or is falling) when x is 
negative and large in magnitude. Similarly, the position and direction of the 
right arrow (right arrow points up) indicates that the graph is heading upward 
(or is rising) as x increases without bound in the positive direction of the x- 
axis. In symbols, this end behavior is written, in turn, 


f(x) —* as x —-, 


and f(x) 2 as х о. 


The symbol -> represents the word approaches. See Section 1.5. 
To describe the end behavior in, say, Figure 3.1.5(c), we write 


f(x)? as х->->, 


and f(xX)—9 as x. 


fx) = арх" a, x"! 4 +++ ax ag 


nan odd 
positive integer 


Pictorial / \ 
Summary of (а)а,>0 (b)a, «0 
End Behavior 


of Polynomial УА 
Functions \ | Ч 


yA 


п an even 
positive integer 


(13 


(Әа,>0 (d) a, «0 


FIGURE 3.1.5 End behavior of a polynomial function f depends on 
its degree n and on the sign of its leading coefficient ал 


For the function f(x) = —2x: + 4x» + 5 in (4), the end behavior is f(x) > оо as x 


> – о, and f(x) > – о as x > о. 


[ Relative Extrema The gaps between the arrows in Figure 3.1.5 


correspond to some interval around the origin. In these gaps the graph of f 
exhibits local behavior, in other words, the graph of f shows the 
characteristics of a polynomial function of a particular degree. This local 
behavior includes the x- and y-intercepts of the graph, the behavior of the 
graph at an x-intercept, the turning points of the graph, and observable 
symmetry of the graph (if any). A turning point is a point (c, f(c)) at which 
the graph of a polynomial function f changes direction, that is, the function f 
changes from increasing to decreasing or vice versa. The graph of a 
polynomial function of degree n can have up to п — 1 turning points. In 
calculus a turning point corresponds to a relative, or local, extremum of a 
function f. A relative extremum of f is classified as either a maximum or a 


minimum. This leads to the following definition. 


DEFINITION 3.1.2 Relative Extremum 


@ A number f(c) is a relative maximum of a function f if f(x) 


< f(c) for every x in some open interval (a, b) that contains c. 


(ü) A number f(c) is a relative minimum of a function f if f(x) 


> f(c) for every x in some open interval (a, b) that contains с. 


If (c, f(c)) is a turning point of a polynomial function, then in some interval (a, 
b) containing c the function value (с) is either the largest (relative maximum) 
or the smallest (relative minimum) function value on the interval. If f(c) is a 
relative maximum, then the graph of a polynomial function f must change 
from increasing immediately to the left of c to decreasing immediately to the 
right of c, whereas if f(c) is a relative minimum the function f changes from 
decreasing to increasing at c. The graph in FIGURE 3.1.6 shows a graph of a 
function f with two relative extrema; f(ci) is a relative maximum on the 


interval (ai, bi) and f(c2) is a relative minimum on the interval (a2, Ро). 


relative 
maximum 


у= Ах) 
ге!айуе 
minimum 
fi C4 ) 


X 


а»с»В» 


acıb] 


FIGURE 3.1.6 Two relative extrema of a function 


[ Symmetry It is easy to tell by inspection those polynomial functions 
whose graphs possess symmetry with respect to either the y-axis or the origin. 
The words “even” and “odd” functions have special meaning for polynomial 
functions. Recall that an even function is one for which f(—x) = Хх) and ап 
odd function is one for which f(—x) = —f(x). These two conditions hold for 
polynomial functions in which all the powers of x are even integers and odd 


integers, respectively. For example, 


even powers. odd powers. mixed power 


1 { { Ї | І { { { 
Кд-5%-702 f(x) = 1005 + 70 + 4x f(x) = 3х7 + xt + x + 2 


even function odd function neither even nor odd 


A function such as f(x) = 3х6- x + 6 is an even function because the obvious 


powers are even integers; the constant term 6 is actually 6xo, and 0 is an even 


nonnegative integer. 


[ Intercepts The graph of every polynomial function f passes through the y- 


axis since x = 0 is the domain of the function. The y-intercept is the point (0, 
f(0). Recall that a number c is a zero of a function f if fc) = 0. In this 
discussion we assume c is a real zero. If x — c is a factor of a polynomial 
function f, that is, f(x) = (x — c)q(x) where q(x) is another polynomial, then 
clearly f(c) 2 0 and the corresponding point on the graph is (c, 0). Thus the 
real zeros of a polynomial function are the x-coordinates of the x-intercepts of 
its graph. If (x — c)» is a factor of f, where m > 1 is a positive integer, and (x — 
C)m + 1 is not a factor of f, then c is said to be a repeated zero, or more 
precisely, a zero of multiplicity m. For example, f(x) = x» — 10x + 25 is 


equivalent to f(x) = (x — 5). Hence 5 is a repeated zero or a zero of 


1 


^W 2. When т = 1, c is called a simple zero. For example, 3 


and 2 are simple zeros of f(x) = T = x — 1 since f сап be written as 


f) = 6(х + 3)х Ін 2) The behavior 


л = 


of the graph of f at an x-intercept (c, 0) depends on whether c is a simple zero 


or a zero of multiplicity m > 1, where m is either an even or an odd integer. 


(с, 0) 


(а) Simple zero 


(b) Zero of odd 
multiplicity m = 3, 5,... 


(c, 0) 


(c) Zero of even 
multiplicity т = 2, 4,… 
FIGURE 3.1.7 x-intercepts of a polynomial function 


+ If cis a simple zero, then the graph of f passes directly through, or crosses, 
the x-axis at (c, 0). See FIGURE 3.1.7(a). 


+ If cis a zero of odd multiplicity т = 3, 5, ..., then the graph of f passes 
through the x-axis but is flattened at (c, 0). See Figure 3.1.7(b). 


+ If cis a zero of even multiplicity т = 2, 4, ..., then the graph of fis tangent 


to, or touches, the x-axis at (c, 0). See Figure 3.1.7(c). 


In the case when c is either a simple zero or a zero of odd multiplicity m = 3, 
5, ..., f(x) changes sign at (c, 0), whereas if c is a zero of even multiplicity т 
= 2, 4, ..., f(x) does not change sign at (с, 0). We note that depending on the 
sign of the leading coefficient of the polynomial, the graphs in Figure 3.1.7 
could be reflected in the x-axis. For example, at a zero of even multiplicity the 


graph of f could be tangent to the x-axis from below that axis. 


Graphing a Polynomial Function 


Graph f(x) = хз — 9x. 
Solution Here are some of the things we look at to sketch the graph of f: 


End Behavior: By ignoring all terms but the first, we see that the graph of f 
resembles the graph of y = хз for large values of |x|. In other words, the end 
behavior of the graph is as shown in Figure 3.1.5(a): f(x) > -œ as x > —ee, 


and f(x) > о as x oo. 


Symmetry: Since all the powers are odd integers, f is an odd function. The 


graph of fis symmetric with respect to the origin. 


Intercepts: f(0) 2 0, and so the y-intercept is (0, 0). Setting f(x) 2 0, we see that 


we must solve хз — 9х = 0. Factoring 
difference of two squares 


x(x? = 9) = 0 ог x(x — 3)(х + 3) = 0 


shows that simple zeros of f are x = 0 and x = +3. The x-intercepts аге (0, 0), 
(-3, 0), and (3, 0). 


The Graph: From left to right, the graph rises (f is increasing) from the third 
quadrant and passes straight through (—3, 0) since —3 is a simple zero. 
Although the graph is rising as it crosses the x-axis at this intercept it must 
turn back downward (f decreasing) at some point in the second quadrant to get 


through the intercept (0, 0). Since the graph is symmetric with respect to the 


origin, its behavior is just the opposite in the first and fourth quadrants. See 


FIGURE 3.1.8. 


FIGURE 3.1.8 Graph of function in Example 2 


In Example 2, the graph of f has two turning points. On the open interval (-3, 
0) there is a relative maximum of f and on the open interval (0, 3) there is a 
relative minimum of f. We made no attempt to locate the corresponding 
turning points precisely; this is something that would, in general, require 
techniques from calculus. The best we can do using precalculus mathematics 
to refine the graph is to resort to plotting additional points on the intervals of 
interest. By the way, f(x) 2 xs — 9x is the function whose graph on the interval 
[-1000, 1000] is given in Figure 3.1.3. 


Graphing a Polynomial Function 


Graph f(x) = (1 — x) (x + 1)». 
Solution Multiplying out, fis the same as f(x) = —хз — xo + x + 1. 


End Behavior: From the preceding line we see that the graph of f resembles 
the graph of y = -хз for large values of |x|, just the opposite of the end 
behavior of the function in Example 2. See Figure 3.1.5(b). 


Symmetry: As we see from f(x) = —хз — x2 + x + 1, there are both even and odd 
powers of x present. Hence the function / is neither even nor odd; its graph 


possesses no y-axis or origin symmetry. 


Intercepts: f(0) 2 1 so the y-intercept is (0, 1). From the given factored form of 
f(x), we see that (—1, 0) and (1, 0) are the x-intercepts. 


The Graph: From left to right, the graph falls (f decreasing) from the second 
quadrant and then, because —1 is a zero of multiplicity 2, the graph is tangent 
to the x-axis at (—1, 0). The graph then rises (f increasing) as it passes through 
the y-intercept (0, 1). At some point in the first quadrant the graph turns 
downward (f decreasing) and, since 1 is a simple zero, passes through the x- 


axis at (1, 0), heading downward into the fourth quadrant. See FIGURE 3.1.9. 


FIGURE 3.1.9 Graph of function in Example 3 


In Example 3, there are again two turning points. It should be clear from 


Figure 3.1.9 that (-1, 0) is a turning point; at this point f changes from 
decreasing to increasing and so (-1) = 0 is a relative minimum. At the turning 
point in the first quadrant f changes from increasing to decreasing. From the 


figure we see f has a relative maximum on the open interval (0, 1). 


Zeros of Multiplicity Two 


Graph f(x) = x4 — 4x» + 4. 


Solution Before proceeding, note that the right-hand side of f is a perfect 
square. That is, f(x) E (x2 - 2). Since 


Х-2-(х- v2)(x + V2 


exponents we can write 


) by the laws of 
f(x) = (x — У2)(х + V2). (5) 


End Behavior: Inspection of f(x) shows that its graph resembles the graph of y 
= x4 for large values of |x|. That is, the graph goes up to the left as х > – and 


up to the right as x > со, as shown in Figure 3.1.5(c). 


Symmetry: Because f(x) contains only even powers of x, it is an even function 


and so its graph is symmetric with respect to the y-axis. 


Intercepts: f(0) - 4, so the y-intercept is (0, 4). Inspection of (5) shows the x- 


wx V2.0), ( V2. 0) 


The Graph: From left to right, the graph falls from the second quadrant and 


then, because V2 is a zero of multiplicity 2, the graph touches 
(- V2, 0) 


the x-axis at % . The graph then rises from this 
point to the y-intercept (0, 4). We then use the y-axis symmetry to finish the 


graph in the first quadrant. See FIGURE 3.1.10. 


yzx*-4x^ +4 


FIGURE 3.1.10 Graph of function in Example 4 


In Example 4, the graph of f has three turning points. From the even 


multiplicity of the zeros, along with the y-axis symmetry, it can be deduced 


that — the 2 xintercepts ( Е v2 2 0) апа 
(N/2. 0) 


| аге turning points and 
f(-V2) = 0 
ч are relative minima, and that Фе y- 


intercept (0, 4) is a turning point and (0) - 4 is a relative maximum. 


Zero of Multiplicity Three 


Graph f(x) = -( + 4)(х — 2)». 


Solution End Behavior: Inspection of f shows that its graph resembles the 
graph of y = —x: for large values of |x|. This end behavior of f is shown in 
Figure 3.1.5(d). 


Symmetry: The function f is neither even nor odd. It is straightforward to show 


that f(-x) ж f(x) and f(-x) = —f(x). 


Intercepts: КО) = (—4)(-2) = 32, so the y-intercept is (0, 32). From the 
factored form of f(x), we see that (—4, 0) and (2, 0) are the x-intercepts. 


The Graph: From left to right, the graph rises from the third quadrant and 
then, because —4 is a simple zero, the graph of f passes directly through the x- 
axis at (-4, 0). At some point in the second quadrant the function f must 
change from increasing to decreasing to enable its graph to pass through the y- 
intercept (0, 32). After its graph passes through the y-intercept, the function f 
continues to decrease but, since 2 is a zero of multiplicity 3, its graph flattens 
as it passes through (2, 0), heading downward into the fourth quadrant. See 
FIGURE 3.1.11. 


y z-(x + 4)(х - 2? 
(0, 32) 


(-4, 0) 


FIGURE 3.1.11 Graph of function in Example 5 


Note in Example 5 that since f'is of degree 4, its graph could have up to three 
turning points. But as can be seen from Figure 3.1.11, the graph of f possesses 
only one turning point and at this point the function value is a relative 


maximum. 


Zeros of Multiplicity Two and Three 


Graph f(x) = (x — 3)(x = 1)2(х + 2). 


Solution The function f is of degree 6 and so its end behavior resembles the 
graph of y = xs for large values of |x|. See Figure 3.1.5(c). Also, the function f 
is neither even nor odd; its graph possesses по y-axis or origin symmetry. The 
y-intercept is (0, f(0)) = (0, —24). From the factors of f we see that x-intercepts 
of the graph are (-2, 0), (1, 0), and (3, 0). Since -2 is a zero of multiplicity 3, 
the graph of f is flattened as it passes through (—2, 0). Since 1 is a zero of 
multiplicity 2, the graph of f is tangent to the x-axis at (1, 0). Since 3 is a 
simple zero, the graph of f passes directly through the x-axis at (3, 0). Putting 
all these facts together we obtain the graph in FIGURE 3.1.12. 


(3,0) 


y = (x- 3)x- 1)2(х + 2)? 


FIGURE 3.1.12 Graph of function in Example 6 


In Example 6, since the function f is of degree 6 its graph could have up to 


five turning points. But as the graph in Figure 3.1.12 shows, there are only 
three turning points. At two of these points the unknown function values are 
relative minima; at the remaining point (1, 0), the function value f(1) = 0 is a 


relative maximum. 


y=fx) уд |у=/) 


(a) Corner (b) Cusp 


FIGURE 3.1.13 The graph of a polynomial function cannot have 


Corners Or сиѕрѕ 


[ Continuous Function As is apparent from the graphs presented in this 


section a polynomial function is continuous everywhere, that is, continuous 
on the interval (~œ, со), Recall from the discussion of continuity on page 90 
of Section 2.5 that this means the graph of a polynomial function f can have 
no holes, finite gaps, or infinite breaks in it. Moreover, a polynomial function f 
is a smooth function which means that its graph does not contain any sharp 
corners or any cusps. In FIGURE 3.1.13(a) the point (xo, f(xo)) is a corner of the 
graph of f whereas (xo, f(xo)) is a cusp in Figure 3.1.13(b). For example, the 
functions f(x) = |x| and f(x) = хәз are continuous everywhere but are not 
smooth functions; the graph of f(x) = |x| has a corner at the origin whereas the 


graph of f(x) = хәз has a cusp at the origin. See Figures 2.5.6(а) and 2.2.1(1). 


NOTES FROM THE CLASSROOM 


In (ii) of the Notes from the Classroom at the end of Section 2.1 we 
noted that a function could depend on several variables. A 
generalization of the monomial (2) to two independent variables 
x and y is a given by f(x, у) = xwy» where m and n are non- 
negative integers. The degree of f is defined to be т + n. For 
example, the degree of f(x, y) = xaye is m + n = 4 +6 = 10. 
Analogous to (1), a polynomial in two variables is finite sum 


of constant multiples of monomials. The degree of a polynomial 
of several variables is defined to be the highest degree of the 
monomials that comprise the function. For example, to find the 
degree of the polynomial function 


Ty) = Зеу = 10 оху НУ 5 (6) 


we examine the degree of each of the five monomials: 


degree of ry? :3 + 2 = 5 

degree of x?y$ : 2 + 6 = 8 < highest degree 
degree of xy? :4 +2 = 6 

degree of y* = 32y*:0 + 4 = « 

degree of x* = 33? :2 + 0 = 2 


Hence the degree of the function (6) is 8. 


Exercises 3.1 Answers to selected odd-numbered 
problems begin on page ANS-11. 


In Problems 1-8, proceed as in Example 1 and use transformations to sketch 


the graph of the given polynomial function. 
1. yz» -3 

2. yz-(x*2) 

3. y=@—2)3+2 

4. у=3—(х+2)» 


5. y=(x- 5) 


6. у=жм-1 
7. y=1-(@-1)4 
8. у=4+ (х + 1) 


In Problems 9-12, determine whether the given polynomial function f is even, 


odd, or neither even nor odd. Do not graph. 
9. f(x) = —2x3 + 4x 

10. f(x) = xs- 5x2 +7 

11. f(x) 2x5 4x3 + 9x € 1 

12. f(x) = x(x + 2)(x — 2) 


In Problems 13-18, match the given graph with one of the polynomial 


functions in (a)-(f). 
(a) f(x) = xxx — 1): 
(b) fix) = —xs(x — 1) 
(c) f(x) = xx — 1); 
(d) f(x) = —x(x — 1)» 
(e) f(x) = -xx - 1) 
(0) f(x) = xx — 1» 


13. 


14. 


15. 


Graph for Problem 13 


Graph for Problem 14 


16. 


17. 


Graph for Problem 15 


Graph for Problem 16 


Graph for Problem 17 


18. 


Graph for Problem 18 


In Problems 19—22, construct a polynomial function f that has the given 


properties. There is no unique answer. 


19. fis of degree 4, its graph is symmetric with respect to the y-axis, y- 


intercept is (0, —6) 


20. fis of degree 5, 0 is a zero of multiplicity 3, its graph is symmetric with 


respect to the origin 


21. fhas four real zeros, 1 is a simple zero, —3 is zero of multiplicity 2, 


behaves like y = —7x: for large values of |x| 


22. fis of degree 6, has four real zeros, 2 is a zero of multiplicity 3, behaves 


like y = 2x6 for large values of |x|, Д0) = 8 


In Problems 23-44, proceed as in Example 2 and sketch the graph of the 


given polynomial function f. 
23. f(x) = xs – 4x 

24. f(x) = 9х — хз 

25. f(x) = —хз + x2 + бх 

26. f(x) = хз + 7x2 + 12x 

27. fx) (x + 1)(х — 2)x - 4) 
28. fx) = (2 — х)(х + 2)(х + 1) 
29, f(x) = x4 — 4x3 + 3x2 

30. Rx) = xx- 2)» 

31. Rx) = (о- х)(- 5x + б) 
32. Rx) = обо + 3x + 2) 

33. Rx) = (2 = 1)( +9) 

34. fix) 2x44 5x2 — 6 

35. f(x) = -x4 + 2 - 1 


36. f(x) = xa— 6% +9 


37. fix) = ха + 3x3 

38. f(x) = x(x - 2)» 

39. f(x) = xs - 4x3 

40. f(x) = (x -2)s - (x - 25 
41. f(x) = 3x(x + 1)(х- 1)» 


42. fix) = (х + Ds(x - 1): 


2 


a f(x) = —3x(x + 2) (x — 2) 
44. Кх) = x(x + 1)2(x — 2)(x — 3) 

45. The graph of f(x) = хз — 3x is given in FIGURE 3.1.20. 

(a) Use the figure to obtain the graph of g(x) = f(x) +2. 


(b) Using only the graph obtained in part (a) write an equation, in factored 
form, for g(x). Then verify by multiplying out the factors that your equation 
for g(x) is the same as f(x) + 2 = хз – 3x + 2. 


FIGURE 3.1.20 Graph for Problem 45 


46. Find a polynomial function f of lowest possible degree whose graph is 
consistent with the graph given in FIGURE 3.1.21. 


FIGURE 3.1.21 Graph for Problem 46 


47 Find the value of К such that (2, 0) is an x-intercept for the graph of f(x) = 
kxs — x2 + 5x + 8. 


48. Find the values of kı and (> such that (—1, 0) and (1, 0) are x-intercepts for 
the graph of f(x) = Каха — koxs + x — 4. 


49. Find the value of k such that (0, 10) is the y-intercept for the graph of f(x) 
= хз — 2x2 + 14х – ЗК. 


50. Consider the polynomial function f(x) = (x — 2)» + (х + 5), where n is a 
positive integer. For what values of n does the graph of f touch, but not cross, 
the x-axis at (2, 0)? 


51. Consider the polynomial function f(x) = (x — 1)»+2(x + 1), where n is a 
positive integer. For what values of п does the graph of f cross the x-axis at (1, 
0)? 


52. Consider the polynomial function f(x) = (x — 5)2m(x + 1)2n-1, where m and 


n are positive integers. 
(a) For what values of m does the graph of f cross the x-axis at (5, 0)? 


(b) For what values of n does the graph of f'cross the x-axis at (—1, 0)? 


Calculus-Related Problems 


53. Constructing а Вох An open box can be made from a rectangular piece 
of cardboard by cutting a square of length x from each corner and bending up 
the sides. See FIGURE 3.1.22. If the cardboard measures 30 cm by 40 cm, show 
that the volume of the resulting box is given by 


V(x) = x(30 — 2x)(40 — 2x). 


Sketch the graph of V(x) for x > 0. What is the domain of the function V? 


i 


40 cm " 


FIGURE 3.1.22 Box in Problem 53 


54. Another Box In order to hold its shape, the box in Problem 53 will 
require tape or some other fastener at the corners. An open box that holds 
itself together can be made by cutting out a square of length x from each 
corner of a rectangular piece of cardboard, cutting on the solid line, and 
folding on the dashed lines, as shown in FIGURE 3.1.23. Find a polynomial 
function V(x) that gives the volume of the resulting box if the original 
cardboard measures 30 cm by 40 cm. Sketch the graph of V(x) for x > 0. 


В 


40 ст 


30 ст 


FIGURE 3.1.23 Вох in Problem 54 


55. Making а Cup А conical cup is made from a circular piece of paper of 
radius R by cutting out a circular sector and then joining the dashed edges as 
shown in FIGURE 3.1.24. Find a polynomial function V(/1) that gives the volume 


of the conical cup in terms of its height. 


56. Hourglass Sand flows from the top half of the conical hourglass shown in 
FIGURE 3.1.25 to the bottom half at a constant rate. Find a polynomial function 

V(h) that gives the volume of the bottom pile of sand in terms of the height of 
the sand. Assume that the top of the pile is level. [Hint: Use similar triangles.] 


Cut out 


(b) 


FIGURE 3.1.24 Cup in Problem 55 


сї 


FIGURE 3.1.25 Hourglass in Problem 56 
Calculator/Computer Problems 


In Problems 57 and 58, use a graphing utility to examine the graph of the 


given polynomial function on the indicated intervals. 

57. fix) = -(x — 8)(x + 10); [-15, 15], [-100, 100], [-1000, 1000] 
58. f(x) = (x — 5)2(x + 5)2; [-10, 10], [-100, 100], [-1000, 1000] 
For Discussion 


59. Examine Figure 3.1.5. Then discuss whether there can exist cubic 


polynomial functions that have no real zeros. 


60. Suppose a polynomial function f has three zeros, —3, 2, and 4, and has the 
end behavior that its graph goes down to the left as x > — со and down to the 


right as x > co. Discuss possible equations for f. 


61. Suppose f is a polynomial function of degree т and g is a polynomial 
function of degree n. What is the degree of f+ g? Of fg? 


62. Suppose f and g are polynomial functions. If c is a zero of f and of g, then 


show that с а zero of f+ g and fg. 


3.2 Division of Polynomial Functions 


INTRODUCTION If p > 0 and s > 0 are integers such that p > s, then p/s is 
called an improper fraction. By dividing p by s, we obtain unique numbers q 
and r that satisfy 


"тре оғ Зена 
imm 4 Р or р = sq + г, (1) 


where 0 < r< s. The number p is called the dividend, 5 is the divisor, q is 


the quotient, and г is the remainder. For example, consider the improper 


1052 


fraction 2 3 . Performing long division gives 


45 . c quotient 
divisor — 23)1052 < dividend 
92 + subtract 
22 (2) 
132 
115 
1 


5 
7. < remainder 


Тһе result in (2) be written as 


1052 — , и ш 
23 m 45 T 23, where 23 is a proper 


fraction since the numerator is less than the denominator; in other words, the 
fraction is less than 1. If we multiply this result by the divisor 23 we obtain 
the special way of writing the dividend p illustrated in the second equation in 


(1): 


quotient remainder 


<- 
ds 


divisor 


[ Division of Polynomials The method for dividing two polynomial 
functions f(x) and а(х) is similar to division of positive integers. If the degree 
of a polynomial f(x) is greater than or equal to the degree of the polynomial 
d(x), then f(x)/d(x) is also called an improper fraction. A result analogous to 
(1) is called the Division Algorithm for polynomials. 


THEOREM 3.2.1 Division Algorithm 


Let f(x) and а(х) = 0 be polynomials where the degree of f(x) is 
greater than or equal to the degree of d(x). Then there exist 
unique polynomials q(x) and r(x) such that 


or F(x) = d(x)q(x) + r(x) 


where r(x) has degree less than the degree of d(x). 


The polynomial f(x) is called the dividend, d(x) the divisor, g(x) the quotient, 
and r(x) the remainder. Because r(x) has degree less than the degree of d(x), 


the rational expression r(x)/d(x) is called a proper fraction. 
Observe in (4) when r(x) = 0, then f(x) = d(x)q(x), and so the divisor d(x) is a 
factor of f(x). In this case, we say that f(x) is divisible by а(х) or, in older 


terminology, d(x) divides evenly into f(x). 


Division of Two Polynomials 


Use long division to find the quotient q(x) and remainder r(x) when the 


polynomial f(x) = 3x3 — x» — 2x + 6 is divided by the polynomial d(x) = x» + 1. 


Solution By long division, 


3x —1 < quotient 


divisor > x? + 1)323 х®—2х+6 dividend 
За? + Ox? + Зх < subtract 
SERENE GEO (5) 
= = 5x б 
—x + 0х—1 
—5x +7 remainder 
The result of the division in (5) can be written 
r(x) 
q(x) 
3 9 
Ar —y — 2x + 6 FSR —5х + 7 
= = 3x — I + 0 
xl x + | 


If we multiply both sides of the last equation by the divisor x2 + 1, we get the 


second form given in (4): 


38 — x? — 2x + 6 = (X3 + 1)(3x — 1) + (—5х + 7). (6) 


If the divisor d(x) is a linear polynomial x — с, it follows from the Division 
Algorithm that the degree of the remainder г is 0, that is to say, r is a constant. 
Thus (4) becomes 


f(x) = (x = с)а(х) + г. (7) 


When the number x = c is substituted into (7), we discover an alternative way 


of evaluating a polynomial function: 


0 
l 


f(c) = (c— c)q(c) +r ог (с) = г. 


Тһе foregoing result is called the Remainder Theorem. 


THEOREM 3.2.2 Remainder Theorem 


If a polynomial f(x) is divided by a linear polynomial x — c, 


then the remainder r is the value of f(x) at x — c, that is, f(c) — 


ЇЕ 


Finding the Remainder 


Use the Remainder Theorem to find ғ when f(x) = 4xs — x: + 4 is divided by x 
-2. 


Solution From the Remainder Theorem, the remainder r is the value of the 


function f evaluated at x = 2: 


r = f(2) = 4(2)° - (2) 


+ 
ы 
| 
(9 
5 
55 


Example 2, where а remainder г is determined by calculating a function value 
Кс), is more interesting than important. What is important is the reverse 
problem: Determine the function value f(c) by finding the remainder r by 


division of f by x — c. The next two examples illustrate this concept. 


Evaluation by Division 


Use the Remainder Theorem to find f(c) for f(x) = xs — 4x3 + 2x - 10 when c = 
=o 


Solution The value f(—3) is the remainder when f(x) = xs — 4x3 + 2x — 10 is 
divided by x — (-3) = x + 3. For the purposes of long division we must 


account for the missing x4 and x2 terms by rewriting the dividend as 


f(x) = + Ox? — 40 + 0х? + 2x — 10. 


#— 3x3 + 5х2 — 15x +47 
Then, х +3)? + O6 —A) + O + 2x— 10 (9) 
x + 3x4 
—3* – 43 + O + 2x— 10 
—3x* = Ox? 
5x? + Ox? + 2x— 10 
5x? + 15х2 
—15x + 2x— 10 
—15x7 — 45x 
47x — 10 
47x + 141 


The remainder r in the division is the value of the function f at x = —3, that is, 


ДЗ) =-151. 
Бен 


| Synthetic Division After working through Example 3 опе could 


justifiably ask the question: Why would anyone want to calculate the value of 
a polynomial function f by division? The answer is: We would not bother do 
this were it not for synthetic division. Synthetic division is a shorthand 
method of dividing a polynomial f(x) by a linear polynomial x — c; it does not 
require writing down the various powers of the variable x but only the 
coefficients of these powers in the dividend f(x) (which must include all 0 
coefficients). It is also a very efficient and quick way of evaluating f(c), since 
the process utilizes only the arithmetic operations of multiplication and 
addition. No exponentiations such as 23 and 2» in (8) are involved. Неге is the 


same division in (9) done synthetically: 


-3| 1 0 -4 0 2 -0 


-3 9 —15 45 —141 (10) 


1. —3 9-15. 47 |—11=т=/[(—3) 


For а review of synthetic division please see the Student Resource Manual that 
accompanies this text. 


Recall that the bottom line of numbers in (10) are the coefficients of the 
various powers of x in the quotient а(х) when f(x) = xs — 4x3 + 2x - 10 is 


divided by x + 3. You should compare this with the quotient obtained by the 


long division in (9). 


Using Synthetic Division to Evaluate a 
Function 


Use the remainder theorem to find f(c) for 


f(x) = —3x° + 40 + x* — 8х — бх? +9 


when c = 2. 


Solution We will use synthetic division to find the remainder ғ in the division 
of f by x — 2. We begin by writing down all the coefficients in f(x), including 0 


as the coefficient of x. From 


24 -3 4 ] 8 6 0 9 
—6 -4 —6 -28 —68 —136 
3 2 3 14 34 68 127 =r 


we see that f(2) = —127. 


Using Synthetic Division to Evaluate a 
Function 


Use synthetic division to evaluate f(x) = хз — 7x» + 13x – 15 at x = 5. 
Solution From the synthetic division 


S 1 -7 13 -15 
5 -10 15 (11) 


1)---2 3 0-r 


we see that f(5) = 0. 


[ Zeros and Factors The result f(5) = 0 in Example 5 shows that 5 is a zero 


of the given function f. Moreover, because г = 0 in (11) we have shown 
additionally that fis divisible by the linear polynomial x — 5, or put another 
way, x — 5 is a factor of f. The synthetic division (11) shows that f(x) 2 xs — 


7x2 + 13x — 15 is equivalent to 


In the next section we will further explore the use of the Division Algorithm 
and Remainder Theorem as a help in finding zeros and factors of a polynomial 


function. Problems 47—50 in Exercises 3.2 give a preview of this material. 


Exercises 3.2 Answers to selected odd-numbered 
problems begin on page ANS-11. 


In Problems 1-10, use long division to find the quotient q(x) and remainder 
r(x) when the polynomial f(x) is divided by the given polynomial а(х). In each 
case write your answer in the form f(x) = d(x)q(x) + r(x). 

1. f(x) = 8x + 4x - T; d(x) = x 

2. fx) = № + 2x -3; d(x) = о +1 

3. f(x) = 5x3 — 7х2 + Ax 1; а) =ю+х-1 

4. f(x) = 14x - 1222 + 6 d(x) 2 3-1 

5. Дх) = 2x3 + 40 — 3x + 5; d(x) = (x + 2) 

6. f(x) = хз t xot x l; d(x) = Qx + 1)2 


7. fx) = 2793 + x 2; d(x) = 3-х 


8. f(x) = x4 + 8; d(x) =ж+2х-1 
9. f(x) = 6x5 + 4x4 + хз; d(x) = x3 — 2 
10. f(x) = 5x6 — хз + 10x4 + 3x2 2x + 4; d(x) =ю+х-1 


In Problems 11-16, proceed as in Example 2 and use the Remainder Theorem 


to find r when f(x) is divided by the given linear polynomial. 
11. f(x) = 2709 - 4x + 6; x - 2 


12. f(x) 2 Зо + 7x 1; x € 3 


|= 


13. 9-о-4о 5x42; | 


14. f(x) = 5x3 + хо —- 4x- 6; х+1 
15. f(x) = жа — x3 + 22+3х-5;х-3 


c+ 


16. Дх) = 24 - To +x- 157 


191197) 


In Problems 17-22, proceed as in Example 3 and use the Remainder Theorem 


to find f(c) for the given value of c. 


17. f(x) = 4x - 10x + 6; c2 2 


l 
18. (х) = 66 *4x-2; > 4 


19. f(x) =x + 3x2+6x+6;c=—5 


20. f(x) = 15xs + 17x» — 30; 


5 — 


21. fx) = 3x4 — 5520; — 2 


22. f(x) = 14x4 — 60хз + 4992 — 21x + 19; с= 1 


In Problems 23-32, use synthetic division to find the quotient q(x) and 


remainder r when f(x) is divided by the given linear polynomial. 


23. f(x) 2229 - x c 5; x - 2 


CILE 


24. fo) = 4o - 8x6; — 


25. f(x) 2236 30 * 2; x € 3 

26. f(x) = 43 - 3o + 2x + 4; x - 7 

27. fx) = x0 16; x - 2 

28. f(x) = 4х4 + 3x3 — x2 - 5x 6; x43 

29. f(x) = хз + 56x2 — 4; x + 4 

30. fx) = 2x6 + 3x3 - 40 – 1; x 1 

31. f(x) => — (2 + V3)? + 3V3x — 3; х- V3 
ИҢ (х) = № + x4- 3747; х + V2 


In Problems 33-40, use synthetic division and (һе Remainder Theorem to find 


Хс) for the given value of c. 


33. f(x) 24: - 2x + 9; c = -3 


‚ — 1 
34. fx) 2-9: 18x - 10; | 3 
E цан 4/2 
mær] 
36. "— d 2 


37. f(x) = 14x4 — 60хз + 4992 — 21x + 19; с= 1 
38. f(x) = 3x5 + x2 = 16; c= -2 

39. f(x) 22xs— 3х5 + x4- 2x + 1; c =4 

40. f(x) = x1 — 3x5 + 2x3 - x + 10; с= 5 


In Problems 41 and 42, use long division to find a value of k such that f(x) is 
divisible by а(х). 


41. f(x) = х4 + хз + Зо + Кх— 4; ах =х-1 
42. f(x) = xs — 3x4 + 7 хз + ko + 9x — 5; d(x) =№-х+1 


In Problems 43 and 44, use synthetic division to find a value of К such that f(x) 
is divisible by а(х). 


43. f(x) = kxa + 2x2 + ӨК, d(x) 2 x- 1 
44. f(x) = хз + ko — 2Кх + 4; ах 2x42 


45. Find a value of К such that the remainder in the division of f(x) = 3x2 — 
4kx + 1 by dx) 2 x + 3 is r = -20. 


46. When f(x) = x: — Зх — 1 is divided by x - c, the remainder is r = 3. 


Determine c. 
For Discussion 


47. Reread the last paragraph of this section. Then use the fact that c is a zero 
of f(x) 2 xs — cs to show that 


f(x) = (x — c)3* + cx + сх + cx + с"). 


48. Use the result in Problem 47 to write f(x) 2 xs — 32 as a product of two 


factors. 


49. Use synthetic division to show that 


n 


f(x) = х + 3х —13x—1 


is divisible by the linear factor x + 1. Use this result to express Газ a product 


of three linear factors. 


50. If n > 2 is an even positive integer, explain why f(x) = x» — c» can be 


written as a product of three factors. 


51. Use the result in Problem 50 to write f(x) = xs — 256 as a product of three 


factors. 


52. Suppose п is a positive integer. Show that f(x) = xs + 1 is divisible by 
d(x) Ех + 1. 


3.3 Zeros and Factors of Polynomial 
Functions 


INTRODUCTION In Section 2.1 we saw that a zero of a function f is a 
number c for which (с) = 0. A zero c of a function f can be a real number or a 
complex number. Recall from algebra that a complex number is a number of 


the form 
z=a bi, where i^-—-—l, 


and a and Р are real numbers. The number а is called the real part of 2 and b 


is called the imaginary part of z. The symbol i is called the imaginary unit 


p= М-1 
and it is common practice to write it as і Пе = 


7 =a—l 
a + bi is a complex number, then RT a 2 l is called 
its conjugate. Thus the simple polynomial function f(x) = x» + 1 has two 


complex zeros since the solutions of x: + 1 = 0 are —— | , 
that is, i and —i. 


The arithmetic of complex numbers is reviewed in Appendix A. 


In this section we explore the connection between the zeros of a polynomial 


function f, the operation of division, and the factors of f. 


A Real Zero 


Consider the polynomial function f(x) = 2x3 — 9x2 + 6x — 1. The real number 


| 


іш 18 a zero of the function since 


A Complex Zero 


See (7) in Section 1.5. 


Consider the polynomial function f(x) = хз — 5x2 + 8x — 6. The complex 
number 1 + i is a zero of the function. To verify this we use the binomial 


expansion of (а + b): and the fact that 2 = —1 and is = р · i = (-l1)i = —i: 


fl + i) = (1 + if” - 5(1 + i) + 8(1+ i) — 6 
= (13 +3-12-i+3-1-2 +В) – 5(12 + 21+ P) + 8(1 + i) — 6 
2i) — 5(2i) + (2 + 8i) 


2) + (10 — 10)i = 0 + OF = 0. 


( 
E 


N N 


[ Factor Theorem We can now relate the notion of a zero of a polynomial 
function f with division of polynomials. From the Remainder Theorem we 
know that when f(x) is divided by the linear polynomial x — c the remainder is 
г = f(c). If c is a zero of f, then (с) = 0 implies г = 0. From the form of the 


Division Algorithm given in (4) of Section 3.2 we can then write f as 


f(x) = (x — e)q(x). (1) 


Thus, if c is a zero of a polynomial function f, then x — c is a factor of f(x). 
Conversely, if x — c is a factor of f(x), then f has the form given in (1). In this 
case, we see immediately that f(c) - (c — c)q(c) - 0. These results аге 


summarized in the Factor Theorem given next. 


THEOREM 3.3.1 Factor Theorem 


A number c is a zero of a polynomial function f if and only if x 


— cis a factor of f(x). 


Recall, if a polynomial function f is of degree n and (x — с)», m < n, isa 
factor of f(x), then c is said to be a zero of multiplicity т. When т = 1, c is а 
simple zero. Equivalently, we say that the number c is a root of multiplicity 
m of the equation f(x) - 0. We have already examined the graphical 
significance of repeated real zeros of a polynomial function f in Section 3.1. 
See Figure 3.1.7. 


Factors of a Polynomial 
Determine whether 
(a) x+ 1 is a factor of f(x) = xa — 5x2 + бх— 1, 
(b) x- 2 is a factor of f(x) = хз — Зо + 4. 


Solution We use synthetic division to divide f(x) by the given linear term. 


(a) From the division 


-1| 1 0 -5 6 -Ii 
-l 1 4 -10 
1 -1 -4 10 |-11=r=f(-1) 


we see that f(-1) = —11 and so —1 is not a zero of f. We conclude that x – (-1) 


= x + lis not a factor of f(x). 


(b) From the division 


1 -1 -2 =r=f(2) 


we see that (2) = 0. This means that 2 is a zero and that x — 2 is а factor of 


f(x). From the division we see that the quotient is g(x) = x2 — x — 2 and so f(x) 


= (х- 2)02-х-2). 


[ Number of Zeros In Example 6 of Section 3.1 we graphed the 


polynomial function 


Fix) = (x — 3)(x — 1)(х + 2). Q) 


Тһе number 3 is a simple zero of f; the number 1 is a zero of multiplicity 2; 
and —2 is a zero of multiplicity 3. Although the function f has three distinct 
zeros (different from one another), it is, nevertheless, standard practice to say 
that f has six zeros because we count the multiplicities of each zero. Hence for 


the function f in (2), the number of zeros is 1 + 2 + 3 = 6. The question: 


How many zeros does a polynomial function f have? 


is answered next. 


THEOREM 3.3.2 Fundamental Theorem of 
Algebra 


A polynomial function f of degree n > 0 has at least one zero. 


The foregoing theorem, first proved by the German mathematician Carl 
Friedrich Gauss (1777-1855) in 1799, is considered one of the major 
milestones in the history of mathematics. At first reading this theorem does 
not appear to say much, but when combined with the Factor Theorem, the 


Fundamental Theorem of Algebra shows: 


Every polynomial function f of degree n > 0 has exactly n zeros. (3) 


Of course if a zero is repeated—say, it has multiplicity k—we count that zero 
k times. To prove (3), we know from the Fundamental Theorem of Algebra 


that f has a zero (call it ci). By the Factor Theorem we can write 


f(x) = (x — с), (х), (4) 


where qi is a polynomial function of degree п — 1. If n — 1 ж 0, then in like 


manner we know that 41 must have a zero (call it сэ) and so (4) becomes 
f(x) = (x — e)(x — с,)4:(х). 


where 42 is a polynomial function of degree n — 2. If n — 2 ж 0, we continue 


and arrive at 


f(x) = (x — ey)(x — e)(x — e)qa(x). (5) 


and so on. Eventually we arrive at a factorization of f(x) with n linear factors 
and the last factor 4»(х) of degree 0. In other words, gn(x) = a», where ал is a 


constant. We have arrived at the complete factorization of f(x). 


THEOREM 3.3.3 Complete Factorization 
Theorem 


Let сі, c2, ..., c» be the n (not necessarily distinct) zeros of the 
polynomial function of degree n > 0: 


f(x) = ax" + ами bec ax? + ax + dy 


Then f(x) can be written as a product of n linear factors 


го) — a. су) —6):*-(X—6) 


Bear in mind that some or all the zeros ci, ..., c» in (6) may be complex 


numbers a 4 bi, where b ж 0. 


In the case of a second-degree, or quadratic, polynomial function f(x) = аю + 
bx + c, where the coefficients a, b, and c аге real numbers, the zeros сі and c2 


of f can be found using the quadratic formula: 


Lob -— b? — 4ac 


—b + V D? — Дас 
c, = and = 


7 
2а 2а МА 


The results in (7) tell the whole story about the zeros of the quadratic 
function: the zeros are real and distinct when b2 — 4ac > 0, real with 
multiplicity two when b2 — 4ac = 0, and complex and distinct when b» - 4ac < 
0. It follows from (6) that the complete factorization of a quadratic 


polynomial function is 


f(x) = a(x — с,)(х — с). (8) 


Example 1 Revisited 


1 


In Example 1 we demonstrated that 2 is а zero of f(x) = 2x3 — 9 + 6x — 1. 


We now know that ^ ~ 2 is a factor of f(x) and that f(x) has three 
zeros. The synthetic division 


2 -9 6 -I 
I -4 1 


2 —8 2 0=r 


ь2|-- 


| 


again ам that 2 is a zero of f(x) (the 0 remainder is the value of 
f 2 ) ) and, additionally, gives us the auotient q(x) obtained in the 


division of f(x) | Бу Г | 2 that is, 
(ху = РЕ IOL — 8х +2 

f ) (a 2 | ( 24 бл T - ) As shown іп 

(8), we can now factor the quadratic quotient g(x) = 2x2 — 8x + 2 by finding 


the roots of 2x2 — 8x + 2 = 0 by the quadratic formula: 


| У48 = V16-3 = V16V3 = 4V3| 


-(-8) = М(-8)? - 4(2)(2) 8 + V48 8-4У3 
ix = = = 
4 4 4 
240+ V3. 22.6 
4 


Thus the remaining zeros of f(x) are the irrational numbers 


2+ ^з — V3ESI 


identification of the leading coefficient as аз = 2, it follows from (6) that the 


complete factorization of f(x) is then 


(x — (2 + V3))(x — (2 — V3)) 
(x — 2 — V3) (x — 2 + V3). 


I 
N 
— 


f(x) 2) 
) 


Using Synthetic Division 
Find the complete factorization of 


f(x) =f — 12х + 47х? — 62x + 26 


given that 1 is a zero of f of multiplicity 2. 


Solution We know that x — 1 is a factor of f(x), so by the division 


1] 1-12 47 —62 26 
1 —11 36 -26 
1 =й 36 -26 0 = г 
we find f(x) = (x = DG? — Ил + 36x - 26). 


Since 1 is a zero of multiplicity 2, x — 1 must also be a factor of the quotient 


q(x) = xs — 11x2 + 36x - 26. By the division, 


1| 1-1 26 -26 
1  —10 26 
1 —10 26 О = г 


we conclude that q(x) can be written q(x) 2 (x — 1)(x2 — 10x + 26). Therefore, 
21.4 
f(x) = (x — 1) (х - 10x + 26). 


The remaining two zeros, found by solving x2 — 10x + 26 = 0 by the quadratic 
formula, аге the complex numbers 5 + i and 5 - i. Since the leading coefficient 


is a4 = 1 the complete factorization of f(x) is 


f(x) = (х — 1)(x — (5 + i)(x — (5 — 0) 
= (x — 1)(x — 5 — i)(x — 5 + i). 


Complete Linear Factorization 


Find a polynomial function f of degree three, with zeros 1, —4, and 5 such that 
its graph possesses the y-intercept (0, 5). 


Solution Because we have three zeros 1, —4, and 5 we know x — 1, x + 4, and 


X — 5 are factors of f. However, the function we seek is not 


F(x) = (x — DG + 4)(x — 5). (9) 


The reason for this is that any nonzero constant multiple of f is a different 
polynomial with the same zeros. Notice, too, that the function in (9) gives (0) 
= 20, but we want ДО) = 5. Hence by (6) we must assume that fhas the form 


F(x) = a(x — DG + 4)(x — 5), (10) 


where a3 is some real constant. Using (10), f(0) 2 5 gives 


1(0) = a,(0 — 1)(0 + 4)(0 — 5) = 20a, = 5 


| 


4. The desired function is then 


5 
2 
f(x) = ix — I(x + 4)(х — 5). 


We have seen in the introduction that complex zeros of f(x) = x» + 1 are i and 
-і. In Example 5 the complex zeros are 5 + i and 5 — i. In each case the 
complex zeros of the polynomial function are conjugate pairs. In other words, 
one complex zero is the conjugate of the other. This is no coincidence; 
complex zeros of polynomials with real coefficients always appear in 
conjugate pairs. In order to prove this, we use the following results concerning 


conjugates. 


If zi and 22 are complex numbers, then 


z tz-zz-z and 2-1. (11) 


See Problem 51 in Exercises 3.3. 


THEOREM 3.3.4 Conjugate Zeros Theorem 


Let f(x) be a polynomial function of degree n > 1 with real 
coefficients. If z = a + bi, = 0, is a complex zero of f(x), then 


the conjugate 4, ни а m b l is also a zero of 
ТОО. 


PROOF: Let f(x) = ал, + ах + ... + аж? ах + ao, where Фе 


coefficients ai, i = 0, 1, 2, ..., n are real numbers. By assumption f(z) = 0 so 
ши. ” 
a,z" t a, z^ | H+ + az? + az + ау = 0. 


п^ п— 1% 


Taking the conjugate of both sides of this equation gives 


az +а ++ а,2 + az + а = 0. 


лм 12-15 


Now using (11) along with the fact that the conjugate of any real number is 


itself, we obtain 


ee zaol pe.. + az” + az t dg — 0. 


né л-15 


F(Z) = 0. 2 
This means + d — and, therefore, *&» is a zero of fx) 


whenever z is a zero. 


Example 2 Revisited 


In Example 2 we demonstrated that 1 + i is a complex zero of 
ил LL. 2 | 
f(x) =x — 5х + 8х — 6. 


Since the coefficients of f are real numbers we conclude that another zero is 
the conjugate of 1 + i, namely, 1 — i. Thus we know two factors of f(x), x — (1 


+ i) and x — (1 — i). Carrying out the multiplication, we find 


(Х-1-0(Х-140) = х2 – 2х + 2. 


Thus we сап write 


f(x) = (x — 1 — i)(x — 1 + i)q(x) = (X 2х + 2)q(x). 


We determine g(x) by performing the long division of f(x) by x2 — 2x + 2. (We 
can't do synthetic division because we are not dividing by a linear factor.) 


From 


—3х? + 6x — 6 
—3x + 6x — 6 


we see that the complete factorization of f(x) is 


F(x) = (x — I — Oa I + i)(x — 3). 


The three zeros of f(x) are 1+1, 1 — i, and 3. 


NOTES FROM THE CLASSROOM 


An alternative way of stating Theorem 3.3.4 is that complex 
zeros of a polynomial function f(x) of degree n > 1 with real 
coefficients appear in conjugate pairs. As an immediate 


consequence we can also say that: 


A polynomial function f(x) of odd degree n > 1 with real 
coefficients must possess at least one real zero. 


For example, without knowing anything about the cubic (degree 
3) polynomial function f(x) = 4хз — 2x» — 5х + 1 it follows 
from (12) that it has at least one real zero. We know from (3) 
that f(x) must have three zeros, but all those zeros cannot be 
complex numbers а + bi, b = 0, because Theorem 3.3.4 implies 
f(x) would necessarily have to have four complex zeros. 


Exercises 3.3 Answers to selected odd-numbered 
problems begin on page ANS-12. 


In Problems 1—6, determine whether the indicated real number is a zero of the 
given polynomial function f. If yes, find all other zeros and then give the 


complete factorization of f(x). 


1. 1; f(x) = 4x3 — 9x2 + 6x — 1 


2. с 16 


3. 5; f(x) = хз — 66 бх-5 
4. 3; f(x) = хз — 3x2 +4х- 12 


2 


Sh Ыы 12101 
6. —2; f(x) = хз — 4x2 — 2x + 20 
In Problems 7—12, verify that each of the indicated numbers are zeros of the 


given polynomial function f. Find all other zeros and then give the complete 


factorization of f(x). 


7. —3, 5; f(x) = 4x4 - 8x3 — б1х + 2х+ 15 


3 


в. Д 7 ес 


1 


9 3 (multiplicity 2); f(x) = 9x4 + 69x — 29x2 — 41x — 8 


EV JA 1 10 


11. 1, 5; f(x) = xs — 3x4 — 22x3 + 74x2 — 75x + 25 


| 


102, (0), 2 Жо) = 2x5 — 17x4 + 40x3 — 16x2 


Іп Problems 13-18, use synthetic division to determine whether the indicated 
linear polynomial is a factor of the given polynomial function f. If yes, find all 


other zeros and then give the complete factorization of f(x). 


13. x — 5; f(x) = 220 + 6x — 25 


X i 


14. М, =10x2—27x+ 11 


15. х- 1; х) =аз+х- 2 


X me: 


16. dU лесе LE 
1 
X ийг 


17. 3 
18. х—2; f(x) = хэ — 6x2 — 16x + 48 
In Problems 19-22, use division to show that the indicated polynomial is а 


factor of the given polynomial function f. Find all other zeros and then give 


the complete factorization of f(x). 


19. (x - 1)(x — 2); Дх) = xa - 3x3 + 6x2 - 12x + 8 
20. х3х- 1); f(x) = 3x4 — 7x3 + 5x2 x 

21. (х- 1); f(x) = 2x4 + x — 5x2 x +3 

22. (x + 3); f(x) = м — 4x3 — 22x2 + 84x + 261 


In Problems 23-28, verify that the indicated complex number is a zero of the 
given polynomial function f. Proceed as in Example 7 to find all other zeros 


and then give the complete factorization of f(x). 


23. 2i; f(x) = 3x3 — 5x2 + 12x — 20 


| 


24. 2 i; fi) = 1226 + 8x2 + 3х +2 


25. —1 + i; f(x) = 5хз + 12x2 + 14x +4 
26. —i; f(x) = 4x4 — 8x3 + 9x2 — 8х+5 
27. 1 + 2i; f(x) = xa — 2x3 — 4x2 + 18x — 45 
28. 1+1; f(x) = 6x4 — 11x3 + 9x2 + 4x — 2 


In Problems 29-34, find a polynomial function f with real coefficients of the 


indicated degree that possesses the given zeros. 
29. degree 4; 2, 1, —3 (multiplicity 2) 


Ц 


30. degree 5; —41, 3| 2 (multiplicity 2) 


31. degree 5; 3 + i, 0 (multiplicity 3) 
32. degree 4; 5i, 2 — 3i 
33. degree 2; 1 — 6i 


34. degree 2; 4 + 3i 


In Problems 35-38, find a polynomial function f with real coefficients that 


satisfies the given conditions. 
35. degree 2; zero] +7; fl) 5 


36. degree 3; zeros 1, 3i; КО) = 27 


| 


37. degree 4; zeros 2 ,2, —i; f(-1) = 252 


38. degree 4; zeros 0 (multiplicity 2), 2 — i; f(2) = 48 


In Problems 39-42, find the zeros of the given polynomial function f. State the 


multiplicity of each zero. 

39. f(x) = х(4х – 5)(2х- 1)s 
40. f(x) = x4 + бхз + 9x2 

41. f(x) = (90 — 4) 

42. f(x) = (о + 25)(x2 — 5x + 4) 


In Problems 43 and 44, solve the given equation if the indicated number c is a 


zero of the function f. 
43. 2x3 — 3x2 - 8x - 3 = 0; f(x) = 225 - 3x2 - 8x 3, c = -1 
44. ха – 3x3 — 8x2 — 10x20; f(x) 234—366 — 8x2 - 10x, c2 5 


In Problems 45 and 46, find the value(s) of К such that the indicated number is 


a zero of f(x). Then give the complete factorization of f(x). 
45. 3; Қх) = 2x — 2x2 + k 
46. 1; f(x) = хз + 5x2 – kx + k 


In Problems 47 and 48, find a polynomial function f of the indicated degree 


whose graph is given in the figure. 


47. degree 3 


Graph for Problem 47 


48. degree 5 


Graph for Problem 48 


For Discussion 


7 + т тт 


49. Let z=a+ bi. Show that Ж» 4» and Фе» are real numbers. 


50. Let z= a+ bi. Use the results of Problem 49 to show that 
ГО) = (x — z)(x — <) 


is a polynomial function with real coefficients. 


51. Letzi =a + bi and z2 = c + di. Show that 


Oo — — — 7 
1 Fz =Z +2, and z = 21. 


52. Find an equation of the cubic polynomial function y = f(x) whose graph is 
given in FIGURE 3.3.3 and has 2 + i as a zero. 


FIGURE 3.3.3 Graph for Problem 52 


53. Counting the multiplicity, the cubic polynomial function f(x) = (x — i): has 
exactly three complex zeros. Explain why this does not contradict (12) and the 


comments in the Notes from the Classroom on page 163. 


54. Suppose the complex numbers 1 — 2i and 3 + i are zeros of multiplicity 2 


of a polynomial function f with real coefficients. Discuss: What is the degree 


of f? 


55. Factor the polynomial function f(x) = x» — i. [Hint: Suppose z = a + bi is a 
zero of the function f. Then use the fact that two complex numbers are equal 


when their real and imaginary parts are the same. See Appendix A.] 


56. Asquare root of a complex number w = c + di is defined to be a complex 
number z = a + bi that satisfies the polynomial equation z2 = c + di. Find two 


square roots of i. 


3.4 Real Zeros of Polynomial Functions 


INTRODUCTION In the preceding section we saw that as a consequence of 
the Fundamental Theorem of Algebra, a polynomial function f of degree n has 
n zeros when the multiplicities of the zeros are counted. We also saw that a 
zero of a polynomial function could be either a real or a complex number. In 
this section we confine our attention to real zeros of polynomial functions 


with real coefficients. 
[ Real Zeros If a polynomial function f of degree n > 0 has m (not 


necessarily distinct) real zeros сі, c», ..., Ст, then by the Factor Theorem each 


of the linear polynomials x — ci, x — c2, ..., x — cm are factors of f(x). That is, 


f(x) = (x — с,)(Х — €): t (X — c,)q(X) 


where q(x) is a polynomial. Thus n, the degree of f, must be greater than or 
possibly equal to т, the number of real zeros when each is counted according 


to its multiplicity. Using slightly different words, we restate the last sentence. 


THEOREM 3.4.1 Number of Real Zeros 


A polynomial function f of degree n > 0 has at most n real zeros 


(not necessarily distinct). 


Let's summarize some facts about real zeros of a polynomial function f of 


degree n: 
* f may not have any real zeros. 


For example, the fourth degree polynomial function f(x) = x: + 9 has no real 


zeros, since there exists no real number x satisfying x4 + 9 = 0 or x4 = —9. 
* f may have m real zeros where m < n. 


For example, the third degree polynomial function f(x) = (x — 1)(x» + 1) has 


one real zero. 
* f may have n real zeros. 


For example, by factoring the third degree polynomial function f(x) 2 xs — x as 


f(x) = x(x2 — 1) = x(x + 1)(x - 1), we see that it has three real zeros. 
* f has at least one real zero when its degree n is odd. 


This is a consequence of the fact that complex zeros of a polynomial function 
f with real coefficients must appear in conjugate pairs. Thus if we write down 
an arbitrary cubic polynomial function such as f(x) = xs + x + 1, we know that 
f cannot have just one complex zero, nor can it have three complex zeros. Put 
another way, f(x) = xs + x + 1 either has exactly one real zero or it has exactly 


three real zeros. See Notes from the Classroom at the end of Section 3.3. 


• If the coefficients of f(x) are positive and the constant term ao + 0, then any 


real zeros of f must be negative. 


[ Finding Real Zeros It is one thing to talk about the existence of real and 


complex zeros of a polynomial function; it is an entirely different problem to 
actually find these zeros. The problem of finding a formula that expresses the 
zeros of a general nth degree polynomial function f in terms of its coefficients 
perplexed mathematicians for centuries. We have seen in Sections 2.4 and 3.3 
that in the case of a second-degree, or quadratic, polynomial function f(x) - 
ах + bx + c, where the coefficients a, b, and с are real numbers, the zeros ci 


and c2 of f can be found using the quadratic formula. 


Niels Henrik Abel 
Reproduced with permission by Norway Post, Philatelic Service. 


Тһе problem of finding zeros of third-degree, or cubic, polynomial functions 
was solved in the sixteenth century through the pioneering work of the Italian 
mathematician Niccolo Fontana (1499-1557), also known as Tartaglia— 'the 
stammerer." Around 1540 another Italian mathematician, Lodovico Ferrari 
(1522-1565) discovered an algebraic formula for determining the zeros for 
fourth degree, or quartic, polynomial functions. Since these formulas are 
complicated and difficult to use, they are seldom discussed in elementary 


courses. 


For the next 284 years no one discovered any formulas for zeros for general 
polynomial functions of degrees five, six, .... For good reason! In 1824, at age 
22, the Norwegian mathematician Niels Henrik Abel (1802-1829) proved it 
was impossible to find such formulas for the zeros of all general polynomials 


of degrees n > 5 in terms of their coefficients. 


[ Rational Zeros Real zeros of a polynomial function are either rational or 


irrational numbers. A rational number is a number of the form p/s, where p 


and s are integers and s + 0. An irrational number is one that is not rational. 


For example, 4 and -9 are rational numbers, but 4/2 апа т аге 


5 


irrational, that is, neither Z— пог л can be written as a fraction p/s 
where p and s are integers. So how do we find real zeros for polynomial 


functions of degree n > 2? Тһе bad news: For irrational real zeros, we тау 
have to be content to use an accurate graph to “eyeball” their location on the 
x-axis and then use one of the many sophisticated methods for approximating 
the zero that have been developed over the years. The good news: We can 
always find the rational real zeros of any polynomial function with rational 
coefficients. We have already seen that synthetic division is a useful method 
for determining whether a given number c is a zero of a polynomial function 


f(x). When the remainder in the division of f(x) by x — c is r 2 0, we have 


> 


found a zero of the polynomial function f, since г = f(c) = 0. For example, 3 
is a zero of f(x) = 18xs — 15x2 + 14x — 8, since 


3| 18 —15 14 -8 


m 
| 
N 
оо 


со 
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Hence by (һе Factor Theorem, both " ~ 3 and the quotient 18x» — 
3x + 12 are factors of f and so we can write the polynomial function as the 
product 
Л x) = (х = iy 18x? — 3x + 12) <= factor 3 from the quadratic polynomial 


(x = 2) (3) (62 — x + 4) (1) 


(3x — 2)(6x7 — x + 4). 


As discussed in the preceding section, if we can factor the polynomial to the 
point where the remaining factor is a quadratic polynomial, we can then find 
the remaining two zeros by the quadratic formula. For this example, the 
factorization in (1) is as far as we can go using real numbers since the zeros of 
the quadratic factor 6x» — x ғ 4 are complex (verify). But the indicated 
multiplication in (1) illustrates something important about rational zeros. The 
leading coefficient 18 and the constant term —8 of f(x) are obtained from the 


products 


2 


Thus we see that the denominator 3 of the rational zero 3 13 a factor of the 
leading coefficient 18 of f(x) = 18x — 15x» + 14x - 8, and the numerator 2 of 


the rational zero is a factor of the constant term —8. 


This example illustrates the following general principle for determining the 
rational zeros of a polynomial function. Read the following theorem carefully; 


the coefficients of f are not only real numbers—they must be integers. 


THEOREM 3.4.2 Rational Zeros Theorem 


Let p/s be a rational number in lowest terms and a zero of the 
polynomial function 


1 - 2 
f(x) = а” + a, aX +++ ах ct ax + dy 


where the coefficients ал, ап-1, ..., a», а1, ao are integers with an 
= 0. Then p is an integer factor of the constant term ao and $ is 
an integer factor of the leading coefficient ал. 


The Rational Zeros Theorem deserves to be read several times. Note that 
Theorem 3.4.2 does not assert that a polynomial function f with integer 
coefficients must have a rational zero; rather, it states that if a polynomial 


function f with integer coefficients has a rational zero p/s, then necessarily: 


р integer factor of constant term ао 


S integer factor of leading coefficient a, 
By forming all possible quotients of each integer factor of ao to each integer 


factor of a», we can construct a list of potential rational zeros of f. 


Rational Zeros 


Find all rational zeros of f(x) = 3x4 — 10x3 — 3x2 + 8x — 2. 


Solution We identify the constant term ao = —2 and leading coefficient ал = 3, 


and then list all the integer factors of ao and a4, respectively: 


E. 
|+ 
+ 
J 


re 
S; +], +3 


Now we form a list of all possible rational zeros p/s by dividing all the factors 
of p by +1 and then by +3: 


p _ integer factor of —2 


= +1, +2, +5, 
5 integer factor of 3 | 


We know that the given fourth-degree polynomial function f has four zeros; if 


any of these zeros is a real number and is rational, then it must appear in the 
list (2). 


To determine which, if any, of the numbers in (2) are zeros, we could use 
direct substitution into f(x). Synthetic division, however, is usually a more 
efficient means of evaluating f(x). We begin by testing —1: 


=] 3 -10 -3 8 


=3 13-10 


22 
2 
3 —13 10 —2 0 = г. 


(3) 


The zero remainder shows г = f(-1) = 0, and so —1 is a zero of f. Hence х – 


(71) = x + 1 is a factor of f. Using the quotient found in (3) we can write 


3 


f(x) = (x + 1)(3x 


13x° + 10x — 2). (4) 


From (4) we see that any other rational zero of f must be a zero of the quotient 
3x3 — 13x2 + 10x - 2. Since the latter polynomial is of lower degree, it will be 
easier to use synthetic division on it rather than on f(x) to check the next 
rational zero. At this point in the process you should check to see whether the 
zero just found is a repeated zero. This is done by determining whether the 
found zero is also a zero of the quotient. A quick check, using synthetic 
division, shows that —1 is not a repeated zero of f since it is not a zero of 3x3 — 
13x» + 10x - 2. So we move on and determine whether the number 1 is a 


rational zero of f. Indeed, it is not because the division 


1| 3 —13 10 —2 a { coefficients of the 
quotient in (3) 
3 —10 0 (5) 
3 —10 0 -2-! 


| 


(6) 


Thus 3 is a zero. At this point we can stop using synthetic division since (6) 
indicates that the remaining factor of fis the quadratic polynomial 3x2 — 12x + 


6. From the quadratic formula we find that the remaining real zeros are 


2 RE 4/2 апа 2 ИШ 4/2 Therefore the 


i 


given polynomial function f has two rational zeros, —1 and 3| and two 


u 2 + 4/2 2 — 4/2 
irrational zeros, = іше and іше =. 


If you have access to technology, your selection of rational numbers to test in 
Example 1 can be motivated by a graph of the function f(x) = 3x4 — 10x3 — 3x2 
— 18x — 2. With the aid of a graphing utility we obtain the graphs in FIGURE 
3.4.1. In Figure 3.4.1(a) it would appear that f has at least three real zeros. But 
by "zooming-in" on the graph on the interval [0, 1], Figure 3.4.1(b) reveals 
that f actually has four real zeros: one negative and three positive. Thus, once 
you have determined one negative rational zero of f you may disregard all 


other negative numbers as potential zeros. See page 170. 


(a) Graph of f on the interval [-1, 4] (b) Zoom-in of graph on the interval |0, 1] 


FIGURE 3.4.1 Graph of function in Example 1 


Complete Factorization 
Since the function f in Example 1 is of degree 4 and we have found four real 


zeros, we can give its complete factorization. Using the leading coefficient aa 
- 3, it follows from (6) of Section 3.3 that 


F(x) = 3(x + D(x - з)(х - (2- V2)(x - (2 + V2) 
= 3(x + D(x-i(x-2-4 v2)(x-2- V2). 


Rational Zeros 


Find all rational zeros of f(x) = x4 + 4x3 + 5x2 + 4x + 4. 


Solution In this case the constant term is ao = 4 and the leading coefficient is 


ал = 1. The integer factors of ao and ағ are, respectively: 
BE ж | +2 +4 
+ — а — = --- 8 
у: ==] 
* жи + 


The list of all possible rational zeros p/s is: 


p | integer factor of 4 
= ob, 2 


$ integer factor of | 


Since all the coefficients of f are positive, substituting a positive number from 
the foregoing list into f(x) can never result in f(x) 2 0. Thus the only numbers 


that are potential rational zeros are —1, —2, and —4. From the synthetic 


division 
- 1 4 58 
-1 -3 -2 -2 
| 3 2 2 2 = | 


we see -2 is a zero. We now test to see whether —2 is a repeated zero. Using 


the coefficients in the quotient, 


| 
=A O = 
| 


it follows that —2 is a zero of multiplicity 2. So far we have shown that 
~ 7 9 
f(x) = (x + 2y (x + 1). 


Since the zeros of x» + 1 are the complex conjugates i and -і, we can conclude 


that —2 is the only rational real zero of f(x). 


No Rational Zeros 


Consider the polynomial function f(x) = xs — 4x — 1. The only possible rational 
zeros are —1 and 1, and it is easy to see that neither /(-1) nor f(1) are 0. Thus f 
has no rational zeros. Since f'is of odd degree we know that it has at least one 
real zero, and so that zero must be an irrational number. With the aid of a 
graphing utility we obtain the graph in FIGURE 3.4.2. Note in the figure that the 
graph to the right of x = 2 cannot turn back down and the graph to the left of x 
= —2 cannot turn back up, so that the graph crosses the x-axis five times 
because that shape of the graph would be inconsistent with the end behavior 
of f. Thus we can conclude that the function f possesses three irrational real 
zeros and two complex conjugate zeros. The best we can do here is to 
approximate these zeros. Using a computer algebra system such as 
Mathematica we can approximate both the real and the complex zeros. We 
find these approximations to be —1.34, -0.25, 1.47, 0.061 + 1.42i, and 0.061 — 


1.421. 


FIGURE 3.4.2 Graph of function іп Example 4 


Although the Rational Zeros Theorem requires that the coefficients of a 
polynomial function f be integers, in some circumstances we can apply the 
theorem to a polynomial function with some real noninteger coefficients. The 


next example illustrates the concept. 


Noninteger Coefficients 


5 3 0.2 3 
fx) = ir — Be + We —3х—} 


Solution Inspection of the given polynomial function f shows that it has four 
noninteger coefficients. By multiplying f by the least common denominator 12 


of these coefficients, we obtain a new function g with integer coefficients: 


g(x) = 10x* — 23x? + 40x? — 36x — 9. 


In other words, g(x) = 12f(x). If c is a zero of the function g, then c is also zero 
of f because g(c) = 0 = 12f(c) implies (с) = 0. After working through the 


numbers in the list of potential rational zeros 


P 


Е ЕЕЕ зар 
= 2, t$ +3 


p | 


we find that 3 and are zeros of g, and hence are the rational zeros 


of f. 
ЫН 


Exercises 3.4 Answers to selected odd-numbered 
problems begin on page ANS-12. 


In Problems 1—20, find all rational zeros of the given polynomial function f. 
1. f(x) = 5x3 3x3 + 8x + 4 

2. fx) = 2x3 + 330 - x - 2 

3. f(x) = хз - 8x - 3 

4. f(x) = 2x3 — 7x2 — 17x + 10 

5. fx) = 404 — То + 5x- 1 

6. f(x) = 8x4 — 2x3 + 15x2 — 4x — 2 
7. f(x) = ха + 2x3 + 10x2 + 14x + 21 
8. f(x) = 3x4 + 52 + 1 

9. f(x) = 6x4 — 5x3 — 2x2 — 8x + 3 
10. f(x) = ха + 225 — 20 - 6x — 3 
11. f(x) = x4 + 6x3 — 7х 

12. f(x) = xs — 2x2 — 12x 


13. f(x) = xs + x4 — 5x3 + x2 — бх 


14. Қх) = 128x6 - 2 


„у — 1,3 9 2 17 
15. f(x) — 2% -4Х + 4X — 3 
16. f(x) = 0.2x3 — x + 0.8 


17. f(x) = 2.5xs + хә + 0.6x + 0.1 


ыу — 3.3 9 2 кр 1 
в J(X) = 4X + 4X зх + 3 
ә. f(x) = бх + ee 6х Е 3x + 6 
os (x) = 4 ox + 22 аи 2 


In Problems 21-30, find all real zeros of the given polynomial function f. 


Then factor f(x) using only real numbers. 

21. f(x) = 8x3 + 5x = 1x + 3 

22. f(x) = бхз + 23x2 + 3x — 14 

23. f(x) = 10x4 — 33x3 + 66x — 40 

24. f(x) = xa — 2x3 — 23x2 + 24x + 144 

25. f(x) = xs + 4x4 — 6x3 — 24x2 + 5x + 20 

26. f(x) = 18xs + 75x4 + 47x3 — 52x2 = 11х+3 
27. f(x) = 4х5 — 8x4 — 24x3 + 40x2 — 12x 

28. f(x) = бхз + 11x4 — 3x – 2x2 

29. f(x) = 16xs — 24x4 + 25x3 + 39x2 — 23x +3 
30. f(x) = x6 — 12x4 + 48x2 — 64 


In Problems 31-36, find all real solutions of the given equation. 


31. 2x3+3x2+5x+2=0 

32. x3 — 3x2 = -4 

33. 2x4 + 7x3 — 8x2 - 25x - 6 = 0 

34. 9x4 + 21x3 + 22x2+ 2x -4=0 
35. xs – 2x4 + 2x3 - 4x2 + 5x -2 = 0 
36. 8x4 — бхз — 7x2 + 6x -1 =0 


In Problems 37 and 38, find a polynomial function f of the indicated degree 


with integer coefficients that possesses the given rational zeros. 


| 


37. degree 4; —4, 3. ll. 


38. degree 5; —2, | 2| 1 (multiplicity 2) 


39. If f(x) = 4x3 - 11x» + 14x — 6, then show the values (0) and ХТ) have 
different algebric signs. Explain why this information along with the fact that 
a polynomial function is a continuous function (see page 148) enables us to 


conclude that f has a zero in the interval |0, 1]. Find the zero. 


40. List, but do not test, all possible rational zeros of 


f(x) = 24x? — 14x* + 36x + 105. 


In Problems 41 and 42, find a cubic polynomial function f that satisfies the 


given conditions. 


41. rational zeros 1 and 2, f(0) = 1 and f(-1) = 4 


42. rational zero 2| irrational zeros | | 4/3 апа 


| 4/3 coefficient of x is 2 


Calculus-Related Problems 


43. Construction of a Box A box with no top is made from a square piece of 
cardboard by cutting square pieces from each corner and then folding up the 
sides. See FIGURE 3.4.3. The length of one side of the cardboard is 10 inches. 
Find the length of one side of the squares that were cut from the corners if the 


volume of the box is 48 ins. 


Cut out — 


Fold —— 


(a) 


(b) 


FIGURE 3.4.3 Box in Problem 43 


44. Deflection of a Beam A cantilever beam 20 ft long with a load of 600 Ib 


at its right end is deflected by an amount 


ae Бу ЧЕ ЖЫН 
d(x) m 16.009 (ООЛ А Жаа 


measured іп inches and x in feet. See FIGURE 3.4.4. Find x when the deflection 


is 0.1215 in. When the deflection is 1 in. 


7 


20 ft — 


FIGURE 3.4.4 Cantilever beam in Problem 44 


For Discussion 


45. Discuss: What is the maximum number of times the graphs of the given 


polynomial functions can intersect? 
(a) f(x) = axxs + ао + aix + ao, g(x) = box» + ых + bo 
(b) f(x) = хз + ax + aix + ao, g(x) = хз + оо + bix + bo 


46. Consider the polynomial function f(x) = Xn + an-1Xn-1 +... + ах + ao, 
where the coefficients a»-i, .… ат, ao are nonzero even integers. Discuss why 


—] and 1 cannot be zeros of f. 


47. If the leading coefficient of a polynomial function f with integer 


coefficients is 1, then what can be said about the possible real zeros of f? 


48. If kis a prime number (a positive integer greater than 1 whose only 
positive integer factors are itself and 1) such that К > 2, then what аге the 


possible rational zeros of f(x) = 6x4 — 9x2 + k? 


49. (а) Тһе real number 4/2 is а zero of the polynomial tion f(x) = 


хә — 2. How does the discussion in this section prove that = 15 
irrational? 


(b) Use the idea implied in part (a) to prove that the real number 


| | 4/2 is irrational. 


50. Without doing any work, explain why the polynomial function 


f(x) = 4x? + 9 + Sx4 + 13x? + 3 


has no real zeros. 


3.5 Approximating Real Zeros 


INTRODUCTION A polynomial function f is a continuous function. Recall 
from Section 2.5, this means that the graph of y = f(x) has no breaks, gaps, or 


holes in it. The following result is a direct consequence of continuity. 


THEOREM 3.5.1 Intermediate Value Theorem 


Suppose y = f(x) is a continuous function on the closed interval 
Га, b]. If Ка) = f(b) for a « b, and if М is any number between 


Ха) and f(b), then there exists a number с in the open interval 
(a, b) for which f(c) = N. 


As we see in FIGURE 3.5.1, the Intermediate Value Theorem simply states that a 
continuous function f(x) takes on all values between the numbers (а) and f(b). 
In particular, if the function values f(a) and f(b) have opposite signs, then by 


identifying N = 0, we can say that there is at least one number in the open 


interval (a, b) for which Кс) = 0. In other words, 


If either f(a) > 0, f(b) < 0 or f(a) < 0, f(b) > 0, then f(x) has 


: : (1) 
а! least one zero c in the interval (a, Б). 


FIGURE 3.5.1 f(x) takes on all values between f(a) and f(b) 


Тһе plausibility of this conclusion is illustrated in FIGURE 3.5.2. 


f(b)>0 


> Х 


(a) One zero c in (a, b) (b) Three zeros сү, с. c, in (а, b) 


FIGURE 3.5.2 Locating zeros using the Intermediate Value Theorem 


Using the Intermediate Value Theorem 


Consider the polynomial function f(x) 2 x: — 3x — 1. From the data in the 


accompanying table we conclude from (1) that f has a real zero in each of the 


opposite signs 


intervals [-2, —1], [-1, 0], and [1, 2]. By using Theorem 3.4.2, we can verify 
that f has no rational zeros and so the three real zeros of f are irrational 
numbers. As seen in FIGURE 3.5.3 the graph of f crosses the line y - 0 (the x- 


axis) 3 times. 


FIGURE 3.5.3 Graph of function in Example 1 


In the next example we will obtain an approximation to one of the irrational 


zeros in Example 1 using a technique called the bisection method. 


[ Bisection Method The basic idea of this method starts with the 


assumption that a function f is continuous and (а) and f(b) have opposite 
signs. From this we know that there exists a number c in (a, b) for which f(c) 
= 0. Then the midpoint m = (a + b)/2 of the interval (а, b] is an approximation 
to c. Шт = (a + Ь)/2 is not a zero of f, then there is a zero c in an interval 
(either the open interval (а, т) or the open interval (т, b)) that is one-half the 


length of the original interval Га, b]. If, say, c lies in (m, b) as shown in FIGURE 


3.5.4, we then divide this shorter interval in half: Either the new midpoint is а 
Zero or the zero c lies in an interval that is one-fourth the length of the interval 
[а, b]. Continuing in this manner, we can locate the zero c of f in successively 
shorter intervals. We will then take the midpoints of these intervals as 
approximations to the zero c. Using this method, we see in Figure 3.5.4 that 
the error in an approximation to a zero in an interval is less than one-half the 


length of the interval. 


An approximation to c A zero of f 
FIGURE 3.5.4 If f(a) and f(b) have opposite signs, then a zero c of f 
must lie either in Га, m] or in Пт, b] 


We summarize the discussion as follows: 


Guidelines for Approximating a Real Zero 
* Let f be a polynomial function such that f(a) and f(b) have 
opposite signs. 


(i) Divide the interval Га, b] in half by finding its midpoint т = 
(a + b)/2. 


(ü) Compute f(m). 


(üi) If f(a) and f(m) have opposite signs, then f has a zero in the 
interval [a, m]. 


If f(m) and f(b) have opposite signs, then f has a zero in the interval 
[m, b]. 


If f(m) = 0, then m is а zero of f. 


Using the Bisection Method 


Find an approximation to the zero of f(x) = хз — 3x —1 in the interval [1, 2] that 


is accurate to three decimal places. 


Solution Recall from Example 1 that f(1) « 0 and (2) > 0. Now to obtain the 
desired accuracy, we must have the error less than 0.0005.* The first 


approximation to the zero in [1, 2] is 


m = = 1.5 with error < 3(2 — 1) = 0.5. 


Since (1.5) = –2.15 < 0, the zero lies in [1.5, 2]. 
Тһе second approximation to the zero is 


1.5 + 2 | 1 Ё 2 
== 1.75 with error < 5(2 — 1.5) = 0.25. 


Since (1.75) = —0.89065 < 0, the zero lies in [1.75,2]. 


The third approximation to the zero is 


m, = ———— = 1.875 with error < 3(2 — 1.75) = 0.125. 


Continuing in this manner we eventually find 


ту = 1.879395 with error < 0.0005. 


Thus the number 1.879 is an approximation to the zero of f in П, 2] that is 


accurate to three decimal places. 


In Example 2 we leave the approximation to the zeros of f(x) = хз — 3x -1 in 


the intervals [-2, —1] and [-1, 0] as exercises. 
Note of Caution 


If f(a) and f(b) have the same sign, the polynomial function f could still have 


one or more zeros in the interval [a, b]. See FIGURE 3.5.5. 


| 

f(a)> 01 | 
| И (b) » 0 

X 


FIGURE 3.5.5 f(a) and f(b) are positive, yet there are two zeros in 
[a, b] 


Exercises 3.5 Answers to selected odd-numbered 
problems begin on page ANS-12. 


In Problems 1 and 2, find an approximation that is accurate to three decimal 


places to the zero of f(x) = хз — 3x —1 in the given interval. 
1. 1-2,-1| 
2. [-1, 0] 


In Problems 3-6, use the bisection method to approximate to an accuracy of 


three decimal places the zero(s) indicated by the graph of the given function. 


3. f(x) =x- x2 +4 


Graph for Problem 3 


4. fx) 2 —6 - x11 


Graph for Problem 4 


5. f(x) = ж — 4x3 + 10 


Graph for Problem 5 


6. f(x) = 3х5 – 5n + 1 


Graph for Problem 6 


In Problems 7 and 8, use the bisection method to approximate to an accuracy 
of three decimal places the x-coordinates of the point(s) of intersection of the 


given graphs. 


FIGURE 3.5.10 Graph for Problem 7 


4x 4- 20 


FIGURE 3.5.11 Graph for Problem 8 
Applications 


9. Sinking Wooden Ball A spherical wooden ball of radius r is placed in 


water. To determine the depth h to which the ball will sink, we equate the 
weight of the displaced water with the weight of the ball (Archimedes? 
principle): 


where p» and p» are the densities of water and wood, respectively. See FIGURE 
3.5.12. Suppose p» = 0.4p» and r = 2 in. Use the bisection method to 
approximate to an accuracy of two decimal places the depth h to which а 
wooden ball will sink. 


FIGURE 3.5.12 Floating ball in Problem 9 


10. Sag of a Cable The length L of a cable between two vertical supports of a 
suspension bridge is given by 


8 , 32 
Lr-4-—s-— PE 
ar 5r 


s^. 


where r is the span of the supports and s is the sag of the cable between the 
supports. See FIGURE 3.5.13. If г = 400 ft and L = 404 ft, use the bisection 


method to approximate the sag s of the cable to an accuracy of two decimal 


places. [Hint: Consider the interval |20, 301. 


|< r ———| 


FIGURE 3.5.13 Suspension bridge in Problem 10 


3.6 Rational Functions 


INTRODUCTION Many functions are built up out of polynomial functions 
by means of arithmetic operations and function composition (see Section 2.6). 
In this section we construct a class of functions by forming the quotient of two 


polynomial functions. 


DEFINITION 3.6.1 Rational Function 
A rational function y — f(x) is a function of the form 


P(x) 


- 1 
Q(x) 0) 


fo» 


where P and Q are polynomial functions. 


For example, the following functions are rational functions: 


polynomial 


1 
X Х-х-7 1 
y= 5, y = ———_—_., у = —. 
x + 5 ` х+З : X 
А 


polynomial 


The function 


X < not a polynomial 


is not a rational function. In (1) we cannot allow the denominator to be zero. 
So the domain of a rational function f(x) = P(x)/Q(x) is the set of all real 
numbers except those numbers for which the denominator Q(x) is zero. For 
example, the domain of the rational function f(x) = (2x3 — 1)/(x2 — 9) is (x|x + 
-3,х + 3} ог(-,-3) U (-3, 3) 9 (3, e»). It goes without saying that we 


also disallow the zero polynomial Q(x) - 0 as a denominator. 


[ Graphs Graphing a rational function f is a little more complicated than 


graphing a polynomial function because in addition to paying attention to 
* intercepts, 

* symmetry, and 

* shifting/reflecting/stretching of known graphs, 

you should also keep an eye on 

* the domain of f, and 

* the degrees of P(x) and Q(x). 


The latter two topics are important in determining whether a graph of a 


rational function possesses asymptotes. 


Тһе y-intercept is the point (0, Х0)), provided the number 0 is in the domain 
of f. For example, the graph of the rational function f(x) = (1 — x)/x does not 
cross the y-axis since /(0) is not defined. If the polynomials Р(х) and Q(x) 
have no common factors, then the x-intercepts of the graph of the rational 
function f(x) 2 P(x)/Q(x) are the points whose x-coordinates are the real zeros 
of the numerator P(x). In other words, the only way we can have f(x) 2 P(x)/ 


Q(x) = 0 is to have Р(х) = 0. The graph of a rational function f is symmetric 


with respect to the y-axis if f(—x) = f(x), and symmetric with respect to the 
origin if f(—x) = —f(x). Since it is easy to spot an even or an odd polynomial 
function (see page 145), here is an easy way to determine symmetry of the 


graph of a rational function. We again assume P(x) and Q(x) have no common 


factors. 
* The quotient of two even functions is even. (2) 
* The quotient of two odd functions is even. (3) 
* The quotient of an even and an odd function is odd. (4) 


See Problem 48 in Exercises 3.6. 


We have already seen the graphs of two simple rational functions, у- 1/x and 
y = 1/x2, in Figures 2.2.1(e) and 2.2.1(f). You are encouraged to review those 
graphs at this time. Note that P(x) = 1 is an even function and Q(x) = x is an 
odd function, so у = 1/x is ап odd function by (4). On the other hand, P(x) = 1 
is an even function and Q(x) = x2 is an even function, so у = 1/20 is an even 
function by (2). 


Shifted Reciprocal Function 


f(x) = 


Graph the function X | 


FIGURE 3.6.1 Graph of function іп Example 1 


Solution The graph possesses no symmetry since Q(x) = x —1 is neither even 
nor odd. Since f(0) = —2, the y-intercept is (0, —2). Because Р(х) = 2 is never 
0, there are no x-intercepts. You might also recognize that the graph of this 
rational function is the graph of the reciprocal function y - l/x stretched 
vertically by a factor of 2 and shifted 1 unit to the right. The point (1, 1) is on 
the graph of y = 1/х; in FIGURE 3.6.1, after the vertical stretch and horizontal 
shift, the corresponding point on the graph of y = 2/(x — 1) is (2, 2). 


Тһе vertical line x = 1 and the horizontal line y = O(the equation of the x-axis) 


are of special importance for this graph. 


The vertical dashed line х = 1 in Figure 3.6.1 is the y-axis in Figure 2.2.1(e) 
shifted 1 unit to the right. Although the number 1 is not in the domain of the 
given function, we can evaluate f at values of x that are near 1. For example, 


you should verify that 


| Xx 0.999 | 1.001 | 


~ 
UA 
— 


| f(x) | —2000 


2000 | 


The table in (5) shows that for values of x close to 1, the corresponding 
function values f(x) are large in absolute value. On the other hand, for values 
of x for which |x| is large, the corresponding function values f(x) are near 0. 


For example, you should verify that 


25 | 22900 | 1001 | 


(6) 


Го) | —0.002 | 0.002 | 


Geometrically, as x approaches 1, the graph of the function approaches the 


vertical line x — 1, and as |x| increases without bound the graph of the function 


[ Asymptotes To indicate that x is approaching a number a we use the 


approaches the horizontal line y = 0. 


arrow notation: 


e x> a- to mean that x is approaching a from the left, that is, through 


numbers that are less than a; 


• x a+ to mean that x is approaching a from the right, that is, through 


numbers that are greater than a; and 

• x> ato mean that x is approaching a from both the left and the right. 

We also use the infinity symbols and the arrow notation: 

* Х->-с to mean that x becomes unbounded in the negative direction, and 
e x> се to mean that x becomes unbounded in the positive direction. 


Similar interpretations are given to the symbols f(x) > -~ and f(x) > о. 
These notational devices are a convenient way of describing the behavior of a 
function either near a number x = a or as x increases to the right or decreases 


to the left. Thus, in Example 1 it is apparent from (5) and Figure 3.6.1 that 


Қа)->-оавх- 1 and — f(x) 29 asx 17. 


In words, the notation in the preceding line signifies that the function values 
are decreasing without bound as x approaches 1 from the left, and the function 
values are increasing without bound as x approaches 1 from the right. From 


(6) and Figure 3.5.1 it should also be apparent that 


f(x) э 0asx > – 20 and f(x) э бавх-> >. 


In Figure 3.6.1, the vertical line whose equation is x = 1 is a called a vertical 
asymptote for the graph of f, and the horizontal line whose equation is y = 0 
is called a horizontal asymptote for the graph of f. 


In this section we will examine three types of asymptotes, which correspond 
to the three types of lines studied in Section 2.3: vertical lines, horizontal 
lines, and slant (or oblique) lines. The characteristic of any asymptote is that 


the graph of a function f must get close to, or approach, the line. 


DEFINITION 3.6.2 Vertical Asymptote 


Alinex — ais said to be a vertical asymptote for the graph of a 
function f if at least one of the following six statements is true: 


f(x) À—easxoa f(x)9asx—a 
f(x) — —o asx ә a* f(x) ою аѕх а 


ТӨС) — = ооа — d f(x) < азх>а 


FIGURE 3.6.2 illustrates four of the possibilities listed in (7) of Definition 3.6.2 
for the unbounded behavior of a function f near a vertical asymptote х = a. If 
the function exhibits the same kind of unbounded behavior from both sides of 


x= a, then we write either 


f(x) > © asx >a, (8) 


ог f(x) > — as x а. (9) 


In Figure 3.6.2(d) we see that f(x) > œ as x > a- and f(x) ^ e» as x > a+, and 


so we write f(x) > өө as x > a. 


(4) FQ) 3 esas x a (ft) —as at Of) Seaasx a OJ easy a 


FIGURE 3.6.2 The line x = a is a vertical asymptote 


If x = a is a vertical asymptote for the graph of a rational function f(x) = Р(х)/ 
Q(x), then the function values f(x) become unbounded as x approaches a from 
both sides, that is, from the right (x > a+) and from the left (x > a-). The 
graphs in Figures 3.6.2(c) and 3.6.2(d) (or the reflection of these graphs in the 
x-axis) are typical graphs of a rational function with a single vertical 
asymptote. As can be seen from these figures, a rational function with a 
vertical asymptote is a discontinuous function. There is an infinite break in 
each graph at x = а. As seen in Figures 3.6.2(c) and 3.6.2(d), a single vertical 
asymptote divides the xy-plane into two regions, and within each region there 


is a single piece or branch of the graph of the rational function f. 


DEFINITION 3.6.3 Horizontal Asymptote 


A line y - c is said to be a horizontal asymptote for the graph 
of a function f if 


КЕЛЕЛІ дап ог ((х)->савх->> 


In FIGURE 3.6.3 we have illustrated some typical horizontal asymptotes. We 
note, in conjunction with Figure 3.6.3(d) that, in general, the graph of a 
function can have at most fwo horizontal asymptotes, but the graph of a 


rational function f(x) = P(x)/Q(x) can have at most one. If the graph of a 


rational function f possesses a horizontal asymptote у = с, then as shown іп 
Figure 3.6.3(c), 


f(x) > casx ^ —% and f(x) — casx > >. 


Remember this. 


The last line is a mathematical description of the end behavior of the graph of 
a rational function with a horizontal asymptote. Also, the graph of a function 
can never cross a vertical asymptote but, as suggested in Figure 3.6.3(a), a 
graph can cross a horizontal asymptote. See (2) in Section 6.4 for an example 
of a nonrational function whose graph possesses two distinct horizontal 
asymptotes. The graph of that function is similar to that given in Figure 
3.6.3(d). 


(a) FO) — cas x — eo Ја) э сахо (AfA) савх i-o, (d) fx) > c as Y со, 
ТО)» cas x eo FO) — cy us x — so 


FIGURE 3.6.3 The line y — c is a horizontal asymptote in (a), (b), 
and (c) 


A slant asymptote is also called an oblique asymptote. 
DEFINITION 3.6.4 Slant Asymptote 


A line y = mx + b, т = 0, is said to be a slant asymptote for 


the graph of a function f if 


F(x) > mx + basx — — 


f(x) 9 mx + b as x — о 


FIGURE 3.6.4 Slant asymptote is у = mx + b 


Тһе notation in (11) of Definition 3.6.4 means that the graph of f possesses а 
slant asymptote whenever the function values f(x) become closer and closer to 
the values of y on the line y = mx + b as x becomes large in absolute value. 
Another way of stating (11) is: A line y = mx + b is a slant asymptote for the 
graph of f if the vertical distance d(x) between points with the same x- 


coordinate on the two graphs satisfies 


d(x) = f(x) — (mx + b) > 0asx > —orasx > 5. 


See FIGURE 3.6.4. We note that if a graph of a rational function f(x) = Р(х)/О(х) 
possesses a slant asymptote it can have vertical asymptotes, but the graph 


cannot have a horizontal asymptote. 


On a practical level, vertical and horizontal asymptotes of the graph of a 
rational function f can be determined by inspection. So for the sake of 
discussion let us suppose that 

P(x) ад" + a, алі... c ax + а 


(X) ,а,3% 0,5, #0, (12) 
f Ос) by" + bp- x"! + +з + bx + b " m 


represents a general rational function. 


[ Finding a Vertical Asymptote Let us assume that the polynomial 


functions P(x) and Q(x) in (12) have no common factors. In that case: 


+ If ais a real number such that Q(a) = 0, then the line x = a is a vertical 


asymptote for the graph of f. 


Since Q(x) is a polynomial function of degree т, it can have up to т real 
zeros, and so the graph of a rational function f can have up to т vertical 
asymptotes. If the graph of a rational function f has, say, (К < т) vertical 
asymptotes, then the К vertical lines divide the xy-plane into + 1 regions. 


Thus the graph of this rational function would have k + 1 branches. 


Vertical Asymptotes 


(a) Inspection of the rational function 


2x + 1 


f(x) = 


X 4 shows that the denominator 
Q(x) = x2 — 4 = (x + 2)(x — 2) = 0 at x = —2 and x = 2. These are equations of 


vertical asymptotes for the graph of f. The graph of f has three branches: one 
to the left of the line = —2, one between the lines x = —2 and x = 2, and опе 
to the right of the line x = 2. 


(b) The graph of the rational function 


f(x) = 5 
| X^ + x + АКИШ 


asymptotes, because Q(x) = x» + x - 4 + 0 for all real numbers. 


[ Finding a Horizontal Asymptote When we discussed end behavior of 


a polynomial function P(x) of degree n, we pointed out that P(x) behaves like 


y = апп, that is, Р(х) = anxn, for values of x large in absolute value. As a 


consequence, we see from 


lower powers of x are 
irrelevant as x — +% 


1 


ах" | + Rae т Oe ae Эд 


+ b,x + bo 


fa) = 
b үт + bn- T alio zs 


т 


that f(x) behaves like D. because 
a, X" 
m — HM n-m 


Шол рх" р 


т т for x > +0, 
Therefore: 
0 
1 
а, а 
Нп-т, f(x) = х" ә asx ә +o, (13) 
5, by, 
negative 
Е an n-m an | 
Пп<т, — f(x) = —x Bm 0 asx +o, (14) 
m Dn x 
positive 
| 
А аһ ,- 
Ifn>m, f(x) = х "> жо аѕ х > +, (15) 


т 


From (13), (14), and (15) we glean the following three facts about horizontal 


asymptotes for the graph of f(x) = P(x)/Q(x): 


+ If degree of P(x) = degree of Q(x), then y = a,/b,, (the quotient of (16) 


the leading coefficients) is a horizontal asymptote. 


+ [f degree of Р(х) < degree of Q(x), then y = 0 is a horizontal (17) 
asymptote. 


+ [f degree of P(x) > degree of Q(x), then the graph of f has no 


А (18) 
horizontal asymptote. 


Horizontal Asymptotes 


Determine whether the graph of each of the following rational functions 


possesses a horizontal asymptote. 


7 
Bx? + Ах —1 
! Э 
т Sx + x 
F(x) 4х? + 7х + 8 
x)=- 
b) ` 2x! + 3x7 — x +6 
Э 
i Sx'-x 41 
f(x) = — 
(b) 2x + 3 


Solution (a) Since the degree of the numerator 3x2 + 4x —1 is the same as the 


degree of the denominator 8x» + x (both degrees are 2), we see from (13) that 


| 
GO | Сә 


As summarized in (16), +“ 
graph of f. 


is a horizontal asymptote for the 


(b) Since the degree of the numerator 4xs + 7x + 8 is 3 and the degree of the 
denominator 2x4 + 3x» — x + 6 is 4 (and 3 < 4), we see from (14) that 


f(x) = T como О as x Ło, 
| p 


As summarized in (17), y = 0 (the x-axis) is a horizontal asymptote for the 


graph of f. 


(c) Since the degree of the numerator 5x3 + x2 —1 is 3 and the degree of the 


denominator 2x + 3 is 1 (and 3 > 1), we see from (15) that 


3 3-11 


f(x) = =x 


5 
—х > о as хә Ło, 
Э 


N 


As summarized in (18), the graph of f has no horizontal asymptote. 


In the graphing examples that follow we will assume again that Р(х) and Q(x) 


in (12) have no common factors. 


Graph of a Rational Function 


у= 
x) = 
rmm) x + 2 


Solution Here are some things we look at to sketch the graph of f. 


Symmetry: No symmetry. P(x) = 3 — x and Q(x) = x + 2 are neither even nor 


f(0) 23 


Intercepts: = and so the y-intercept 18 


ч, 


ә 
0,5 
s 
, = /, Setting Р(х) = 0 or 3 – x = 0 implies 3 is a zero of P. Тһе 
single x-intercept 15 (3, 0). 


Vertical Asymptotes: Setting Q(x) = 0 or x + 2 = 0 gives x = —2. The line х= 


—2 is a vertical asymptote. 


Branches: Because there is only a single vertical asymptote, the graph of f 
consists of two distinct branches, one to the left of x 2 —2 and one to the right 
of x 2-2. 


Horizontal Asymptote: Тһе degree of Р(х) and the degree of Q(x) are the same 
(namely, 1), and so the graph of fhas a horizontal asymptote. By rewriting f as 


ғ —x + 3 
PE 
| ХР 


leading coefficients is —1/1 = —1. From (16) we see that the line y = —1 is a 


horizontal asymptote. 


The Graph: We draw the vertical and horizontal asymptotes using dashed 
lines. The right branch of the graph of f is drawn through the intercepts 


0,5 
( | >) and (3, 0) in such a manner that it approaches both 


asymptotes. The left branch is drawn below the horizontal asymptote у = —1. 
Were we to draw this branch above the horizontal asymptote it would have to 
be near the horizontal asymptote from above and near the vertical asymptote 
from the left. In order to do this the branch of the graph would have to cross 


the x-axis, but since there are no more x-intercepts this is impossible. See 


FIGURE 3.6.5. 


FIGURE 3.6.5 Graph of function in Example 4 


Example 4 Using Transformations 


Long division and rigid transformations can sometimes be aids in graphing 
rational functions. Note that if we carry out the long division for the function f 


in Example 4, we see that 


1163 = PES is the same as f(x) = —1 + "EY 


Thus, starting with the graph of y = 1/х, we stretch it vertically by a factor of 
5. Next, shift the graph of y = 5/x to the left 2 units. Finally, shift the graph of 
y = 5/(x + 2) vertically downward 1 unit. You should verify that the net result 


Graph of a Rational Function 


is the graph given in Figure 3.6.5. 


қ ) X 
X) т- | 
Graph the function | | mu x^ : 


Solution Symmetry: Since Р(х) = x is odd and Q(x) = 1 - x is even, the 
quotient Р(х)/О(х) is odd. The graph of f is symmetric with respect to the 


origin. 


Intercepts: f(0) 2 0, and so the y-intercept is (0, 0). Setting P(x) 2 x 2 0 gives x 
= 0. Thus the only intercept is (0, 0). 


Vertical Asymptotes: Setting Q(x) = 0 or 1 -x2 = 0 = 0 gives x = -1 and = 1. 


The lines x = —1 and x = 1 are vertical asymptotes. 


Branches: Because there are two vertical asymptotes, the graph of f consists 
of three distinct branches, one to the left of the line x = —1, one between the 


lines x = —1 and x = 1, and one to the right of the line x = 1. 


Horizontal Asymptote: Since the degree of the numerator x is 1 and the degree 
of the denominator 1 — x2 is 2 (and 1 < 2), it follows from (14) and (17) that y 
- 0 is a horizontal asymptote for the graph of f. 


The Graph: We can plot the graph for x 2 0 and then use symmetry to obtain 
the remaining part of the graph of x < 0. We begin by drawing the vertical 
asymptotes using dashed lines. The half-branch of the graph of f on the 
interval [0, 1) is drawn starting at (0, 0). The function f must then increase 
because P(x) = x > 0, and Q(x) = 1 — x» > 0 indicates that f(x) > 0 for 0 < x < 1. 
This implies that near the vertical asymptote x = 1, f(x) > œ as x > 1-. The 
branch of the graph for x > 1 is drawn below the horizontal asymptote y - 0, 
since P(x) = x > 0 and Q(x) = 1 — x2 < 0 imply f(x) < 0. Thus f(x) > – оо as x ^ 
1+ and f(x) > 0 as x > ee. The remainder of the graph for x < 0 is obtained by 


reflecting the graph for x > 0 through the origin. See FIGURE 3.6.6. 


М 


FIGURE 3.6.6 Graph of function іп Example 6 


Graph of a Rational Function 


X 
f(x) = —— 
Graph the function | | | + x^ i 


Solution The given function f is similar to the function in Example 6 in that f 
is an odd function, (0, 0) is the only intercept of its graph, and its graph has 
the horizontal asymptote y = 0. However, note that since 1 + x» > 0 for all real 
numbers, there are no vertical asymptotes. Thus there are no branches; the 
graph is one continuous curve. For x > 0, the graph passes through (0, 0) and 
then must increase since f(x) > 0 for > 0. Also, f must attain a relative 
maximum and then decrease in order to satisfy the condition f(x) > 0 as x > 
co, As mentioned in Section 3.1, the exact value of this relative maximum can 
be obtained through calculus techniques. Finally, we reflect the portion of the 
graph for x > 0 through the origin. The graph must look something like that 
shown in FIGURE 3.6.7. 


FIGURE 3.6.7 Graph of function іп Example 7 


[ Finding a Slant Asymptote Let us again assume that the polynomials 
P(x) and Q(x) in (12) have no common factors. In that case we can recognize 


the existence of a slant asymptote in the following manner: 


• If the degree of Р(х) is precisely one greater than the degree of Q(x), that is, 
if the degree of Q(x) is т and the degree of P(x) is m + 1, then the graph of f 


possesses a slant asymptote. 


We find the slant asymptote by division. Using long division to divide P(x) by 
Q(x) yields a quotient that is a linear polynomial mx + b and a polynomial 


remainder R(x): 


quotient remainder 


. Р(х) X 
f(x) = (x) =mx+b+ = (19) 


Because the degree of R(x) must be less than the degree of the divisor Q(x), 


we have R(x)/Q(x) > 0 as х > – о and as x > oo, and consequently 


f(x) > mx “Базх->-> and f(x) > mx + basx — v. 


In other words, an equation of the slant asymptote is у = mx + b, where mx + b 


is the quotient in (19). 


If the denominator Q(x) is a linear polynomial, we can then use synthetic 


division to carry out the long division. 


Graph with a Slant Asymptote 


Graph the function 


f(x) = 


Solution Symmetry: No symmetry. P(x) = x» — x - 6 and Q(x) = x — 5 are 


neither even nor odd. 


Intercepts: ul ( Е ) №] and so the у-ішегсері is 


( “3 2 ) Setting P(x) = 0 or x — x — 6 = 0 or (x + 2)(x — 3) = 0 shows 
that —2 and 3 are zeros of Р(х). Тһе x-intercepts are (—2, 0) апа (3, 0). 


Vertical Asymptotes: Setting Q(x) = 0 or x — 5 = 0 gives x = 5. The line x = 5 


is a vertical asymptote. 


Branches: The graph of f consists of two branches, one to the left of x = 5 and 
one to the right of х= 5. 


Horizontal Asymptote: None. 


Slant Asymptote: Since the degree of P(x) = x2 — x — 6 (which is 2) is exactly 
one greater than the degree of Q(x) = x — 5 (which is 1), the graph of f(x) has a 
slant asymptote. To find it, we divide P(x) by Q(x). Because Q(x) is a linear 


polynomial we can use synthetic division: 


| + 14 


Recall that the latter notation means that 


у =x + 415 the slant asymptote 


1 


14 
— =x+4+——. 
x— 5 x— 5 


Note again that 14/(x — 5) > 0 as x > +. Hence the line y = x + 4 is a slant 
asymptote. 


The Graph: Using the foregoing information we obtain the graph in FIGURE 
3.6.8. The asymptotes are the dashed red lines in the figure. 


FIGURE 3.6.8 Graph of function іп Example 8 


Graph with a Slant Asymptote 


By inspection it should be apparent that the graph of the rational function 


f(x x' — 8x + 12 
Jx) = a 1 
X + 1 possesses a 


slant asymptote but no vertical asymptotes. Since the denominator is a 


quadratic polynomial we resort to long division to obtain 


xX — 8x + 12 —9х + 12 
= x + —————, 
x + 1 x + 1 


The slant asymptote is the line y = x. The graph has no symmetry. The y- 
intercept is (0, 12). The lack of vertical asymptotes indicates that the function 
f is continuous; its graph consists of an unbroken curve. Because the 
numerator is a polynomial of odd degree, we know that it has at least one real 
zero. Since хз - 8x + 12 = 0 has no rational roots, we use approximation or 
graphical techniques to show that the equation possesses only one real 
irrational root. Thus the x-intercept is approximately (-3.4, 0). Тһе graph of f 
is given in FIGURE 3.6.9. Notice in the figure that the graph of f crosses the slant 


asymptote. 


FIGURE 3.6.9 Graph of function іп Example 9 


[ Graph with a Hole We assumed throughout the preceding discussion of 
asymptotes of rational functions that the polynomial functions P(x) and Q(x) 
in (1) have no common factors. We now know that if a is a real number such 
that Q(a) - 0, and Р(х) and Q(x) have no common factors, then the line x 2 a 
is a vertical asymptote for the graph of f. Because Q is a polynomial function, 
it follows from the Factor Theorem that Q(x) = (x — a)q(x). The assumption 
that the numerator P and denominator Q have no common factors tells us that 
x— a is not a factor of P and so Р(а) + 0. When Р(а)- 0 and Q(a) = 0, then x 
= a тау not be a vertical asymptote. For example, when a is a simple zero of 
both P and О, then x = a is not a vertical asymptote for the graph of f(x) = 
P(x)/Q(x). To see this, we know from the Factor Theorem that if P(a) 2 0 and 


Q(a) = 0, then x — a is a common factor of P and О: 


Р(х) = (x — a)p(x) and Q(x) = (x — a)q(x). 


where p and 4 are polynomials such that р(а) # 0 and q(a) ғ 0. After 


canceling 


= P(x) _ (x— а)р(х) _ p(x) 
Q(x) (x—a)q(x) (х) 


X # a, 


we see that f(x) is undefined at a, but the function values f(x) do not become 
unbounded as x > a- or as x > a+ because q(x) is not approaching 0. As an 


example, we saw in Section 2.5 that the graph of the rational function 


А х--- 4 (x = у(х + 2) 
f(x) = = =x+2, x #2, 
: 3 rc 


is basically a straight line. But since f(2) is undefined there is no point (2, f(2)) 
on the line. Instead, there is a hole in the graph corresponding to the point (2, 
4). See Figure 2.5.5(a) on page 90. 


Graph with a Hole 


Graph the function 
7 (х) = 2 


Solution Although x2 —1 = 0 for = —1 and x = 1, only x = 1 is a vertical 
asymptote. Note that the numerator P(x) and denominator Q(x) have the 


common factor x + 1, which we cancel provided x + -І: 


equality is truefor x # —1 
| 
(ET De =3) 21-23 


(х+1)(х—1) х-1 


f(x) = (20) 


Thus we see from (20) that there is no infinite break in the graph at x = —1. 


x—3 
y = 


=” 


We graph X | ,X # —1, by observing that the y- 


intercept is (0, 3), an х-ішегсері is (3, 0), a vertical asymptote is x = 1, апда 
horizontal asymptote is y = 1. The graph of this function has two branches, 
but the branch to the left of the vertical asymptote x - 1 has a hole in it 
corresponding to the point (—1, 2). See FIGURE 3.6.10. 


FIGURE 3.6.10 Graph of function in Example 10 


NOTES FROM THE CLASSROOM 


© Comstock Images/Alamy Images 


When asked whether they have ever heard the statement “Ап 
asymptote is a line that the graph approaches but does not cross," a 
surprising number of students will raise their hands. First, let's 
make it clear that the statement is false; a graph can cross a 
horizontal asymptote and can cross a slant asymptote. A graph 
can never cross a vertical asymptote x — a, since the function is 
inherently undefined at x — a. We can even find the points 
where a graph crosses a horizontal or slant asymptote. For 
example, the rational function 


xt + 2x 
f(x) = = 


| has (һе horizontal 
asymptote y — 1. Determining whether the graph of f crosses the 


horizontal line y = 1 is equivalent to asking whether y = 1 is in 
the range of the function f. Setting f(x) equal to 1, that is, 


x + 2x T 
2—1 
implies xix =х—=1 and х--1. 
Since ” 7 is in the domain of f, the graph of f 
crosses the horizontal asymptote at 


(-2Ң-2)) = (555: Г) Observe іп 


Example 9 we can find the point where the slant asymptote 
crosses the graph of y — x by solving f(x) — x. You should verify 


бы ad 


that the point of intersection is ( 3 3 3 ) See Problems 31- 
36 in Exercises 3.6. 


Exercises 3.6 Answers to selected odd-numbered 
problems begin on page ANS-12. 


In Problems 1 and 2, use а calculator to fill out the given table for the rational 


2X 


Im) 5 


1. х= 3 іѕ a vertical asymptote for the graph of f 


x ЗЫ 3.01 3.001 3.0001 3.00001 
Хо) 
х 2.9 2.99 2.999 2.9999 2.99999 


f(x) 


2. у= 2 15 a horizontal asymptote for the graph of f 


x 10 100 1000 10,000 100.000 


jt 10 100 1000 | — 10.000 | — 100,000 


In Problems 3-22, find the vertical and horizontal asymptotes for the graph of 
the given rational function. Find x- and y-intercepts of the graph. Sketch the 


graph of f. 


: f(x) = x—2 


2. X(x — 5) 
x] а 2-1 
2n М x? m 9 


In Problems 23-30, find the vertical and slant asymptotes for the graph of the 
given rational function. Find x- and y-intercepts of the graph. Sketch the graph 


f. 
2 Cc 


тэг. 
P AAR X 


— X 
f(x) x(x + І)(х- 4) 
x) = —— 

30. x + | 


Іп Problems 31-34, find the point where the graph of f crosses its horizontal 


asymptote. Sketch the graph of f. 


f(x) = сс 


f(x) = 


21 x? ши Эт 


Іп Problems 35 and 36, find the point where the graph of f crosses its slant 
asymptote. Use a graphing utility to obtain the graph of f and the slant 


asymptote in the same coordinate plane. 


36. Ж 


Іп Problems 37-40, find a rational function that satisfies the given conditions. 


There is no unique answer. 
37. vertical asymptote: x = 2 
horizontal asymptote: у = 1 
x-intercept: (5, 0) 

38. vertical asymptote: x = 1 
horizontal asymptote: y = –2 
y-intercept: (0, — 1) 

39. vertical asymptotes: x = -1, x = 2 
horizontal asymptote: y 2 3 
x-intercept: (3, 0) 

40. vertical asymptote: x = 4 
slant asymptote: y = x + 2 


In Problems 41-44, find the asymptotes and any holes in the graph of the 
given rational function. Find x- and y-intercepts of the graph. Sketch the graph 


Í. 


f(x) = 
41. ÆT | 
| 


арлыг 


42. X — | 


x + I 
x(x? + 4х + 3) 


43. 
F(x) r+8 
a ТИЕ 
= Жы ый. 
Applications 


45. Parallel Resistors A 5-ohm resistor and a variable resistor are placed in 
parallel as shown in FIGURE 3.6.11. The resulting resistance Ё (in ohms) is 


related to the resistance r (in ohms) of the variable resistor by the equation 


5r 
R = —. 
Zip к 


5 ohms 


r ohms 


FIGURE 3.6.11 Parallel resistors in Problem 45 


Sketch the graph of R as a function of r for r 0. What is the resulting 


resistance R as ғ becomes very large? 


46. Power The electrical power P produced by a certain source is given by 


Е E?r 
= p? : 27 
Re —2Rr + 7 


where E is the voltage of the source, R is the resistance of the source, and r is 
the resistance in the circuit. Sketch the graph of P as a function of r using the 
values E = 5 volts and R = 1 ohm. 


1 6-unit 


2-unit 
source 


sourcc 


FIGURE 3.6.12 Two light sources in Problem 47 


47. Illumination Intensity The intensity of illumination from a light source 
at any point is directly proportional to the strength of the source and inversely 
proportional to the square of the distance from the source. Given two sources 
of strengths 16 units and 2 units that are 100 cm apart, as shown in FIGURE 
3.6.12, the intensity / at any point P between them is given by 


16 2 
10) = z+ 
X^ (100 — x)* 


where x is the distance from the 16-unit source. Sketch the graph of /(x) on the 
interval (0, 100). Describe the behavior of I(x) as x > 0+. As x ^ 100-. 


For Discussion 


48. Suppose f(x) = P(x)/Q(x). Prove the symmetry rules (2), (3), and (4) for 


rational functions. Assume Р(х) апа Q(x) have no common factors. 


49. Construct a rational function f(x) 2 P(x)/Q(x) whose graph crosses its 


slant asymptote twice. 


50. If you have studied Section 1.5, then discuss how topics in this section 


and Section 3.2 can be used to help find the limit: 


5 
у — ] 
lim — —— 
ІЗІ y — 


3.7 The Area Problem 


Calculus 
PREVIEW 


INTRODUCTION As we saw in Section 2.10, the fundamental motivating 
problem of differential calculus, Find a tangent line to the graph of a function 
f, is answered by the notion of the derivative of the function. Differential 
calculus is the study of the properties and applications of the derivative of a 
function y = Хх). Integral calculus, on the other hand, is the study of the 
properties and the applications of the definite integral of a function y = f(x). 
As mentioned in Section 2.10, the historical problem that leads to the concept 
of the definite integral is, Find the area under the graph of a function f. We 


examine the area problem in this section. 


[ Area Under a Graph Throughout the discussion that follows we will 


assume that y = f(x) is a function that is continuous and nonnegative on ап 


interval [a, b]. Recall that the concept of continuity has been mentioned 


several times in previous sections; in this case, the graph of f has no breaks, 
gaps, or holes in it anywhere on the interval [a, b]. The requirement that f be 
nonnegative, that is, f(x) > 0 for all x in [a, b], means that no portion of its 


graph on the interval is below the x-axis. Specifically, then, 


By the area under a graph we mean the area A of the region in the plane 
bounded by the graph of f, the lines x = a and x = b, and the x-axis. 


See FIGURE 3.7.1. 


FIGURE 3.7.1 Area A under a graph 


To get to the answer of the question, What is the exact value of A? we begin 
with a method for systematically approximating A. The basic idea is simply 
this: build rectangles across the interval [a, b] and use the sum of the areas of 


the rectangles as an approximation for A. 


[ Approximating the Area One possible systematic procedure for 


approximating the value of the area A under a graph is summarized next. 


(i) Subdivide the interval (а, b] into n subintervals [x«- 1, xx] where 


алхқх<х<х<--<х <x, = b, 


so that each subinterval has the same width 


Ах 


F l . This is called a regular partition of 
the interval (а, b]. 
als 
X Мы 
(її) Сһоове а foi) A К _in each of the n subintervals [x«- 1, xx] and form 
$) Ax. Since the area of a rectangle is length x 


m sk 


the n prod ( a 
Е: ж) Ах is the area of the rectangle of length 


Ж ve: Ax built Ap on the kth subinterval Г 1, Xx]. The п 


ma жар 
numbers ” Si 2 X3 » X3 Ф 


sample points. See —5: SUID. 


i= 
““Н are called 


FIGURE 3.7.2 n rectangles of width Ax and length Н ( К ) 


(iii) The sum of the areas of the n rectangles represents an approximation to 


the value of the area, of the region 


А = f(xf)Ax + РО)Ах + f(xt)Ax + +++ + for). (1) 


È 


To simplify the hand calculations, the sample points Г k Теке 25 oss m 
are generally chosen to be either the left-hand endpoint or the right-hand 


endpoint of each subinterval [x«- 1, xx]. 


Area of a Triangular Region 


Approximate the area A under the graph of f(x) = x on the interval [0, 1] using 


four subintervals of equal width and choosing 


БИ 


k as the left-hand endpoint of each subinterval, and 


afa 


= ғұз 


(b) ” 4% as the right-hand endpoint о? each subinterval. 


See FIGURE 3.7.3. 


FIGURE 3.7.3 Area A in Example 1 


Solution By dividing [0, 1] into four subintervals, the width of each 
subinterval is X 4 4. 
жәр 


(a) If” k is Чу endpoint of each of the four subintervals, then 


ala 


xf = 0, 


Hk I «ЗЕ — 2 1 
7 2 4 37 3 d 2| and 
Y — = 
Й 4 4. See FIGURE 3.7.4(а). We have from (1), 


/(0)4 + f(3)s + f(5)s + Ла) 
а er 


(a) Using left-hand endpoints (b) Using right-hand endpoints 


FIGURE 3.7.4 Approximating the area A in Example 1 


(b) If” ҮА is the | BM endpoint of each of the four subintervals, then 
arja —— 


A] Es 


3 


5. 

“с. 
B ba 
^ Р 


aer" 3 
2 2 X - ЕЕ 4, апа 
| 


3 
4 
4 


e 
AS 


4 )4 MIL ~ 
+579 +374 +015 
0 


As сап be seen in Figures 3.7.4(a) and 3.7.4(b), the value obtained in part (а) 
of Example 1 underestimates the area A, whereas the value in part (b) 
overestimates A, that is, 0.375 « A « 0.625. We can compare these 
approximations with the actual area. Since the area under the graph of f(x) = x 


on the interval (0, 1] is the area of a right triangle of base = 1 and height = 1, 


the exact area is 
1 . 1 1 
А-»-Һае-һеем-,:1-і-»-025 


r 
Г j i 
There is no special reason that we chose the sample points Г 4% Lice По 2, 


..., п, to be the left-hand and then the right-hand endpoints of the subintervals 
15 


à, 
m ad 


i= 
[xx - 1, xx], other than convenience. We could pick г 4% randomly in each 
subinterval. In Problem 3 of Exercises 3.7 you are asked to approximate the 


area in Example 1 using the midpoint of each subinterval. 


Intuitively, the more rectangles we use the better (1) approximates the area A 


under a graph. The trade-off, of course, is that we must do more calculations. 


Area Under a Parabola 


Approximate the area A under the graph of f(x) = x: on the interval (0, 1] using 


eight subintervals of equal width and choosing 


7 


Yn 
(a) a К as the left-hand endpoint of each subinterval, and 


„Уе 


i= 
(b) г 4% as the right-hand endpoint of each subinterval. 


See FIGURE 3.7.5. 


FIGURE 3.7.5 Area А іп Example 2 


Solution By dividing (0, 1] into eight subintervals, the width of each 


AY = 


subinterval is 


р 
халх 


(a) I£ 7 К is the left-hand endpoint of еа 


xf = 0, хў = 


l 


— I 


8 


| 8. 


„8? 


See 


p 

2 1 3 4 1 x ЫН E 7 

Ж-і-алдт-фофс-ҙ-о,Х6 -ф, i A8 8. 
3.7.6(а). We have from (1), 

(lone tfi) & + (4) + + fs) +/б)` MIL hit) +70) 
0- атата 4314 me ies +81 
= 25 = 0.2734375. 
YA YA 
01234567 7 0123456 78 
8 8 8 8 888 8 8 8 8 8 8 8 8 


(а) Using left-hand endpoints 


(b) Using right-hand endpoints 


1 


8 


1 of the four subintervals, then 


FIGURE 


FIGURE 3.7.6 Approximating the area A іп Example 2 


rae 
Ри eom 
i 


(b) I£ " її is the rieht-hand endpoint of each of the "I subintervals, then 


XT = Z x — = = 2 

i "ДЫн: 8 15 

eR 4 1 ж 5 | ak 6 3 „ж 1 ak 8 
д-флтсітсілісілд-ізіл-ілі-іс ll see Figure 


3.7.6(b). We have from (1), 


From Figure 3.7.6(а) we see that the area of the seven rectangles 
underestimates A in Example 2, whereas the eight rectangles in Figure 
3.7.6(b) overestimates A. From the calculations in Example 2 we can write 
0.2734375 « A < 0.3984375. But an observation is in order at this point. Don't 
assume that by using left-hand endpoints followed by the right-hand endpoints 
Fr 


^ 
m at 


i= 
of the subintervals for ” 4% that we always get, in turn, a lower estimate 
followed by an upper estimate of the area A under the graph of f on (а, b]. 


This occurred in Examples 1 and 2 simply because, in both cases, the function 


f was increasing on the interval [0, 1]. 


[ Summation Notation Writing out sums such as (1) can become very 
tedious. To facilitate the discussion of the area problem, a special notation for 
summation is used in calculus. Suppose ax denotes a real number that depends 
on an integer k. The sum of и such real numbers ак, ai + a2 + аз + ++ + dn, 18 
H 
denoted by the symbol k = l C "k, that is, 
n 


Уа=а +a +a + кее зо... (2) 


Because У is the capital Greek letter sigma, (2) is called sigma notation, but 


more commonly, (2) is referred to аз summation notation. The integer k is 
called the index of summation and takes on consecutive integer values 
starting with k = 1 and ending with К = n. For example, the sum of the first 


100 squared positive integers, 


12 + 2? + 3^ + 4^ + --- + 982 + 997 + 100) 


can be written compactly as 


sum ends with this number 
l 
100 
SK. 
k=1 
T 
sum starts with this number 


Using summation notation, the sum of the areas in (1) can be written as 


[ Exact Area It should seem believable that we can reduce the error inherent 


in the method of approximating an area A under a graph by summing areas of 


rectangles by using more and more rectangles (п > со) of decreasing width 


Ax = ————0| 


. Thus the 32 
rectangles in FIGURE 3.7.7 should give us a better approximation to area A in 


Figure 3.7.1 than the eight rectangles shown in Figure 3.7.2. Indeed that is the 
case. It can be proved that when fis continuous on (а, b] and f(x) > 0 for all x 
in the interval, the area A under the graph of the function y = f(x) on the 


interval is given by the limit 


nM. 


A = lim У f(x) Ах. (3) 
k=1 


VA сане y=f(x) 


>-Х 


FIGURE 3.7.7 Using more rectangles improves the approximation to 
area A 


The Шай (3) exists regardless of how the sample points 
xe ajs | 
muy. yor ны н aisi n 
X 1 3 X 2 3 X 3 3 7 90902 X Fl are chosen in the 
subintervals (хо, xı], [xi x2], [x2, xa], ..., ІХа-1, xn]. Thus in (3), each sample 


ч. 
P. 


i 


afa als 
uL 


point ah "К could always be chosen, say, to be the right-hand endpoint of 
each subinterval. Since we are in no position to deal, in general terms, with 


limits of the kind given in (3), we leave that aspect of the area problem to a 
course in calculus. But if you are willing to put in the time to work Problems 
15-22 in Exercises 3.7, then Problems 23 and 24 will give you a small taste of 


what is involved in computing area A by the limiting process given in (3). 


We said at the start that the area problem is the motivating problem for the 


definite integral. You ask: So what is a definite integral? It is now just a small 
jump from (3) to the concept of the definite integral. 


DEFINITION 3.7.1 Definite Integral 


Let the function f be continuous on [a, b]. The definite integral 
Гоа 
а: 3 T ‚ is 


rb n 
| f(x)dx = lim У foe) Ax (4) 
Ja Bo ТЭГ 


of f from x — a to x — b, denoted by 


The integral symbol | in (4), as used by Wilhelm Gottfried Leibniz (1646— 
1716) who is considered the co-inventor of calculus, along with Isaac 
Newton (1643-1727), is simply an elongated S for the word “sum.” 


NOTES FROM THE CLASSROOM 


€ UpperCut Images/age fotostock 


(i) If read quickly, you might conclude that formula (4) is the 
same as (3). In a way this is correct; however, (4) is a more 
general concept (notice that we are not requiring f to be 
nonnegative on the interval [a, b]). Thus, a definite integral need 
not be area. Also, in its most general setting, even the conditions 


of continuity of f and the use of a regular partition are dropped 
in the definition of the definite integral. What, then, is a definite 
integral? For now, accept the fact that a definite integral is 
simply a real number that can be negative, zero, or positive. 
When the conditions of continuity and nonnegativity are 
imposed on y — f(x) on the interval [a, b], then the area under 


— b = - Р" 
the graph is А m І а J ( A ) ах Also, you 


should be aware that the interpretations of derivative and the 
definite integral are much broader than just slopes of tangent 
lines and areas under graphs. As you progress through courses in 
mathematics, sciences, and engineering you will see many 
diverse applications of the derivative and the definite integral. 


(ü) In this chapter we worked principally with polynomial 
functions. Polynomial functions are the fundamental building 
blocks of a class known as algebraic functions. In Section 3.6 
we saw that a rational function is the quotient of two polynomial 
functions. In general, an algebraic function f involves a finite 
number of additions, subtractions, multiplications, divisions, and 
roots of polynomial functions. Thus 


y= 2x — 5x,y = У,у =x + V + 5, апау = — 


2-22-7 


аге algebraic functions. Indeed, all the functions in Chapters 2 
and 3 are algebraic functions. Starting with the next chapter we 
consider functions that belong to a different class known as 
transcendental functions. A transcendental function f is defined 
to be one that is not algebraic. The six trigonometric functions 
(Chapter 4) and the exponential and logarithmic functions 
(Chapter 6) are examples of transcendental functions. 


Exercises 3.7 Answers to selected odd-numbered 
problems begin on page ANS-13. 


In Problems 1-4, the function f and the interval are given іп Example 1. 


1. Approximate the area A, this time using eight subintervals of equal width 
afa 


k Tag .рь 


and choosing " ўч as the left-hand endpoint of each subinterval. Draw the 
eight rectangles. 


2. Approximate the area A, this time using eight subintervals of equal width 


M 


i= 
and choosing” ` К as the right-hand endpoint of each subinterval. Draw the 
eight rectangles. 


3. Approximate the area A, this time using four subintervals of equal width 


ale 
maed 


i= 
but choosing " k as the midpoint of each subinterval. Draw the four 
rectangles. 


4. Compare the approximation obtained in Problem 3 of the exact area A = 


0.5. Explain why your answer in Problem 3 is not surprising. 


5. Approximate the area under the graph of fx) = x + 2 on the interval [-1, 2] 


using six subintervals of equal width and choosing: 


Үү as the left-hand endpoint of each subinterval, and 


te 


yr 


(b) ” К as the right-hand endpoint о? each subinterval. 


6. Repeat Problem 5 using twelve subintervals of equal width. 


7. Approximate the area under the graph of f(x) = — x» + 5x on the interval |0, 
5] using five subintervals of equal width and choosing: 


Е 
sle 


i 


(a) "А аз the left-hand endpoint of each subinterval, and 


с> 
к 


(b) ul Kk as the right-hand endpoint of each subinterval. 


8. Repeat Problem 7 using ten subintervals of equal width. 


9. Approximate the area under the graph of f(x) = — x» + 5x on the interval |0, 
ат 


27 
5] using five subintervals of equal width and choosing E k as the 
midpoints of each subinterval. 


10. Approximate the area under the graph of f(x) = — хз + 2x» on the interval 


afa 
Jm aet 


i= 
[0, 2] using ten subintervals of equal width and choosing й 'K as the right- 
hand endpoint of each subinterval. 


11. Find two different approximations for the area A under the graph y = f(x) 
on the interval [1, 4] shown in FIGURE 3.7.8. 


12. Find two different approximations for the area A under the graph y = f(x) 
on the interval shown in FIGURE 3.7.9. 


FIGURE 3.7.8 Graph for Problem 11 


FIGURE 3.7.9 Graph for Problem 12 
Applications 


13. Lakefront Property Suppose a realtor wants to find the area of an 
irregularly shaped piece of land that is bounded between a 1 mile-long 
segment of a straight road and the shore of a lake. Measurements (in feet) of 
the perpendicular distances from the road to the lake are taken at equally 
spaced intervals along the road as shown in FIGURE 3.7.10. Find two different 
approximations of the area of the land. Express your answer in acres using the 
fact that 1 acre - 43,560 ft». 


14. For the Fish The large irregularly shaped fish pond shown in FIGURE 
3.7.11 is filled with water to a uniform depth of 4 ft. Find an approximation to 
the number of gallons of water in the pond. Measurements are in feet and the 
vertical spacing between the horizontal measurements is 1.86 ft. There are 
7.48 gallons in 1 cubic foot of water. [Hint: The volume of water is surface 


area x depth.] 


Road 


I — — —— 1 mi — > 


FIGURE 3.7.10 Land in Problem 13 


18.6 


FIGURE 3.7.11 Fish pond in Problem 14 
For Discussion 


If c denotes a constant—that is, independent of the summation index k—then 


Н 


К == 1 ' means с + с + с + -- + c. Since there are n c's in this 
sum, we have 


ve = nc. (5) 


k=1 


In Problems 15 and 16, use (5) to find the numerical value of the given sum. 


п k 
Тһе sum of the first п positive integers can be written k == | 
this sum is denoted Бу S, then 


D—lT2T3T--:-Tmn-—lyTtn (6) 


can also be written as 


If we add (6) and (7), then 


28 = (п+ 1) + ++ (п--1)-- + (nn + 1) = n(n + 1). 


nterms of n 1 


$ = 3n(n + 1). 


n 
Ук = 5п(п + 1). (8) 


к= 1 


Solving for 5 gives 


In Problems 17 and 18, use (8) to find the numerical value of the given sum. 


Here are two properties of summation notation: 


n n 
У са, 26 pa ах, Ca constant, (9) 


к= 1 К= 1 


т +b) = т + Så (10) 


k=1 k=1 k=1 


In Problems 19-22, use (5) апа (8)—(10) to find the numerical value of the 


given sum. 
20 
2k 


19. K= ] 


In Problems 23 апа 24, use the results in (5) and (8)-(10) and the limit 
definition of area given in (3) to find the exact value of the area A. In each 


case, partition the given interval into n subintervals of width Ax = (b — ауп 
27 


i= 
and use " К as the right-hand end-point of each subinterval. 


23. А is the area under the graph of f(x) = 2x + 1 on the interval [0, 4] 

24. A is the area under the graph of f(x) = —3x + 12 on the interval [1, 3] 
25. Consider the trapezoid given in FIGURE 3.7.12. 

(a) Discuss how the area A can be approximated using (1) of this section. 


(b) Using well-known area formulas, find a formula that expresses A in terms 
of hı, h2, and b. 


FIGURE 3.7.12 Trapezoid in Problem 25 


Chapter 3 Review Exercises Answers to 


selected odd-numbered Problems begin on page ANS- 
13: 


А. ЕШ іп the Blanks 


In Problems 1-22, fill in the blanks. 


1. The graph of the polynomial function f(x) = x3(x — 1)2(x — 5) is tangent to 


the x-axis at and passes through the x-axis at 
2. A third-degree polynomial function with zeros 1 and 3i is 


3. The end behavior of the graph of f(x) = х2(х + 3)(x — 5) resembles (һе 
graph of the power function f(x) = 


4. The polynomial function f(x) = x4 — 3x3 + 17x2 — 2x + 2 has (how 


many) possible rational zeros. 


5. For f(x) = kex = 2)(х— 3), f-1)281ifk- : 


6. Тһе y-intercept of the graph of the rational function 


f(x) 2х + $ 
XxX) = - 
| x^ mE 5X +- 4m 


7. Тһе vertical asymptotes for the graph of the rational function 


f(x) 2х + 8 
X) = —> 
| x — 5x + 48 


8. The x-intercepts of the graph of the rational function 


„3 
f(x) = 


A A 
4 — 2x. 
9. The horizontal asymptote for the graph of the rational function 
ЕЕ. . 
A — X 
f(x) = 
4 — 28 


10. A rational function whose graph has the horizontal asymptote y = 1 and x- 


intercept (3, 0) is 


11. The graph of the rational function 


„Я 
f(x) 
ү? + 1 , Where n is a nonnegative 


integer, has the horizontal — у-0 when n = 


12. The graph of the polynomial function f(x) = 3x5 — 4x2 + 5x —2 has at most 


turning points. 


13. If iis a zero of f(x) = м + 2x3 + 3x2 + 2x + 2 then three other zeros are 


14. The graph of the rational function 


: 
Жо) 


asymptotes. 


+ | has | (how тапу) 


15. Suppose that when a polynomial function f of degree 5 is divided by x — 3 


f(x) 
—— = g(x) + 
we get b X ~~). The 
degree of the mum q(x) is 


16. If fis the polynomial function in Problem 15, then КЗ) = 


17. A rational function f can be written 


f(x) = 2x + 4 + 


asymptotes for the graph of f are 


x + 10 
шин 2 — x 


2 
X — ХЕ 


18. If 


je De, 


, then f(x) > as 


19. The graph of the rational function 


2 
Жо) 


X 


3b 9 
Д is symmetric with respect to 


20. If f(—2) > 1 and КЗ) < —1, then the polynomial function f has at least one 


zero in the interval 


21. After a polynomial р(х) is divided by d(x) = x - 3, the quotient and 


remainder are, respectively, g(x) = x2 + 6x + 4 and г = -10. Therefore р(х) = 


22. If nis a positive integer, then x + 1 is a factor of f(x) = x» + 1 for n = 


B. True/False 


In Problems 1—24, answer true or false. 


1. f(x) = 2x3 — 8x-2 + 5 is not a polynomial function. 


| | 
f(x) =x + — 
2. i A is a rational function. _____ 


3. The graph of a polynomial function f can have no holes in it. 
4. A polynomial function f of degree 4 has exactly four real zeros. 


5. When a polynomial of degree greater than one is divided by x — 1, the 


remainder is always a constant. 


6. If the coefficients а, b, c, and d of the polynomial function f(x) = ахз + bx» 


+ сх + d are positive integers, then f has no positive real zeros. 


7. Тһе polynomial equation 2x; = 1 — x has a solution in the interval (0, 1]. 


8. The graph of the rational function f(x) = (x2 + 1)/x has а slant asymptote. 


9. The graph of the polynomial function f(x) = 4x6 + 3x2 is symmetric with 


respect to the y-axis. 


10. The graph of a polynomial function f that is ап odd function, must pass 


through the origin. 


11. An asymptote is a line that the graph of a function approaches but never 


crosses. 


(1 
12. The point % 3 3 


fo) = 3 


13. The graph of a rational function f(x) = P(x)/Q(x) has a slant asymptote 


4 is on the eraph of 


when the degree of P is greater than the degree of Q. 


14. If 3 — Ai is a zero of a polynomial function f(x) with real coefficients, then 


3 +4115 also a zero of f. 
15. A polynomial function f must have at least one rational zero. 
16. The graph of f(x) = x4 + 5x2 + 2 does not cross the x-axis. 


17. If (—1, 6) and (4, —2) are two points on the graph of a polynomial function 


f. then f has at least one zero in the open interval (-1, 4). 


18. If the end behavior of a polynomial function f'is 


f(x) — оо as x — —% and f(x) — % аѕ х > >, 


then the degree of f must be an even positive integer. 


19. The graph of a rational function f'can have at most one horizontal 


asymptote. 


20. If a polynomial function fis an odd function and 3 is a zero of f, then —3 


is also a zero of f. 


21. The graph of a polynomial function f always has a y-intercept. 


22. If the leading coefficient of a polynomial function fis 1, then any rational 


zeros of the function must be integers. 


23. If 5 and 1 + 2i are zeros of a polynomial function f of degree 4 with real 


coefficients, then one of the remaining two zeros of must be real. 


24. Тһе graph of a polynomial function f of degree 4 that has four real zeros 


must pass through the x-axis four times. 
C. Review Exercises 


In Problems 1 and 2, use long division to divide f(x) by d(x). 

1. f(x) = 6х5-4 + 2x2 + 4, d(x) = 2x2 - 1 

2. fx) = 15x4 — 2x3 + 8x + 6, d(x) = 5x3+ x + 2 

In Problems 3 and 4, use synthetic division to divide Кх) by d(x). 
3. f(x) = 7x4 — бо + 9x + 3, d(x) 2 x - 2 

4. f(x) = 4xs + 7x2 - 8x, d(x)=x+ 1 


5. Without actually performing the division, determine the remainder when 
f(x) = 5x3 — 4x2 6x — 9 is divided by d(x) = x + 3. 


6. Use synthetic division and the Remainder Theorem to find f(c) for 


f(x) = х — З + 2x* + З? – х? + 5х — 1 


МНЕ C= 2), 


7. Without graphing, does the rational function 


3 - 2 
x + 6x — 7x 


X) = 
"n ) (x _ 1): 


possess a hole іп the graph at x = 1 oris x = 1 a vertical asymptote? 


8. Suppose that 


f(x) = 36x55 — 40x? + 18х!# — 3x7 + 405 + 520 —x + 2 


is divided by d(x) = x — 1. What is the remainder? 


9. List, but do not test, all possible rational zeros of 


f(x) = &x* + 19 + 31x + 38x — 15. 


10. Find the complete factorization of f(x) = 12x3 + 16x2 + 7x + 1. 


In Problems 11 and 12, verify that each of the indicated numbers is a zero of 
the given polynomial function f(x). Find all other zeros and then give the 


complete factorization of f(x). 
11. 2; Дх) = (x 3)3 +1 
12. —1; fix) = (х+2)4—-1 


In Problems 13-16, find the real value of К so that the given condition is 
satisfied. 


13. the remainder іп the division of f(x) = x: — 3x3 — x2 + kx -1 by g(x) = x — 4 


15:72:25 


1 
14. X T 2 is a factor of f(x) = 


15. x – kis a factor of f(x) = 2x3 + x + 2x - 12 
16. the graph of 


“ЭТИШЕ ы. 
f(x) ^ 5 | 
X + 5x + 6 has a hole at x 


8x2 — Akx + 9 


=k 


In Problems 17 and 18, find a polynomial function f of indicated degree whose 


graph is given in the figure. 


17. fifth degree 


FIGURE 3.R.1 Graph for Problem 17 


18. sixth degree 


(0,9) 


Graph for Problem 18 


In Problems 19 and 20, find a rational function f whose graph is given in the 


figure. 


19. 


Graph for Problem 19 


20. 


Graph for Problem 20 


In Problems 21-30, match the given rational function with one of the graphs 


(а)-0). 


(а) у 


13 


(b) y 


(d) y 


3 


3 


" 


FIGURE 3.R.14 
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һә 
= 
bh, 
GU 
= 
M 


f(x) 


f(x) = 5 


In Problems 31 and 32, find the asymptotes for the graph of the given rational 
function. Find x- and y-intercepts of the graph. Sketch the graph of f. 
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4.1 Angles and Their Measurement 


INTRODUCTION We begin our study of trigonometry by discussing angles 
and two methods of measuring them: degrees and radians. As we will see it is 
the radian measure of an angle that enables us to define trigonometric 


functions on sets of real numbers. 


[ Angles An angle is formed by two half-rays, or half-lines, which have a 
common endpoint, called the vertex. We designate one ray the initial side of 
the angle and the other the terminal side. It is useful to consider the angle as 
having been formed by a rotation from the initial side to the terminal side as 
shown in FIGURE 4.1.1(а). An angle is said to be in standard position if its 
vertex is placed at the origin of a rectangular coordinate system with its initial 


side coinciding with the positive x-axis, as shown in Figure 4.1.1(b). 


Terminal 
side 


Vertex 


Initial 
side 


(a) Two half-rays 


Terminal 
Vertex side 


B" 


Initial 
side 


(b) Standard position 
FIGURE 4.1.1 Initial and terminal sides of an angle 


[ Degree Measure The degree measure of an angle is based on the 
assignment of 360 degrees (written 360°) to the angle formed by one 
complete counterclockwise rotation, as shown in FIGURE 4.1.2. Other angles are 


then measured in terms of a 360? angle, with a 1? angle being formed by 


360 of a complete rotation. If the rotation is counterclockwise, the 
measure will be positive; if clockwise, the measure is negative. For example, 


the angle in FIGURE 4.1.3(a) obtained by one-fourth of a complete 


counterclockwise rotation will be 


(3609) = 90°. 


Shown in Figure 4.1.3(b) is the angle formed by three-fourths of a complete 


clockwise rotation. This angle has measure 


2(—360°) = —270°. 


FIGURE 4.1.2 Angle of 360 degrees 


(a) 90? angle (b) —270° angle 


FIGURE 4.1.3 Positive measure in (a); negative measure in (b) 


[ Coterminal Angles Comparison of Figure 4.1.3(a) with Figure 4.1.3(b) 


shows that the terminal side of a 90? angle coincides with the terminal side of 


a —270? angle. When two angles in standard position have the same terminal 
sides we say they are coterminal. For example, the angles 0, 0 + 360°, and 0 
— 360? shown in FIGURE 4.1.4 are coterminal. In fact, the addition of any 
integer multiple of 360? to a given angle results in a coterminal angle. 
Conversely, any two coterminal angles have degree measures that differ by an 


integer multiple of 360°. 


FIGURE 4.1.4 Three coterminal angles 


Angles and Coterminal Angles 


For a 960? angle: 

(a) Locate the terminal side and sketch the angle. 
(b) Find a coterminal angle between 0? and 360°. 
(c) Find a coterminal angle between —360? апа 0°. 


Solution (a) We first determine how many full rotations are made in forming 
this angle. Dividing 960 by 360 we obtain a quotient of 2 and a remainder of 


240. Equivalently we can write 


960 = 2(360) + 240. 


Thus, this angle is formed by making two counterclockwise rotations before 


240 — 2 


эл ( шин ^ 
completing 2 6 ) - of another rotation. As illustrated іп 
FIGURE 4.1.5(a), the terminal side of 960? lies in the third quadrant. 


(b) Figure 4.1.5(b) shows that the angle 240? is coterminal with a 960? angle. 


(c) Figure 4.1.5(c) shows that the angle – 120° 15 coterminal with а 960? angle. 


УА 


ToS | 
ЕЙ 


FIGURE 4.1.5 Angles іп (b) and (с) аге coterminal with the angle in 


(a) 
Ши 


| Minutes and Seconds With calculators it is convenient to represent 


fractions of degrees by decimals, such as 42.23°. Traditionally, however, 


fractions of degrees were expressed in minutes and seconds, where 


° = 60 minutes (written 60')* (1) 


and 1' = 60 seconds (written 60" ). (2) 


For example, an angle of 7 degrees, 30 minutes, and 5 seconds is expressed as 
793075". Some calculators have a special DMS key for converting an angle 
given in decimal degrees to Degrees, Minutes, and Seconds (DMS notation), 
and vice versa. The following example shows how to perform these 


conversions by hand. 


Using (1) апа (2) 


Convert: 
(a) 86.23? to degrees, minutes, and seconds, 
(b) 174713" to decimal notation. 
Solution In each case we will use (1) and (2). 
23 
(a) Since 0.23? represents LOO огл але = 60”, we һауе 
86.23° = 86° + 0.23° 
86° + (0.23)(60') 
= 86? + 13.8: 


Now 13.8- 13- 0.8, зо we must convert 0.8’ to seconds. Since 0.8! 


б 


represents 1 0 of 1' and 1' 2 60", we have 
86° + 13' 0.87 = 86? + ІЗ" - (0.8)(60" ) 
= 86° + 13'+ 48”, 


Hence, 86.23°= 6601348" 


| ' ( | ) О 
(b) Since 1? = 60’. it PPS that 60 . Similarly, 
ГА 


|” = — ( 1 ) 
a 60. m 36( 0. . Thus we have 


17947713” = 17° + 47' + 13” 
= 17° + 47(%) + 13(566) 
= 17° + 0.7833° + 0.0036°. 


о 


Thus we see that 17°47'13" = 17.7869°. 


[ Radian Measure Another measure for angles is radian measure, which 
is generally used in almost all applications of trigonometry that involve 
calculus. The radian measure of an angle 0 is based on the length of an arc on 
a circle. If we place the vertex of the angle 0 at the center of a circle of radius 
r, then 0 is called a central angle. As we know, an angle 0 in standard 
position can be viewed as having been formed by the initial side rotating from 
the positive x-axis to the terminal side. The region formed by the initial and 
terminal sides with a central angle 0 is called a circular sector. As shown in 
FIGURE 4.1.6(а), if the initial side of 0 traverses a distance s along the 


circumference of the circle, then the radian measure of 0 is defined by 


In the case when the terminal side of 0 traverses an arc of length s along the 
circumference of the circle equal to the radius r of the circle, then we see from 
(3) that the measure of the angle 0 is 1 radian. See Figure 4.1.6(b). 


Terminal 
side 


Terminal 
М А | 
Y 


Initial 
side 


х 
Initial 
side 


FIGURE 4.1.6 Central angle in (a); angle of 1 radian in (b) 


Тһе definition given in (3) does not depend on the size of the circle. To see 
this, all we need do is to draw another circle centered at the vertex of 0 of 
radius r' and subtended arc length s'. See FIGURE 4.1.7. Because the two circular 
sectors are similar the ratios s/r and s'/r are equal. Therefore, regardless of 


which circle we use, we obtain the same radian measure for 0. 


FIGURE 4.1.7 Concentric circles 


In equation (3) any convenient unit of length may be used for s and r, but the 


same unit must be used for both s and r. Thus, 


| | s (units of length) 
0(inradians) = —— — ——— — —— 
r (units of length) 


appears to be а “dimensionless” quantity. For example, if 5 = 4 in. and r = 2 


in., then the radian measure of the angle is 


where 2 is simply а real number. This is the reason why sometimes the word 
radians is omitted when an angle is measured in radians. We will come back 


to this idea in Section 4.2. 


One complete rotation of the initial side of 0 will traverse an arc equal in 


length to the circumference of the circle 2л. It follows from (3) that 


. 5 2 | 
опе rotation = F = "E = 27 radians. 


We have the same convention as before: An angle formed by a 
counterclockwise rotation is considered positive, whereas an angle formed by 
a clockwise rotation is negative. In FIGURE 4.1.8 we illustrate angles in standard 
position of 7/2, -л/2, т, and Зл radians, respectively. Note that the angle of 
m2 radians shown in 4.1.8(a) is obtained by one-fourth of a complete 


counterclockwise rotation; that is 


2 


| | Ш | 
4 (Әт radians) = — radians. 
Тһе angle shown in Figure 4.1.8(b), obtained by one-fourth of a complete 
clockwise rotation, is —л/2 radians. The angle shown in Figure 4.1.8(c) is 
coterminal with the angle shown in Figure 4.1.8(d). In general, the addition of 
any integer multiple of 2л radians to an angle measured in radians results in a 
coterminal angle. Conversely, any two coterminal angles measured in radians 


will differ by an integer multiple of 27r. 


FIGURE 4.1.8 Angles measured in radians 


An angle @ has infinitely many coterminal angles. 


А Coterminal Angle 


Find an angle between 0 and 27 radians that is coterminal with 0 = 1177/4 


radians. Sketch the angle. 


Solution Since 2л < 11774 < 3л, we subtract the equivalent of one rotation, or 


2л radians, to obtain 


117 117 т 3T 
4 4 4 4 


. 


Alternatively, we can proceed as in part (a) of Example 1 and divide: 11774 = 


27r + 37/4. Thus, an angle of 37/4 radians is coterminal with 0, as illustrated in 


FIGURE 4.1.9. 


FIGURE 4.1.9 Coterminal angles in Example 3 


[ Conversion Formulas Although many scientific calculators have keys 
that convert between degree and radian measure, there is an easy way to 
remember the relationship between the two measures. Since the circumference 


of a unit circle is 2л, one complete rotation has measure 2л radians as well as 


360°. It follows that 360° = 2л radians or 


180° = т radians. (4) 


If we interpret (4) as 180(1°) = z(1 radian), then we obtain the following two 


formulas for converting between degree and radian measure. 


Conversion between Degrees and Radians 


1° = ME radian (5) 
180 
| 180 \° 
1 radian = | —— (6) 
т 


Using a calculator to carry out the divisions іп (5) апа (6), we find that 


1° = 0.0174533 radian and | radian == 57.29578°. 


Although we will continue to use the terms radian and radians it is common 


to use the abbreviation rad for both words. 


Conversion Between Degrees and Radians 


Convert: 
(a) 20? to radians 
(b) 77/6 radians to degrees 


(c) 2 radians to degrees. 


Solution (а) То convert from degrees to radians we use (5): 


20° = 20(1?) = 20. — - radian - T radian. 
180 9 


(b) To convert from radians to degrees we use (6): 


Tar T 7 180 ү? 
- radians = em (1 radian) = ae = 2109, 
6 6 6\ 7 


(c) We again use (6): 


approximate answer 
rounded to two 
decimal places 


180\° (360v ^ 
2radians = 2- (1 radian) = 2- (=) = ( х ) = 114,599, БЕН 


T 


Degrees |0 | 30 |45 | 60 |90 |180 


Radians Оер 20052 gr 


Table 4.1.1 provides the radian and degree measure of the most commonly 


used angles. 


[ Terminology You may recall from geometry that a 90? angle is called a 


right angle and a 180° angle is called a straight angle. In radian measure, 772 
is a right angle and zr is a straight angle. An acute angle has measure between 
0° and 90? (or between 0 and 7/2 radians); and an obtuse angle has measure 
between 90° and 180? (or between 7/2 and 7 radians). Two acute angles are 
said to be complementary (complements of each other) if their sum is 90? (or 
71/2 radians). Two positive angles are supplementary (supplements of each 
other) if their sum is 180? (or p radians). The angle 180? (or p radians) is a 
straight angle. An angle whose terminal side coincides with a coordinate axis 
is called a quadrantal angle. For example, 90? (or z/2 radians) is a 
quadrantal angle. A triangle that contains a right angle is called a right 


triangle. The lengths а, b, and c of the sides of a right triangle satisfy the 
Pythagorean theorem a2 + b» = c», where c is the length of the side opposite 


the right angle (the hypotenuse). 


Complementary and Supplementary Angles 


(a) Find the angle that is complementary to 0 = 74.23°. 
(b) Find the angle that is supplementary to ф = 7/3 radians. 


Solution (a) Since two positive angles are complementary if their sum is 902, 


we find the angle that is complementary to 0 = 74.23? is 


90° — 0 = 90? — 74.23? = 15.77. 


(b) Since two positive angles are supplementary if their sum is т radians, we 


find the angle that is supplementary to ф = 77/3 radians 18 


то 39 т 2T . 
т-ф-т = = radians. иш 
| 3 3 3 3 


The negative angle —л/5 has neither a complement nor а supplement; the 


angle 37/4 radians has no complement because it is greater than 772. 
[ Arc Length In many applications it is necessary to find the length s of the 


arc subtended by a central angle 0 in a circle of radius r. See FIGURE 4.1.10. 


From the definition of radian measure given in (3), 


Ө (in radians) = -. 


FIGURE 4.1.10 Length of arc s determined by a central angle Ө 


By multiplying both sides of the last equation by r we obtain the arc length 
formula s = r0. We summarize the result. 


THEOREM 4.1.1 Arc Length Formula 


For a circle of radius r, a central angle of 0 radians subtends an 


arc of length 


Finding Arc Length 


Find the arc length subtended by a central angle of (a) 2 radians in a circle of 
radius 6 inches, (b) 30? in a circle of radius 12 feet. 


Solution (a) From the arc length formula (7) with 0 = 2 radians and г = 6 
inches, we have s = r0 = 2. 6 = 12. So the arc length is 12 inches. 


(b) We must first express 30° in radians. Recall that 30? = 7/6 radian. Then 
from the arc length formula (7) we have s = r0 = (12)(z/6) = 2л. So the arc 


length is 2zz = 6.28 feet. 


Students often apply the arc length formula incorrectly by using degree measure. 


Remember s = rå is valid only if 0 is measured in radians. 


[ Area of a Circular Sector The area of, say, a quarter circle is the 


fractional amount one-fourth of the total area zz», that is, the area is 


Loy 
4 TI 
. This reasoning carries over in finding the area of any 


circular sector. If 0 in radians is the central angle of the circular sector shown 
in Figure 4.1.10, then the area A of the sector is simply the fractional amount 
8/27 of the total area of the circle. Thus 


Е: 2у 1,29 
BE di ГО: 


Note for the quarter circle example, 0 = л/2 апа the fractional amount of the 


sus Q0Q[2)/22 = 4 


summarize this result in the next theorem. 


We 


THEOREM 4.1.2 Area of a Circular Sector 


For a circle of radius r, the area A of a circular sector with 


central angle 0 measured in radians is given by 


15 
279 


Area of a Circular Sector 


А 14-inch pizza is cut into 8 slices. Let us assume that the pizza is a perfect 


circle and that the slices are exactly the same size. Find the area of one slice. 


Solution One slice of pizza is a circular sector with radius ғ - 7 inches. The 
central angle of the sector is 360°/8 = 45°. We convert this central angle from 


degree measure to radian measure: 


459 — 45 mou radian. 
180 4 


A 14-inch pizza is usually cut into eight slices (or pieces) 
€ Tobik/ShutterStock, Inc. 


Then by (8) the area of the sector, or slice, is 


Гот 49 п 49т 
2 4 2 4 8 


in? = 19.24 in?. ЕСІ 


Exercises 4.1 Answers to selected odd-numbered 


problems begin оп page ANS-14. 


In Problems 1-16, draw the given angle in standard position. Bear in mind 
that the lack of a degree symbol (°) in an angular measurement indicates that 


the angle is measured in radians. 


1. 60? 


„© 


12. 3 


In Problems 17-20, express the given angle іп decimal notation. 
По ПОЗУ” 

18. 1439772" 

19510? 

20. 10°25’ 


In Problems 21-24, express the given angle in terms of degrees, minutes, and 


seconds. 
Al, PUO Ts? 


22. 15.45° 


25) AUSS 
24. 110.5° 
In Problems 25-32, convert the given angle from degrees to radians. 
250 10° 
26. 152 
29 TIS. 
28. 215° 
2%. 210 
30. —120° 
31. —230° 
32. 540° 


In Problems 33-40, convert the given angle from radians to degrees. 
33. 9 


6 


„ 4 


38. 7л 
39. 3.1 
40. 12 


In Problems 41-44, find the angle between 0? and 360? that is coterminal with 


the given angle. 
41. 875? 
42. 400° 
43. -610% 
44. -150% 


45. Find the angle between —360° and 0? that is coterminal with the angle in 
Problem 41. 


46. Find the angle between —360? and 0? that is coterminal with the angle in 
Problem 43. 


In Problems 47-52, find the angle between 0 and 2л that is coterminal with 


the given angle. 


a 


я 4 
177 


а 2 


Әт 
5-5 


51. -4 
БУЛ 15) 


53. Find the angle between —2л and 0 radians that is coterminal with the 


angle in Problem 47. 


54. Find the angle between —2л and 0 radians that is coterminal with the 


angle in Problem 49. 


In Problems 55-62, find an angle that is (a) complementary and (b) 


supplementary to the given angle, or state why no such angle can be found. 
55. 48.25? 


56. 93? 


57. 98.42 


58. 63.08° 


Ti 

md 
TT 
6 


61. 


F 


ST 


ao 


In Problems 63 and 64, find both the degree and the radian measures of the 
angle formed by the given rotation. Refer to Figures 4.1.2 and 4.1.3. 


63. three-fifths of a counterclockwise rotation 
64. five and one-eighth clockwise rotations 


In Problems 65-68, find the measure of a central angle 0 in a circle of radius г 


that subtends an arc length s. Give 0 in (a) radians and (b) degrees. 
65 PS Sie 020011 


66. г= 10 in, 5= 36 іп 


67. г-9т,5-15т 
68. г= 20 ст, 5 = 90cm 


In Problems 69-72, find the arc length s subtended by a central angle 0 in a 


circle of radius r. 

69. 0—3radians, r= 5 in 
70. 0- 1.5 radians, г= 4 cm 
Vil, @ = 30)», ре ит 

72, Ше 1159, PSO ШІ 


In Problems 73—76, find the area of the circular sector having the given radius 


r and central angle 0. 


Far = S radians 


m 2T . 
г = 18 in, 0 = — radians 


74. "s 
Т P=Oim, = 30° 
Ті, r= ПО (өші, = 75° 


In Problems 77 and 78, the light red region in the given figure is portion of a 
circle. Find the area A of the region if 0 is measured in (a) radians, and (b) 


degrees. 


ИЛЬ 


FIGURE 4.1.11 Region іп Problem 77 


78. 


FIGURE 4.1.12 Region in Problem 78 
Applications 
79. Analog Clock Consider the analog clock shown in FIGURE 4.1.13. What are 


the degree and the radian measures of the angle between two adjacent hour 
tick marks on the clock face? 


FIGURE 4.1.13 Analog clock in Problems 79-82 


80. What are the degree and the radian measures of the angle between two 
adjacent minute tick marks on the analog clock face in Figure 4.1.13? 


81. What are the degree and the radian measures of the smallest positive 
angle formed by the hands of the analog clock in Figure 4.1.13 at (a) 8:00, (b) 
2:00, and (c) 7:30? 


82. What are degree and the radian measures of the angle through which the 
Ээ 
3 


minute hand on the analog clock in Figure 4.1.13 rotates in (a) 4 hour, and 
(b) 3.5 hours? 


83. Planet Earth The Earth rotates on its axis once every 24 hours. How 
long does it take the Earth to rotate through an angle of (a) 240? and (b) z/6 
radian? 


84. Planet Mercury The planet Mercury completes one rotation on its axis 
every 59 days. Through what angle (measured in degrees) does it rotate in (a) 
1 day, (b) 1 hour, and (c) 1 minute? 


Planet Mercury іп Problem 84 
Courtesy of Mariner 10, Astrogeology Team, and USGS 


85. Angular and Linear Speed If we divide (7) by time t we get the 
relationship v = rw, where v = s/t is called the linear speed of a point on the 
circumference of a circle and w = 0/1 is called the angular speed of the point. 
A communications satellite is placed in a circular geosynchronous orbit 
35,786 km above the surface of the Earth. The time it takes the satellite to 
make one full revolution around the Earth is 23 hours, 56 minutes, 4 seconds 
and the radius of the Earth is 6378 km. See FIGURE 4.1.14. 


A 
Satellite № 14 
(зэс 


й м, 


4 


FIGURE 4.1.14 Satellite in Problem 85 


(а) What is the angular speed of the satellite in rad/s? 
(b) What is the linear speed of the satellite in km/s? 


86. Pendulum Clock A clock pendulum is 1.3 m long and swings back and 
forth along a 15-cm arc. Find (a) the central angle and (b) the area of the 


sector through which the pendulum sweeps in one swing. 


87. Sailing at Sea A nautical mile is defined as the arc length subtended on 
the surface of the Earth by an angle of measure 1 minute. If the diameter of 
the Earth is 7927 miles, find how many statute (land) miles there are in a 


nautical mile. 


88. Circumference of the Earth Around 230 В.С.Е. Eratosthenes 


calculated the circumference of the Earth from the following observations. At 
noon on the longest day of the year, the Sun was directly overhead in Syene, 
while it was inclined 7.2? from the vertical in Alexandria. He believed the two 
cities to be on the same longitudinal line and assumed that the rays of the Sun 
are parallel. Thus he concluded that the arc from Syene to Alexandria was 
subtended by a central angle of 7.2? at the center of the Earth. See FIGURE 
4.1.15. At that time the distance from Syene to Alexandria was measured as 
5000 stades. If one stade — 559 feet, find the circumference of the Earth in (a) 
stades and (b) miles. Show that Eratosthenes' data gives a result that is within 
7% of the correct value if the polar diameter of the Earth is 7900 miles (to the 


nearest mile). 


Alexandria 


s YA Rays 
X ж 
95000 stades from 


Б = бий 


Syene 


FIGURE 4.1.15 Earth in Problem 88 


89. Circular Motion of a Yo-Yo A yo-yo is whirled around in a circle at the 


end of its 100-cm string. 


(a) If it makes six revolutions in 4 seconds, find its rate of turning, or angular 
speed, in radians per second. 


(b) Find the speed at which the yo-yo travels in centimeters per second; that is 
its linear speed. 


90. More Yo-Yos If there is a knot in the yo-yo string described in Problem 
79 at a point 40 cm from the yo-yo, find (a) the angular speed of the knot and 
(b) the linear speed. 


Yo-yo in Problems 89 and 90 
€ Monkey Business Images/ShutterStock, Inc. 


91. Locating a Cell Phone As shown in the accompanying photo, many cell 


phone antennas һауе a triangular shape. Тһе reception sectors а, В, and y 
corresponding to the three sides of the antenna are shown in FIGURE 4.1.16. A 
cell tower with a triangular antenna is located at the common center of the 
circles in the figure; the circles have a radius 1 mile, 2 miles, 3 miles, and so 
on. Suppose a cell phone signal is detected in the J sector approximately 5.3 
miles from the antenna. Determine the area of the circular band where the cell 
phone is located bounded between radius 5 miles and radius 6 miles. (A more 
precise location of a cell phone can be obtained using either triangulation 
between three cell towers or GPS.) 


Triangular cell phone antenna in Problem 91 


€ Darryl Brooks/ShutterStock, Inc. 


P sector 
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!d sector 


FIGURE 4.1.16 Reception sectors in Problem 91 


92. Circular Motion of a Car Tire As shown in FIGURE 4.1.17 the diameter of 
a car tire is 26 inches. Suppose the car is driven 1.5 miles. What is the 


corresponding radian measure of the angle through which the tire turns? 


<— 26 inches ——» 


FIGURE 4.1.17 Car tire in Problems 92 and 93 


© Aleksangel/ShutterStock, Inc. 


93. Circular Motion of a Car Tire An automobile with 26-in. diameter tires 
is traveling at a rate of 55 mi/h. 


(a) Find the number of revolutions per minute that its tires are making. 
(b) Find the angular speed of its tires in radians per minute. 


94. Diameter of the Moon The average distance from the Earth to the Moon 
as given by NASA is 238,855 miles. If the angle subtended by the Moon at 
the eye of an observer on Earth is 0.52°, then what is the approximate 
diameter of the Moon? FIGURE 4.1.18 is not to scale. 


238,855 mi 


FIGURE 4.1.18 The curved red arc represents the approximate 
diameter of the Moon 


For Discussion 


95. Intersection of Circles Each of the circles in FIGURE 4.1.19 has its center 
on an axis, passes through the origin, and has radius r. 


FIGURE 4.1.19 Intersecting circles in Problem 95 


(a) Construct a right triangle in the figure and then use that triangle to express 
the area A of the intersection of the circles, the yellow region in the figure, as 


a function of r. 


(b) Find the area of the intersection of the circles 


= 25 and (x— 5) + у’ = 25. 


4.2 The Sine and Cosine Functions 


INTRODUCTION Originally, the trigonometric functions were defined using 
angles in right triangles. A more modern approach, and one that is used in 
calculus, is to define the trigonometric functions on sets of real numbers. As 


we will see, the radian measure for angles is key in making these definitions. 


[ Trigonometric Functions For each real number + there corresponds an 


angle of f radians in standard position. As shown in FIGURE 4.2.1 we denote the 


point of intersection of the terminal side of the angle + with the unit circle by 


РО). The x and у coordinates of this point give us the values of the six basic 
trigonometric functions. The y-coordinate of Р(1) is called the sine of t, while 


the x-coordinate of P(t) is called the cosine of t. 


УА 


P(t) = (cos 1, sin 1) 


FIGURE 4.2.1 Coordinates of P(t) are (cost, sint) 


DEFINITION 4.2.1 Sine and Cosine Functions 


Let t be any real number and P(t) = (x, y) be the point of 
intersection of the unit circle with the terminal side of the angle 
of t radians in standard position. Then, the sine of t, denoted sin 
t, and the cosine of t, denoted cos t, are 


sinf = y 


Since to each real number + there corresponds a unique point P(t) = (cost, 
sint), we have just defined two functions — the sine function and the cosine 
function — each with domain the set А of real numbers. Four additional 


trigonometric functions are defined in terms of the coordinates of P(t) = (x, y). 


DEFINITION 4.2.2 Tangent, Cotangent, Secant, апа Cosecant 
Functions 


The tangent, cotangent, secant, and cosecant functions of the 


real number t are 


їапї = 


Using sin ? = y and cos [= x in (3)-(6) of Definition 4.2.2 we obtain the 


important identities: 


sint cost 
tant = соп == (7) 
cost sint 
1 1 
sect = csct = —— (8) 
cost sint 


Because of the role played by the unit circle in Definitions 4.2.1 and 4.2.2, the 


six trigonometric functions are referred to as the circular functions. 


For the remainder of this section and the next we are going to examine the 
sine and cosine functions in detail. We will come back to the tangent, 


cotangent, secant, and cosecant functions in Section 4.4. 


A number of properties of the sine and cosine functions follow from the fact 


that P(t) = (cos & sin f) lies on the unit circle. For instance, the coordinates of 


P(t) must satisfy the equation of the circle: 


х + у? = 1. (9) 


Substituting x = cos Г and у = sin t in (9) gives an important relationship 


between the sine and the cosine called the Pythagorean identity: 
2 . 42 
(cosf)" + (sinf)* = 1. 


From now оп we will follow two standard practices in writing this identity: 
(cos > and (sin f)» will be written as cos»t and $1121, respectively, and the $12 


term will be written first. 


THEOREM 4.2.1 Pythagorean Identity 


For all real numbers t, 


sint + cos*t = | 


Again, if Р(х, y) denotes a point on the unit circle (9), it follows that the 
coordinates of P must satisfy the inequalities -1 < x < 1 and -1 < y < 1. 
Because x = cos t and у = sin / we have the following bounds on the values of 


the sine and cosine functions. 


THEOREM 4.2.2 Bounds on the Values of Sine 
and Cosine 


For all real numbers t, 


жа -віі 1 апа == |. ж буе Ж! 


The foregoing inequalities can also be expressed ав |sin | < and |cos Д < 1. 


Thus, for example, there is по real number 1 such that 
. 1 
| Domain and Range From the preceding observations we һауе the sine 


and cosine functions f(f) = sin t and g(t) = cos t each with domain the set R of 


real numbers and range the interval [-1, 11. 


[ Signs of the Circular Functions The signs of the function values sin f 
and cos 1 are determined by the quadrant in which the point Р(1) lies, and 
conversely. For example, if sin t and cos 1 are both negative, then the point 
P(t) and terminal side of the corresponding angle of t radians must lie in 
quadrant III. FIGURE 4.2.2 displays the signs of the cosine and sine functions in 
each of the four quadrants. 


УА 


(0, 1) 


sint>0 
cos t>0 


sin f>0 
cost «0 


(-1, 0) (1.0). 


sint <0 
cos t>0 


sint <0 
cost <0 


Ш IV 


(0, -1) 


FIGURE 4.2.2 Algebraic signs of sin t and cos t in the four quadrants 


Using the Pythagorean Identity 


-——— | 

COST = 3 
Given that ».! and that P(f) is a point in the fourth 
quadrant, find sin f. 


-СО51-4 
Solution Substitution of 431 into the Pvthagorean 
sin^f + (3) = 


identitv (10) gives 


5.2, _ 5 
sin f = 9 
ог . Since sin / is the y-coordinate of Р(), a 


point in the fourth quadrant, we must take the negative square root for sin t: 


Ig 2V2 
sinf = | = . ЕЯ 


(cos 3, sin 3) 


> X 


(1.0). 


FIGURE 4.2.3 The point P(3) 


Sine and Cosine of a Real Number 


Use a calculator to approximate sin 3 and cos 3 and give a geometric 


interpretation of these values. 


Solution From a calculator set in radian mode, we obtain cos 3 = 
—0.9899925 and sin 3 « 0.1411200. These values represent the x- and y- 
coordinates, respectively, of the point of intersection of the terminal side of 
the angle of 3 radians in standard position with the unit circle. As shown in 
FIGURE 4.2.3, this point lies in the second quadrant because 7/2 < 3 < л. This 
would also be expected in view of Figure 4.2.2 since cos 3, the x-coordinate, 


is negative and sin 3, the y-coordinate, is positive. 


[ Values Corresponding to Unit Circle Intercepts As shown in FIGURE 


4.2.4, the x- and y-intercepts of the unit circle give us the values of the sine and 
cosine functions for the real numbers corresponding to quadrantal angles 
listed next. 


y А PG) = 
(cos%, sin 2) 
(cosa, sin X) (cos 0, sin 0) 
-(-1,0) „у 1,0) 


(cos 2л, sin 2л) 
210 1) 


3 
(cos 52 sin in 32) 


= (0,-1) 


FIGURE 4.2.4 Sine and cosine values for quadrantal angles 


Values of the Sine and Cosine 


For f = 0: 510 = 0 and соѕ0 = I 
ше 20 

Fort = >: sim, - 1 апа COS D 0 

Fort = т: sinz = 0 апа совт = —1 
3T . Зп 3 


T 
For t = Я im = —] and COS == (0) 
2 2 2 


[ Periodicity In Section 4.1 we saw that for any real number t, the angles of 


t radians and / + 2л radians are coterminal. Thus they determine the same 


point (x, y) on the unit circle. Therefore 


sint = sin(f + 27) and cost = cos(t + 27). (11) 


Іп other words, the sine and cosine functions repeat their values every 27 


units. It also follows that for any integer n: 


sin(f + 207) = sint and cos(f + 2лт) = cost. (12) 


DEFINITION 4.2.3 Periodic Functions 


A nonconstant function f is said to be periodic if there is a 
positive number p such that 


f(t) =f(t + p) 


for every t in the domain of f. If p is the smallest positive number 


for which (13) is true, then p is called the period of the function 


f. 


The equations in (11) imply that the sine and the cosine functions are periodic 
with period p < 2л. To see that the period of sin / is actually 2л, we observe 
that there is only one point on the unit circle with y-coordinate 1, namely, 
Р(л12) = (cos(z/2), віп(л/2)) = (0, 1). Therefore, 


sint = | only for t= 


со | E 


and so on. Thus the smallest possible positive value of p is 27r. 


THEOREM 4.2.3 Period of the Sine and Cosine 


The sine and cosine functions are periodic with period 2л. 
Therefore, 


sin(f + 27) = sinf and cos(f + 27) = cost 


for every real number t. 


[ Even-Odd Properties The symmetry of the unit circle endows the 
circular functions with several additional properties. For any real number 1, 
the points P(t) and Р(-4) on the unit circle are located on the terminal side of 
an angle of 7 and —t radians, respectively. These two points will always be 
symmetric with respect to the x-axis. FIGURE 4.2.5 illustrates the situation for a 
point P(t) lying in the first quadrant: The x-coordinates of the two points are 
identical; however, the y-coordinates have equal magnitudes but opposite 
signs. The same symmetries will hold regardless of which quadrant contains 
P(t). Thus, for any real number +, cos(-/) = cos f and sin(-f) = -sin t. 
Applying the definitions of even and odd functions from Section 2.2 we have 


the following result. 


УА 
P(t) = (cos t, sin f) 


P(-t) = (cos (<), sin (-4)) 


FIGURE 4.2.5 Coordinates of P(t) and P( — t) 


THEOREM 4.2.4 Even and Odd Functions 


The cosine function is even and the sine function is odd. That is, 


for every real number t, 


cos(—t) = cost and sin(—t) = —sinf 


The following additional properties of the sine and cosine functions can be 
verified by considering the symmetries of appropriately chosen points on the 
unit circle. 


THEOREM 4.2.5 Additional Properties 


п А QIUT 
ze = ) = sint and ДЕ ин ) = cost 


cos(f + T) = —cost and sin(f + т) = —sint 


cos(7 — t) = —cost and sin(z — t) = sint 


For example, to justify the properties in (16) of Theorem 4.2.5 for 0 < t < 7/2, 
consider FIGURE 4.2.6. Since the points P(t) and P(z/2 — 1) are symmetric with 
respect to the line y = x, we can obtain the coordinates of P(z/2 — 1), by 
interchanging the coordinates of P(t). Thus, 


[T . T 
cosf = ТЕ = ) and  sinf — ze — ) 


Р(5-1)-(со8(5-1). sin(5 - 1) 


УА 


FIGURE 4.2.6 Geometric justification of (16) in Theorem 4.2.5 


Тһе special properties of the sine and cosine functions in Theorem 4.2.5 will 
become quite useful as soon as we determine additional values for sin Г and 
cos f in the interval (0, 27). Using results from plane geometry we will now 


find the values of the sine and cosine functions for t = 7/6, t = 77/4, and t = 7/3. 


[ Finding віп(л/4) and cos(z/4) We draw an angle of 77/4 radian (45°) in 
standard position and locate and label P(z/4) = (cos (774), sin (z7/4)) on the 
unit circle. As shown in FIGURE 4.2.7, we form a right triangle by dropping a 
perpendicular from Р(л/4) to the x-axis. Since the sum of the angles in any 
triangle is т radians (180°), the third angle of this triangle is also 774 radian, 
hence the triangle is isosceles. Therefore the coordinates of Р(7/4) are equal; 
that is, cos(z/4) = sin(z/4). It follows from the Pythagorean identity (10): 


+ cos*— = | that 2cos 


УА 


FIGURE 4.2.7 The point Р(л/4) 


Dividing by and taking the square root, ме obtain 


Бо = иж 1/2/2 Since Р(т/4) 


lies in the first quadrant, both coordinates must be positive. So we һауе found 


the (equal) coordinates of Р(л/4): 


|5 
5 


‚ TT 
апа sin— = 
4 


N 


[ Finding віп(л/6) апа соѕ(л/6) We construct two angles of 7/6 radian 
(30?) in the first and fourth quadrants, as shown in FIGURE 4.2.8, and label the 
points of intersection with the unit circle Р(7/6) and О, respectively. By 
drawing perpendicular line segments from P and Q to the x-axis, we obtain 
two congruent right triangles because each triangle has a hypotenuse of length 
1 and angles of 30°, 60°, and 909. Since the 90? angles form a straight angle, 
these two right triangles form an equilateral triangle APOQ with sides of 
length 1. Since sin(z/6) is equal to half of the vertical side of APOQ, we have 


т | 
sin— = —. 
6 2 


FIGURE 4.2.8 The point Р(л/6) 


From this result and the Pythagorean identity (10) we find the value of 
сов(л/6): 


але іші ш 
=a cos = 1mpiies COS — = — 
2 6 P 6 4 
T V3 
or cos— = 
6 2 


We take the positive square root here or because Р(л/6) lies in the first quadrant. 


[ Finding ѕіп(л/3) and сов(л/3) We draw angles of 7/6 and m3 in 
standard position and locate and label the points P(z/6) and P(z/3), as shown 
in FIGURE 4.2.9. We then construct two congruent 30°-60°-90° triangles by 
dropping perpendiculars to the x- and y-axes, respectively. It follows from the 


congruence of these triangles that 


1 | T 
= — апа sin— = cos— = 
6 2 3 6 


т V3. 
"E 


FIGURE 4.2.9 The point Р(л/3) 
The foregoing results also follow from (16) of Theorem 4.2.5 with t = 7/6. 


We summarize the values of the sine and cosine functions corresponding to 


the basic fractional multiples of 7 that we have determined so far. 


Values of the Sine and Cosine 


Цог ml ELSE, 
orf = 6: sin— = 5 ап cosc = 
т .т V2 т У 
Fort = —: sin— = and с05- = — 
4 4 2) 4 2 
т КЕЛ V3 т 1 
Fort =—: sin— = and 605— = = 
3 3 2 2 2 


[ Reference Angle Ав we noted at the beginning of this section, for each 
real number f there is a unique angle of ¢ radians in standard position that 
determines the point P(t), with coordinates (cos 1, sin f), on the unit circle. As 
shown in FIGURE 4.2.10, the terminal side of any angle of t radians (with P(t) 


not on an axis) will form an acute angle with the x-axis. We can then locate an 


angle of ¢ radians in the first quadrant that is congruent to this acute angle. 
The angle of Г radians is called the reference angle for t. Because of the 
symmetry of the unit circle, the coordinates of P(t’) will be equal in absolute 


value to the respective coordinates of P(t). Hence 


sinf = + sint’ and cost = + cost! 


As the following examples will show, reference angles can be used to find the 


trigonometric function values of any integer multiple of 7/6, 774, and 773. 


y y 
P(t) P(t’) P(r’) 
э-х >x 
P(t) 


FIGURE 4.2.10 Reference angle t' is an acute angle 


Using Reference Angles 


Find exact values of sin г and cos t for the given real number t. 
(a) t = 57/3 
(b) t= -37/4 


Solution In each part we begin by finding the reference angle corresponding 


to the given value of t. 


(a) From FIGURE 4.2.11 we find that an angle of t = 57/3 radians determines a 
point Р(5л/3) in the fourth quadrant and has the reference angle ¢ = 77/3 


coordinates of 


Р(т/3) = (1/2, V3/2) 


fourth quadrant point 


Р(5т/3) = (1/2,— V3/2) 


/, we find that 


radians. After adjusting the signs 


to obtain the 


reference angle 


Ї 1 
ӘП, „т_ N3 22: NEM 1 
sin 37 Sn - 5 апа COS 37 605 =5- 
УА 


Reference angle іп part (а) of Example 3 


(b) The point Р(-3л/4) lies in the third quadrant and has reference angle 77/4 


radian, as shown in . Therefore, 


FIGURE 4.2.12 Reference angle in part (b) of Example 3 


Sometimes, in order to find the trigonometric values of multiples of our basic 
fractions of л we must use periodicity or the even-odd function properties in 


addition to reference numbers. 


Using Periodicity and a Reference Angle 


Find exact values of sin 1 and cos t for t = 2977/6. 


Solution Since 297/6 is greater than 2л, we rewrite 2977/6 as an integer 


multiple of 27: plus a number less than 27: 


29т 5T 5T 
ге. = 2( 
6 6 6 


| 
4 
N 
3 
+ 


From the periodicity equations (12) with п = 2 and t = 5л/6 we know that 
sin(297/6) = віп(5л/6) and cos(297/6) = cos(5z/6). Next we see from FIGURE 
4.2.13 that the reference angle for 57/6 is 7/6 radian. Since P(577/6) is a second 
quadrant point, we have 

29 


. 297 . эт ‚т 1 
sin — sin = sin— = 
6 6 6 2 


Әт п 
апа сов = соз с0$— = — 
6 6 


FIGURE 4.2.13 Reference angle in Example 4 


Using the Even-Odd Properties 


Find exact values of sin ¢ and cos f for t = —77/6. 


Solution Since sine is an odd function and cosine is an even function, 


NAE. ‚т | п п V3. 
sin = —sin— = апа сов = cos— = | 
6 6 2 6 6 2 


See Theorem 4.2.4. 


This problem could also have been solved by using a reference angle. 


[ Trigonometric Functions of Angles In this section we have defined 
sine and cosine functions of the real number 7 by using the coordinates of a 
point P(t) on the unit circle. It is now possible to define the trigonometric 


functions of any angle 0. For any angle 0, we simply let 


sing = sinf and С080 = cost, 


where the real number 1 is the radian measure of 0. As mentioned in Section 
4.1, it is common to omit the word radians when measuring an angle. So we 
write sin(z7/6) for both the sine of the real number 776 and for the sine of the 
angle of z/6 radian. Furthermore, since the values of the trigonometric 
functions are determined by the coordinates of the point Р(/) on the unit circle, 
it really does not matter whether 0 is measured in radians or in degrees. For 
example, regardless of whether we are given 0 = 77/6 radian or 0 = 30^, the 


point on the unit circle corresponding to this angle in standard position is 


(V 3/2, 1/2 


. Thus, 
ет | 1 п V3 
sin— = sin30° = — and cos— = cos30° = —. 
6 2 6 2 


Exercises 4.2 Answers to selected odd-numbered 
problems begin on page ANS-14. 


1. Given that i 
in the second quadrant, find sin 1. 


сл 


and that P(f) is a point 


2. Given that 4 and that P(t) is a point in the 
second quadrant, find cos 1. 


3. Given that 43 and that P(t) is a point in 
the third quadrant, find cos f. 


4. Given that i 4 and that P(f) is a point in the 
fourth quadrant, find sin 1. 


--1| r2 


_sint -- 273 


= 
2 


‚ find all possible values of cos t. 


cost = 


7. If cos t = —0.2, find all possible values of sin 7. 


| 0, find all possible values of sin 1. 


8. If sin t = 0.4, find all possible values of cos 7. 
9. If 2 sin t — cos t = 0, find all possible values of sin t and cos t. 


10. If 3 sin? 2 cos t = 0, find all possible values of sin t and cos 1. 


In Problems 11-14, find the exact value of (a) sin t and (b) cos 1 for the given 


value of t. Do not use a calculator. 


11. t= -7/2 
1); fre Sym 
13. 1= 8r 
14. t= -37/2 


In Problems 15-26, for the given value of t determine the reference angle Г 


and the exact values of sin / and cos 7. Do not use a calculator. 


ПБ» е 24/3) 
16. t= 47/3 
17. t= 57/4 
18. t= 37/4 
19. г-117/6 
20. t= 77/6 
21. і--л/4 
22. tz —Inl4 
23. і--5л/6 
24. tz –11л/6 
25. t= —5n/3 
26. t= —27/3 


In Problems 27—32, find the given trigonometric function value. Do not use a 


calculator. 


27. sin(-117/3) 
28. соѕ(17л/6) 
29. cos(—77/4) 
30. sin(-1977/2) 
31. cos 5л 

32. sin(237/3) 


Іп Problems 33-38, justify the given statement with one of the properties of 


the trigonometric functions. 
33. зшл = sin 3z 

34. сов(л/4) = ѕіп(л/4) 

35. sin(-3 — л) = -sin(3 + л) 
36. cos 16.87 = cos 14.87 
37. cos 0.43 - cos(-0.43) 
38. sin(27/3) = sin(z/3) 


In Problems 39-46, find the given trigonometric function value. Do not use а 


calculator. 

39. sin 135? 
40. cos 150% 
41. сов 210% 
42. sin 270? 
43. cos 330? 


44. sin(-180?) 


45. sin(-60?) 
46. cos(—300°) 


Іп Problems 47-50, find all angles t, where 0 « t < 2л, that satisfy the given 


condition. 
47. sint-0 


48. cos t= -1 


cost = V2/2 


| 
_sint = 2 


In Problems 51-54, find all angles 0, where 0° < Ө < 360°, that satisfy the 


given condition. 


cos? = МЕТР 


қт = —} 
¿sinô = —\/2/2 


54. cos 0-1 
Applications 
55. Free Throw Under certain conditions the maximum height y attained by 


a basketball released from a height / at an angle 0 measured from the 


horizontal with an initial velocity vo is given by 


- 


у = Л + (vosin^0)/2g 


‚ Where g is (һе 
acceleration due to gravity. Compute the maximum height reached by a free 


throw if h = 2.15 m, vo = 8 m/s, 0 = 64.47°, and g = 9.81 m/s». 


Free throw 
© Pétur Ásgeirsson/ShutterStock, Inc. 


56. Putting the Shot The range of a shot put released from a height / above 
the ground with an initial velocity vo at an angle 0 to the horizontal can be 
approximated by 


у(с080 
R= те _ (vosind + Vv2sin?@ + 201), 


where g is the acceleration due to gravity. Ш vo = 13.7 m/s, 0 = 40°, and g = 
9.81 m/s», compare the ranges achieved for the release heights (a) л = 2.0 m 
and (b) h = 2.4 m. (c) Explain why an increase in л yields an increase in R if 
the other parameters are held fixed. (d) What does this imply about the 
advantage that height gives a shot-putter? 


57. Acceleration Due to Gravity Because of its rotation the Earth bulges at 
the equator and is flattened at the poles. As a consequence, the acceleration 
due to gravity is not a constant 980 cm/s», but varies with latitude. As shown 
in FIGURE 4.2.14, the latitude of a point on the Earth is an angle ф measured 
(usually in degrees, minutes, seconds) north (N) or south (S) from the 
equatorial plane. Based on satellite studies, a mathematical model for the 


acceleration due to gravity gia is given by 


gu, = 978.0309 + 5.185525іп2ф — 0.00570sin?29. 


North pole 
90^N 


1059У/ 


South pole 
90%5 
FIGURE 4.2.14 Latitude in Problem 57 


(a) Find ош at Mexico City, Mexico (19.42? N), Los Angeles, CA (34.05? N), 
New York City, NY (40.70? N), and Fairbanks, AK (64.83? N). 


(b) At what latitude is gia a minimum? А maximum? 


For Discussion 


58. Discuss how it is possible to determine without a calculator that the point 
P(6) - (cos 6, sin 6) lies in the fourth quadrant. 


59. Discuss how it is possible to determine without the aid of a calculator that 


both sin 4 and cos 4 are negative. 
60. Is there a real number t satisfying 3 sin t = 5? Explain why or why not. 
61. Is there an angle 0 satisfying cos 0 = —2? Explain why or why not. 


62. Suppose fis a periodic function with period p. Show that F(x) = f (ах), a 
> 0, is periodic with period р/а. 


4.3 Graphs of Sine and Cosine 
Functions 


INTRODUCTION One way to further your understanding of the 
trigonometric functions is to examine their graphs. In this section we consider 


the graphs of the sine and cosine functions. 


[ Graphs of Sine and Cosine In Section 4.2 we saw that the domain of the 


sine function /(/) = sin t is the set of real numbers (– со, о) and the interval 
[-1, 1] is its range. Since the sine function has period 27, we begin by 
sketching its graph on the interval [0, 27]. We obtain a rough sketch of the 
graph given in FIGURE 4.3.1(b) by considering various positions of the point P(t) 
on the unit circle, as shown in Figure 4.3.1(a). As 1 varies from 0 to л/2, the 
value sin / increases from 0 to its maximum value 1. But as / varies from 7/2 
to 37/2, the value sin 1 decreases from 1 to its minimum value -1. We note 
that sin / changes from positive to negative at t = zr. For t between 3772 and 
27r, we see that the corresponding values of sin / increase from —1 to 0. The 
graph of any periodic function over an interval of length equal to its period is 
said to be one cycle of its graph. In the case of the sine function, the graph 
over the interval |0, 277] in Figure 4.3.1(b) is one cycle of the graph of f(t) = 


sin f. 


f()-2sinn0srs2z 


(a) Unit circle (b) One cycle of sine graph 


FIGURE 4.3.1 Points P(t) on a circle corresponding to points on the 
graph 


From this point on we will revert to the traditional symbols x and y when 
graphing trigonometric functions. Thus, (1) = sin t will either be written f(x) = 


sin x or simply y = sin x. 
Note: Change of symbols 


The graph of a periodic function is easily obtained by repeatedly drawing one 
cycle of its graph. In other words, the graph of y = sin x оп, say, the intervals 
(-2л, 0] and |2, 477] is the same as that given in Figure 4.3.1(b). Recall from 
Theorem 4.2.4 of Section 4.2 that the sine function is an odd function since 
f(—x) = sin(- x) = —sin x = -f (x). In other words, if (x, y) is a point on the 
graph of f, then so is (—x, —y). Thus, from Theorem 2.2.1 it follows that the 
graph of y - sin x shown in FIGURE 4.3.2 is symmetric with respect to the 


origin. 


у= іа х 


| — One cycle — - 


FIGURE 4.3.3 Graph of y = cos x 


By working again with the unit circle we can obtain one cycle of the graph of 
the cosine function g(x) - cos x on the interval |0, 277]. In contrast to the graph 
of f(x) = sin x where f(0) = 2л) = 0, for the cosine function we have g(0) = 
g(27r) = 1. FIGURE 4.3.3 shows one cycle (іп red) of y = cos x on |0, 277] along 
with the extension of that cycle (in blue) to the adjacent intervals [—27, 0] and 
[2л, 4л]. We see from this figure that the graph of the cosine function is 
symmetric with respect to the y-axis. This is a consequence of g being an even 


function: 


g(—x) = cos(—x) = cosx = g(x). 


[ Intercepts In this and subsequent courses in mathematics it is important 
that you know the x-coordinates of the x-intercepts of the sine and cosine 
graphs—in other words, the zeros of f(x) 2 sin x and g(x) 2 cos x. From the 
sine graph in Figure 4.3.2 we see that the zeros of the sine function, or the 


numbers for which sin x = 0, are 


х = 0, +л. 27, 437,.... 


These numbers are integer multiples of л. From the созше graph in Figure 


4.3.3 we see that cos x = 0 when 


These numbers are odd-integer multiples of 7/2. 


We summarize the foregoing discussion. 


Properties of the Sine and Cosine Functions 


* The domain of f (x) = sin x and of g(x) = cos x is the set of all 
real numbers ( — оо, >). 


* The range of f (x) — sin x and of g (x) - cos x is the interval 
[—1, 1] on the y-axis. 


* The period of f (x) = sin x and of g(x) = cos x is the number 2л. 


* The sine function f is an odd function, and so its graph is 
symmetric with respect to the origin. 


* The cosine function g is an even function, and so its graph is 
symmetric with respect to the y-axis. 


* The zeros of the sine function f are the numbers 


ип. (1) 


* The zeros of the cosine function g are the numbers 


Sao melio neuter 77 (2) 


Note in (2) that if n is an integer, then 2n + 1 is an odd integer. Using the 


distributive law, the zeros of the cosine function are often written as x = 7/2 + 


пл. 


[ Variation of the Graphs As we did іп Chapters 2 and 3 we can obtain 


variations of the basic sine and cosine graphs through rigid and nonrigid 


transformations. For the remainder of the discussion in this section we will 


consider graphs of functions of the form 


y = Asin(Bx + C) + D Or у = Acos(Bx + C) + D, 


where А, В, C, апа D are real constants. 


[ Graphs of y — A sin x and y — A cos x We begin by considering the 


special cases of (3): 


у = Asinx апа у = Acosx. 


The multiple A can be either positive or negative, but does not affect the 
period of the function; in other words, the period of both y = A sin x and y = A 
cos x is 27r. For |A| > 1 graphs of these functions can be interpreted as a 
vertical stretch of the graphs of y = sin x or y - cos x; when 0 < |A| < 1 the 
graphs are a vertical compression of the basic sine or cosine graphs. The 
number |A| is called the amplitude of the functions or of their graphs. For 
example, as FIGURE 4.3.4 shows we obtain the graph of y - 2 sin x by stretching 
the graph of y = sin x vertically by a factor of 2. Note that the maximum and 
minimum values of y - 2 sin x occur at the same x-values as the maximum 
and minimum values of y = sin x. In general, the maximum distance from any 
point on the graph of y = A sin x or y = А cos x to the x-axis is |A|. The 
amplitude of the basic functions у = sin x and y = cos x is |А| = 1. In general, if 
a periodic function f is continuous, then over a closed interval of length equal 
to its period, f has both a maximum value M and a minimum value т. The 


amplitude is defined by 


amplitude — ІІМ = m]. (4) 


FIGURE 4.3.4 Vertical stretch of the graph of y = sin x 


As the next example shows, when A « 0 the graphs are also reflected in the x- 


axis. 
Vertically Compressed/Reflected Graph 
4 — 1 m | нь. Гал 
у = —5COSX 
Graph + 
Solution With the identification — 2 we see that the 
amplitude of the function 


| | 


negative, the graph of «^ is the 


graph of y - cos x compressed vertically by a factor of 2 and then reflected 


4 — 


in the x-axis. The graph of «^ 
the interval |0, 277] is shown in red in FIGURE 4.3.5. 


y-cosx 


FIGURE 4.3.5 Graph of function in Example 1 


Vertical Stretch/Compression 


* The graphs of the functions 


у = Азшх and у = Acosx 


have amplitude |A| and period 2л. The graphs of y — A sin x and 
y — A cos x are the graphs of y — sin x and y — cos x stretched 
vertically if |A| > 1, and compressed vertically if O « |A| < 1. 


[| Graphs of y = Asin x + D and = A cos x + D The graphs of 


у = Азшх + D апа у = Асозх + D 


аге the graphs of у = A sin x and у = A cos x shifted vertically, up for D > 0 
and down for D < 0. The amplitude of the graph of either y = A sin x + Dor y 
= A cos x + D is still |A]. 


Vertically Shifted Sine Graph 


Graph y= 1 + 2 sin x. 


y=1+2snx 


FIGURE 4.3.6 Graph of function in Example 2 


Solution The graph of y = 1 + 2 sin x is the graph of y = 2 sin x given in 
Figure 4.3.4 shifted up 1 unit. From the identification A = 2, the amplitude is | 
A| = 2. Because the maximum 2 and minimum -2 of y = 2 sin x occur, 
respectively, at x = 7/2 and x = 37/2, а rigid upward translation of the graph 
does not change the latter numbers but increases the maximum and minimum 
by 1 unit. We see in FIGURE 4.3.6 that the maximum of y = 1 + 2 sin x is 3 at x 
= л/2 and the minimum of y = 1 + 2 sin x is —1 at x = 37/2. Using the function 


values M = 3 and m = —1, we can verify the amplitude of y = 1 + 2 sin x using 


(4): 


[M — m] = 3[3 — (-1)] = 2. 


ГЭЛ 


Note that the range [-1, 3] of the function у = 1 + 2 sin x is the range [-2, 2] 


of y = 2 sin x shifted up 1 unit on the y-axis. 


[ Graphs of y — А sin Bx and y - A cos Bx We now consider the 


graph of y 2 A sin Bx and y - A cos Bx. Throughout the discussion we may 
assume that В > 0. Because 27:18 the period of both y = A sin x and y = A cos x 
a cycle of the graphs of y = A sin Bx and y = A cos Bx begins at x = 0 and will 
start to repeat its values when Bx = 27r. Dividing the last equality by B shows 
that the period of each of the functions у = sin Bx and y = cos Bx is 2л/В and 
so the graph of each function over the interval [0, 277/B] is one cycle of its 
graph. If 0 < B < 1, then the period 27/B is greater than 27r, and we can we can 
characterize the cycle of either y - sin Bx or y - cos Bx on [0, 2z/B] as a 
horizontal stretch of the graphs of y = sin x and у = cos x on the interval (0, 
2л]. On the other hand, if B > 1, then the period 2л/В is less than 2л, and so 
the graphs оп (0, 2л/В| can be interpreted as a horizontal compression of the 
graphs of the functions y = sin x and y = cos x on (0, 2л]. Finally, we сап 
easily find the x-coordinates of the x-intercepts of the graphs of y 2 A sin Bx 
and y = A cos Bx by replacing the symbol x by Bx in (1) and (2) and solving 


fore 


The next example illustrates these concepts. 


Horizontally Compressed Sine Graph 


With the identification В = 2 the period of the sine function у = sin 2x is 2л/В 
= 27/2 = л. Therefore one cycle of the graph is completed on the interval |0, 
л]. FIGURE 4.3.7 shows that two cycles of the graph of y = sin 2x (in red) аге 
completed on the interval |0, 2л] whereas the graph of y = sin x (in blue) has 
completed only one cycle. Interpreted in terms of transformations, the graph 
of y = sin 2x on (0, zr] is a horizontal compression of the graph of y = sin x on 
©. Za. 


Careful here: sin 2x ғ 2 sin x 


To find the x-intercepts of the graph of y = sin 2x we solve the equation sin 2x 


= 0. From (1) with x replaced by 2x, we get 


2х = пп or x-—3mm. 


y ledima m = (0), Zell, 222, 283), НЫ coo (ime ze 0 Y = Sin Ze ате ла = UL 
^ 


tn +37 
== TET іш +27, and so оп. As we see in Figure 
4.3.7, the x-intercepts on the nonnegative x-axis are the points 


(0, 0), (7/2, 0), (т, 0), (37/2, 0), (277,0), .... 


у= 5іп х у = ѕіп 2x 


Опе сусіе оѓ 
у= ѕіп 2х 


ЕЕ --->! 
Опе сусіе оҒ 


у= sin х 


Н | 


FIGURE 4.3.7 Graph of function in Example 3 


Horizontal Stretch/Compression 


* The graphs of the functions 


у = АзшВх and у = АсоѕВх 


for В > 0 have amplitude |A| and period 2л/В. Тһе graphs of y = 
A sin Bx and y = A cos Bx are the graphs of y = Asinxandy = A 
cos x stretched horizontally if 0 « B « 1, and compressed 
horizontally if B > 1. 


Horizontally Compressed Cosine Graph 


Find the period of y = cos 4x and graph the function. 


Solution Since В = 4, we see that the period of y = cos 4х is 21/4 = 7/2. We 
conclude that the graph of y - cos 4x is the graph of y - cos x compressed 
horizontally. To graph the function, we draw one cycle of the cosine graph 
with amplitude 1 on the interval |0, 7/2] and then use periodicity to extend the 
graph. FIGURE 4.3.8 shows four complete cycles of y - cos 4x (in red) and one 
cycle of y = cos x (in blue) on (0, 27]. Notice that y = cos 4x attains its 
minimum at x = 77/4 since cos 4(7/4) = cos z = —1 and its maximum at x = 7/2 


since cos 4(7/2) = cos 2л = 1. 


y=cos x 


FIGURE 4.3.8 Graph of function in Example 4 


In the case when В < 0 in either y = А sin Bx or y - А cos Bx, we сап use the 
even/odd properties, (15) of Section 4.2, to rewrite the function with positive 


B. This is illustrated in the next example. 


Horizontally Stretched Sine Graph 


Find the amplitude and period of 
у ==== [s Ї ж 
у = sin( —5Xx) | 
* қ іш . Graph the function. 
Solution Since we require В > 0, we use sin(—x) = -sin x to rewrite the 


function as 


| кә 
у = sin( —5X) = —sin 5x. 


. 


With the identification А = —1, Фе amplitude is seen to be А = -1 = 1. Now 


with | 2 we find that the period is 
2т/» = Ат 
РАБ . Hence we сап interpret (һе cycle of 


4 — —— 
y — —sin 5х | 
ж оп (0, 4л] as а horizontal stretch 
and a reflection in the x-axis (because А < 0) of the cycle of у = sin x оп (0, 


27]. FIGURE 4.3.9 shows that on the interval (0, 47] the graph of 


— s d 
у = —sin5x. 
+ (іп red) completes one cycle 


whereas the graph of y - sin x (in blue) completes two cycles. 


FIGURE 4.3.9 Graph of function in Example 5 
[ Graphs of y - A sin(Bx -- С) and y - A cos(Bx -- C) We have 


seen that the basic graphs of y - sin x and y - cos x can be stretched or 


compressed vertically: 
= Asinx and у = Асоѕх, 


shifted vertically: 


у = Азшх + D and у = Acosx + D, 


and stretched or compressed horizontally: 


y=Asinbx + D and y = AcosBx + D. 


Тһе graphs of 


у = Asin(Bx + C) and у- Acos(Bx + C) 


аге the graphs of y - A sin Bx and y - А cos Bx shifted horizontally. And 
finally, the graphs of 


у = Asin(Bx + C) + D and у= Acos(Bx + С) + р 


are the graphs of y = A sin(Bx + C) and y 2 A cos(Bx + C) shifted vertically. 


Since the last case is straightforward, we are going to focus on the graphs of y 
= A sin(Bx + C) and = A cos(Bx + C) in the remaining discussion. For 
example, we know from Section 2.2 that the graph of y = cos(x — 7/2) is the 
basic cosine graph shifted 772 units to the right. In FIGURE 4.3.10 the graph of y 
= cos(x — 2/2) (in red) on the interval (0, 277] is one cycle of y = cos x on the 
interval |-л/2, 37/2] (in blue) shifted horizontally 772 units to the right. 
Similarly, the graphs of y = sin(x + 7/2) and y = sin(x — 77/2) are the basic sine 
graphs shifted 772 units to the left and to the right, respectively. See FIGURES 
4.3.11 and 4.3.12. 


y=sin(x +5) 


FIGURE 4.3.11 Horizontally shifted sine graph 


У = sin х 


FIGURE 4.3.12 Horizontally shifted sine graph 


By comparing the red graphs in Figures 4.3.10—4.3.12 with the graphs in 
Figures 4.3.2 and 4.3.3 we see that: 


* the cosine graph shifted 77/2 units to the right is the sine graph, 


* the sine graph shifted л/2 units to the left is the cosine graph, and 


+ the sine graph shifted 772 units to the right is the cosine graph reflected in 


the x-axis. 


In other words, we have graphically verified the identities 


А 4 Р T = 
cos(x = ) = sin X, 26 + ) = cosx, and ss = z) = —cos x. (5) 


ко |> 
із 


For convenience we now consider the graph of y = А sin(Bx + C), for В > 0. 
Since the values of sin(Bx + C) range from —1 to 1, it follows that A sin(Bx + 
C) varies between — А and A. That is, the amplitude of y = A sin(Bx + C) is | 
Al. Also, as Bx + C varies from 0 to 2л, the graph will complete one cycle. By 
solving Bx + C = 0 and Bx + C = 2л, we find that one cycle is completed as x 
varies from —C/B to (27 — Cy B. Therefore, the function y = A sin(Bx + C) has 
the period 


27 – С С 2T 
B B B 


Moreover, if f (x) = A sin Bx, then 


: С . C А 
s(x + =) = ШІ. + S) = Asin(Bx + C). (6) 


Everything said in this paragraph also holds for y = А cos(Bx + С). 


The result in (6) shows that the graph of y = A sin(Bx + C) can be obtained by 
shifting the graph of f (x) = A sin Bx horizontally a distance |C|/B. The number 
CIB is called the phase shift of the graph of y = A sin(Bx + C). If C/B < 0 the 
shift is to the right whereas if C/B > 0, the shift is to the left. 


Equation of Shifted Cosine Graph 


The graph of y = 10 cos 4х is shifted 7/12 units to the right. Find its equation. 


Solution We first identify f(x) 2 10 cos 4x and B - 4. Because we want to 
shift the graph of f to the right the phase shift is C/B - -л/12. Then the 


analogue of (6) for the cosine function is: 


(x = =) = 10 cos te = z) or у= 10 (8 = 
12 12 3 


әіз 
~x 


As a practical matter, if we are given the equation y = A sin(Bx + C) (or y = A 
cos(Bx + C)), then the phase shift C/B of the graph of can be obtained by 


factoring the number B from Bx + C: 


~ 


C 
у = Asin(Bx + С) = А8шР х + B 


The foregoing information is summarized next. 


Horizontally Shifted Sine and Cosine Graphs 


* The graphs of the functions 


y = Asin(Bx + C) and у = Асоѕ(Вх + С), B > 0, (7) 


are the graphs of y — A sin Bx and y — A cos Bx shifted 
horizontally by |C|/B units. The number C/B is called the phase 
shift of the graph. 


* The horizontal shift is to the right if C/B < 0 and to left if C/B > 
0. 


* The amplitude of each function in (7) is |A| and the period of 
each function is 2л/В. 


* The range of each function in (7) is the interval [ — |A|, |A|] on 
the y-axis. 


The numbers |A| and 2л/В are also referred to as the amplitude and period of 


the graphs of the functions in (7). 


Horizontally Shifted Sine Graph 


Graph у- 3 sin(2x — л/3). 


Solution For purposes of comparison we will first graph y = 3 sin 2x. The 
amplitude of y = 3 sin 2x is |A| = 3 and its period is 27/B = 27/2 = л. Thus one 
cycle of y = 3 sin 2x is completed on the interval (0, 7]. We extend this graph 
to the adjacent interval [z, 27] as shown in blue in FIGURE 4.3.13. Next, we 


rewrite y = 3 sin(2x — 7/3) by factoring 2 from 2x — 77/3: 


: Ш : 
у-34ш2х--|-35һ2(|х- — 
3 6 


y=3 sin 2x 


FIGURE 4.3.13 Graph of function in Example 7 


From the last form we see that the phase shift is -л/6 < 0. This means that the 
graph of the given function, shown in red in Figure 4.3.13, is obtained by 
shifting the graph of y - 3 sin 2x to the right |С/В - |(-л/3)/2 — z/6 units. 
Remember, this means that if (x, у) is a point on the blue graph, then (x + 7/6, 
y) is the corresponding point on the red graph. For example, x = 0 and x = л 


are the x-coordinates of two x-intercepts of the blue graph. Thus x = 0 + 7/6 = 


71/6 and x = л + 7/6 = 7л/6 are x-coordinates of the x-intercepts of the red ог 
shifted graph. These numbers are indicated by the arrows in Figure 4.3.13. 
Note that one cycle of the red graph is completed on the interval (776, 77/6]. 


Horizontally Shifted Graphs 


Determine the amplitude, the period, the phase shift, and the direction of 


horizontal shift for each of the following functions. 


5х — 


= 
| 
— 
Un 
C 
e 
un 


JT 
2 


- 


(b) 


| TT 
у = —8 sinl 2x + 4 


Solution (a) We first make the identifications A = 15, В = 5, and C = -3л/2. 
Thus the amplitude is |A| = 15 and the period is 2л/В = 27/5. The phase shift 
can be computed either by C/B = (-3л/2)/5 = —3z/10 or by rewriting the 


function as 


3 
y = 19с055{ x — — 
| 10 


The last form indicates that the graph of y = 15 cos(5x — 37/2) is the graph of 
y = 15 cos 5x shifted 37/10 units to the right. 


(b) Since A = -8 the amplitude is |A| = |-8| = 8. With В = 2 the period is 2л/В 


= 27/2 = л. By factoring 2 from 2x + 7/4, we see from 


у= ШЕ + z) = —$sin a(x + ) 


that the phase shift is 7/8 > 0 and so the graph of y = -8 sin(2x + 77/4) is the 
graph of y = —8 sin 2x shifted 7/8 units to the left. 


|а 


Horizontally Shifted Cosine Graph 


Graph у = 2 соѕ(лх + л). 


Solution The amplitude of y = 2 cos лх is |A| = 2 and the period is 27/7 = 2. 
Thus one cycle of y - 2 cos zx is completed on the interval |0, 2]. In FIGURE 
4.3.14 two cycles of the graph of y - 2 cos zx (in blue) are shown. The х- 
intercepts of this graph correspond to the values of x for which cos zx = 0. By 
(2), this implies zx = (2n + 1)z/2 or x = (2n + 1)/2, n an integer. In other 
words, fo n = 0, -І, 1, -2, 2, -3, . we get 
| 3 5 

FE — л — А. винил. 
rewriting the given function as 


y = 2cos (x + I) 


we see the phase shift is 1 > 0. Thus the graph of y = 2 cos(zx + л) (in red) in 
Figure 4.3.14, is obtained by shifting the graph of y - 2 cos zx to the left 1 


unit. This means that the x-intercepts are the same for both graphs. 


у= 2 соѕлх 


FIGURE 4.3.14 Graph of function in Example 9 


Alternating Current 


The current / (in amperes) in a wire of an alternating-current circuit is given 
by Д0) = 30 sin 1201, where t is time measured in seconds. Sketch one cycle 


of the graph. What is the maximum value of the current? 


Solution The graph has amplitude 30 апай period 
25/1205 = © 


RM О, 
one cycle of the basic sine curve оп the interval эн , as shown 
in FIGURE 4.3.15. From the figure it is evident that the maximum value of the 


EN 


current is / = 30 amperes and occurs at 24d 0 since 


| | 
Д — | = 30sin{ 1207r -——) = 30sin = 30. = 
240 240 2 


gi ore. we sketch 


I(t) = 30 sin 120 zt 


| 
| 
| 
EE | 
| 
| 


| | 
240 120 


FIGURE 4.3.15 Graph of current іп Example 10 


Exercises 4.3 Answers to selected odd-numbered 
problems begin on page ANS-14. 


In Problems 1—6, use the techniques of shifting, stretching, compressing, and 


reflecting to sketch at least one cycle of the graph of the given function. 


| 
у = 5 + cosx 


2. у=-1+с05х 
3. yz2-sinx 

4. y=3+3 sinx 
5. у=-2 + 4 cos х 
6. y=1-2sinx 


In Problems 7-10, the given figure shows one cycle of a sine or cosine graph. 
From the figure, determine A and D and write an equation of the form y = A 


sin x + D or y = A cos x + D for the graph. 


Graph for Problem 8 


Graph for Problem 9 


10. 


FIGURE 4.3.19 Graph for Problem 10 


In Problems 11—16, use (1) and (2) of this section to find the x-intercepts for 
the graph of the given function. Do not graph. 


11. у= sin zx 


12. y = –соѕ 2x 


13. 


15. 


16. y = cos(2x — л) 


In Problems 17 and 18, find the x-intercepts of the graph of the given function 


on the interval |0, 277]. Then find all intercepts using periodicity. 


17. y=-1+sinx 
18. у-1-2совх 


In Problems 19-24, the given figure shows one cycle of a sine or cosine 
graph. From the figure, determine A and B and write an equation of the form y 


= A sin Bx or y = A cos Bx for the graph. 


19. 


Graph for Problem 19 


20. 


Graph for Problem 20 


21. 


Graph for Problem 21 


22. 


Graph for Problem 22 


23. 


Graph for Problem 23 


24. 


Graph for Problem 24 


In Problems 25-32, find the amplitude and period of the given function. 
Sketch at least one cycle of the graph. 


25. y=4sin лх 


27. у--3 cos 27x 


у = =cos4x 


+ ғ 


28. 


29. у--2 sin(-2x) 


у = 5 cost ——x 
5 


30. -— 


In Problems 31—36, (a) sketch one cycle of the graph of the given function. 
(b) Find the amplitude |A| by inspection of the function. (c) Find the 
maximum value M and the minimum value m of the function on the interval in 
part (а). (d) Then use (4) to verify the amplitude |A| of the function. (e) Give 


the range of each function. 
31. у=3 – 4cos x 


32. y 23 + 3sin x 


о 
у = —] + sin х 


33: — 


qr. 
y — — *tSI AX 
| 3 


36. - 


In Problems 37 and 38, from the given figure determine A, B, and D and write 
an equation of the form y = A sin Bx + D or y = A cos Bx + D for the graph. 


37. 


FIGURE 4.3.26 Graph for Problem 37 


38. 


FIGURE 4.3.27 Graph for Problem 38 


In Problems 39-48, find the amplitude, period, and phase shift of the given 


function. Sketch at least one cycle of the graph. 


39. 


40. 


41. 


42. 


43. 


у = —2 cos( 2x - X 


y — ssin(2 -- 
ҚҰН (2 

у = Защ — — 
2 
X 

у = —cos| — — 
2 


b M Ь” lp nd 


In Problems 49 and 50, write an equation of the function whose graph is 


described in words. 


49. The graph of y - cos x is vertically stretched up by a factor of 3 and 
shifted down by 5 units. One cycle of y = cos x on [0, 27] is compressed to [0, 


71/3] and then the compressed cycle is shifted horizontally 7/4 units to the left. 


50. One cycle of y = sin x on |0, 277] is stretched to |0, 877] and then the 
stretched cycle is shifted horizontally 7/12 units to the right. The graph is also 


compressed vertically by a factor of 4 and then reflected in the x-axis. 


In Problems 51—54, find horizontally shifted sine and cosine functions so that 


each function satisfies the given conditions. Graph the functions. 


51. Amplitude 3, period 27/3, shifted by 77/3 units to the right 


52. Amplitude m. , period л, shifted by 7/4 units to the left 


53. Amplitude 0.7, period 0.5, shifted by 4 units to the right 


5 


54. Amplitude 4 , period 4, shifted by 1/27 units to the left 


In Problems 55 and 56, graphically verify the given identity. 
55. cos(x + л) = —cos x 

56. sin(x + 7) = —sin x 

Applications 


57. Pendulum Тһе angular displacement 0 of a pendulum from the vertical at 
time f seconds is given by 0(/) = 00 cos wt, where бо 15 the initial displacement 
at t= 0 seconds. See FIGURE 4.3.28. For w = 2 rad/s and 60 = 77/10, sketch two 


cycles of the resulting function. 


FIGURE 4.3.28 Pendulum іп Problem 57 


58. Fahrenheit Temperature Suppose that 


T(t) =50 + 1081: ЕЕ 


0 < t < 24, is a mathematical model of the Fahrenheit temperature at t hours 


after midnight on a certain day of the week. 


(a) What is the temperature at 8 А.М? 


(b) At what time(s) does T(t) = 60? 
(с) Sketch the graph of 7. 


(d) Find the maximum and minimum temperatures and the times at which 


they occur. 


59. Depth of Water The depth d of water at the entrance to a small harbor at 


time ¢ is modeled by a function of the form 


— 


d(t) = AsinB{t —-—) + С. 


— 


where А is one-half the difference between the high- and low-tide depths; 2л/ 
B, В > 0, is the tidal period; and C is the average depth. Assume that the tidal 
period is 12 hours, the depth at high tide is 18 feet, and the depth at low tide is 
6 feet. Sketch two cycles of the graph of d. 


60. Hours of Daylight The number H of daylight hours per day in various 


locations in the world can be modeled by a function of the form 
H(t) = AsinB(t — C) + D, 


where the variable t represents the number of days in a year corresponding to 
a specific calendar date (for example, February 1 corresponds to t = 32 days), 
and A, B, C, and D are positive constants. In this problem we construct a 
model for Los Angeles, CA for the year 2017 (not a leap year) using data 
obtained from the U.S. Naval Observatory, Washington, D.C. 


(a) Find the amplitude A if 14.43 is the maximum number of daylight hours 
at the summer solstice and if 9.88 is the minimum number of daylight hours at 


the winter solstice. 


(b) Find B if the function H(A) 15 to have the period 365 days. 


(c) For Los Angeles in the year 2017, we choose С = 79. Explain the 
significance of this number. [Hint: C has the same units as f.] 


(d) Find D if the number of daylight hours at the vernal equinox for 2017 is 
12.14 and occurs on March 20. 


(e) What does the model H(t) predict to be the number of daylight hours on 
January 1? On June 21? On August 1? On December 21? 


(f) Using a graphing utility to obtain the graph of H(f) on the interval |0, 
365]. 


Sunset in Los Angeles 


О egd/ShutterStock, Inc. 


Calculator/Computer Problems 


In Problems 61-64, use a graphing utility to investigate whether the given 


function is periodic. 


f(x) = sin| — 


61. 


f(x) — 


63. f(x) = 1 + (cos х) 

64. f(x) =x sin x 

For Discussion 

In Problems 65 and 66, describe in words how you would obtain the graph of 


the given function by starting with the graph of y = sin x (Problem 65) and the 
graph of y = cos x (Problem 66). 


65. y=5 + 3 sin(2x — л) 
| | | 
= —6 + 4cos(a + т) 


In Problems 67 and 68, find the period of the given function. 


66. ) 


_ f(x) = sin5xsin2x 


[tn 


| m 
ҒО) = sin5x + cos5x 


Іп Problems 69 and 70, discuss and then sketch the graph of the given 


function. 


69. f (x) = |sin х] 


70. f(x) = |соѕ x| 


4.4 Other Trigonometric Functions 


INTRODUCTION Recall that the remaining four trigonometric functions are 
the tangent, cotangent, secant, and cosecant functions and are denoted, in 
turn, as tan x, cot x, sec x, and csc x. We saw in Section 4.2 that by using (1) 
and (2) of Definition 4.2.1 in (3)-(6) of Definition 4.2.2 we can express these 


four new functions in terms of sin x and cos x: 


sinx cosx 
tanx = cotx = — (1) 
COSX sInx 
1 1 
secx = cscx = — (2) 
COSY sinx 


[ Domain and Range Because the functions in (1) and (2) are quotients, 


we know from Definition 2.6.1 that the domain of each function consists of 
the set of real numbers except those numbers for which the denominator is 
zero. We have seen in (2) of Section 4.3 that cos x = 0 for x = (2n + 1)g/2, n = 


(РЕП 252 Тап 50 
* the domain of tan x and of sec x is (хіх + (2n + 1)92, п = 0, +1, +2, ...). 


Similarly, from (1) of Section 4.3, sin x = 0 for x = nz, n = 0, +1, +2, ..., and 


so it follows that 
* the domain of cot x and of csc x is (хіх # ил, n 20, +1, £2, ...). 


We know that the values of the sine and cosine are bounded, that is, [sin x| < 


1 and |cos x| < 1. From these last inequalities we һауе 


1 


cosx 


1 


- = 
| совх | 


|зесх| = 


1 
sinx 


and |escx| = = — > 1. (4) 


Recall that an inequality such as (3) means that sec x > or sec x < —1. Hence 
the range of the secant function is (~œ, —1] u [1, о). The inequality in (4) 
implies that the cosecant function has the same range (~œ, –1] U П, о). 
When we consider the graphs of the tangent and cotangent functions we will 


see that they have the same range: (— со, со). 


If we interpret x as an angle, then FIGURE 4.4.1 illustrates the algebraic signs of 
the tangent, cotangent, secant, and cosecant functions in each of the four 
quadrants. This is easily verified using the signs of the sine and cosine 


functions displayed in Figure 4.2.2. 


УА 

(ап х<0 tan x » 0 

cot x « 0 cot x » 0 
п sec x <0) sec x >) І 

csc x > 0 esc 0 

» X 

tanx»0 tanx «O0 

cot x » 0 cot x <0 | 
ш sec x <0 sec x > 0 IV 

csex <0 ссх 0 


FIGURE 4.4.1 Signs of tan x, cot x, sec x, апа csc x, іп the four 
quadrants 


Example 5 of Section 4.2 Revisited 


Find tan x, cot x, sec x, and csc x for x = —л/б. 


Solution In Example 5 of Section 4.2 we saw that 


Therefore, by the definitions in (1) and (2): 


т -1/2 1 п\ V3/2 We could also use 
ч 3 Vi V3 2 3 12 = У: анне 

т 1 2 т 1 
к = = хал 2 
““( z) VR NA E z) -1/2 2. = 


Table 4.4.1 summarizes some important values of the tangent, cotangent, 
secant, and cosecant and was constructed using values of the sine and cosine 
from Section 4.2. A dash in the table indicates that the trigonometric function 


is not defined at that particular value of x. 


һын 


S| to 5|- < ән 
Эс: UJ UJ 


NJ 


secx | | 


с5ех = 


[ Identities The tangent is related to the secant by a useful identity. If we 


divide the Pythagorean identity 


sin^x + co?x— 1 (5) 


by cos? x, we see that 


. 2 2 
sin^X cosx 1 


E EN NE 
COS^X COS^X COS X 


Similarly, dividing (5) by sin» x yields an identity relating the cotangent with 


the cosecant: 


2 2 
sin^X | cos^X | 
= (7) 


._2 222 “Тоо. 900. 
Sin X Sin yX УШ 


Using the laws of exponents, 


. 2 г 2] 5 
sin^x sinx V қ 1 mv . 

2 = - = (ап? х, — = - = вес?х, 
сов x COSX cos?x COSX 


2 y | 3. 
cos^x cosx ү? 5 1 1 Y А 
— = | — = cot^x, — - = Csc^x, 
sin^x sinx sin^x sinx 


we see that (6) and (7) can be written in a simpler manner: 


р | 

| + tan^x = sec^x 
№ 

1 + cot^x = csc^x, 


Since last two identities are direct consequences of sin» x + cos? x = | they too 


are called Pythagorean identities. 


Finally, note that the tangent and cotangent function are related by the 


reciprocal identity 


COS X | | 
cotx = = = ——, 
sin.X sin X tanx 


COSY 


[ Summary For future reference, especially for the work in the next section, 


we pause here to summarize a small collection of identities that are so basic to 
the study of trigonometry that they are known collectively as the 
fundamental identities. You should firmly commit these identities to 


memory. 


Fundamental Trigonometric Identities 


Pythagorean identities: 


sin?x + соѕ2х = 1 (8) 
1 + tan?x = sec?x (9) 
1 + cot?x = csc?x (10) 


Quotient identities: 


tanx = — = cotx = (11) 


Reciprocal identities: 


1 1 
secx == с$сх = — соїх = (12) 
cosx sinx tanx 


Using a Pythagorean Identity 


Given that csc x = —5 and 37/2 < x < 27r, determine the values of tan x апа cot 


X: 


Solution We first compute cot x. It follows from (10) that 


2 


cot? x = csc^x — |. 


For 37/2 < x < 2л, we see from Figure 4.4.1 that cot x must be negative and so 


we take the negative square root: 


сох = — V esc?x = -А/(-5): = — №24 = -2V6. 


Using cot x = 1Лап x, we һауе 


rationalizing the denominator 


| | V6 
cott —2\% 12” 


In Example 2, given the information csc x = -5 and 37/2 < x < 2л, we could 
easily find the values of the remaining five trigonometric functions. One way 


of proceeding would be to use csc x = Ша x to find 


E = i __ | 
sinx = l/escx = — < 

a}. Then we use 
sin» x + cog x = 1 to find cos x. After we have found cos x, the remaining 


three trigonometric functions can be obtained from (1) and (2). 


[ Periodicity Because the sine and cosine functions are 27r periodic, each of 


the functions іп (1) and (2) have a period 2л. But from (17) of Theorem 4.2.5 


we һауе 


sin(x + т) —sinx 
tan(x + 7) = - — = tanx. (13) 
cos(x + т) —COSX 


Also see Problems 55 and 56 in Exercises 4.3. 


Thus (13) implies that tan x and cot x are periodic with a period p < л. In the 
case of the tangent function, tan x = 0 only if sin x = 0, that is, only if x = 0, 
+7, +27, and so on. Therefore, the smallest positive number р for which tan(x 
+ p) = tan x is p = л. The cotangent function has the same period since it is the 


reciprocal of the tangent function. 


THEOREM 4.4.1 Period of the Tangent and 
Cotangent 


The tangent and cotangent functions are periodic with period л. 
Therefore, 


tan(x t т) = tanx and cot(x + 7) = cotx 


for every real number x for which the functions are defined. 


THEOREM 4.4.2 Period of the Secant and 
Cosecant 


The secant and cosecant functions are periodic with period 2л. 
Therefore, 


sec(x + 27) = secx апа сѕс(х + 27) = cscx 


бог every real number x for which the functions are defined. 


[ Even-Odd Properties Because the cosine function is even and the sine 


function is odd, each of the remaining four trigonometric functions is either 
even or odd. 


THEOREM 4.4.3 Even and Odd Functions 


The tangent, cotangent, and cosecant functions are odd 
functions, whereas the secant function is an even function. 
That is, 


tan(—x) = —tanx and coll —x): = —CcoLx 


вес(-Х) = secx and CSCU—X) = —C8CX 


for every real number x for which the functions are defined, 


PROOF: We prove the first entries in (16) and (17). Because cos(—x) - cos x 


and sin(—x) --віп x, 


sin( —x) —sinx sinx 
tan(—x) = = — = — = --(апх, 
с0$(—х) cosx COS AX 
1 | 
зес(—х) = = = secx 


cos(—x) | COSX 


proves, in turn, that tan x is an odd function and sec x is an even function. 


[ Graphs of y — tan x and y — cot x The numbers that make the 


denominators of tan x, cot x, sec x, and csc x equal to zero correspond to 
vertical asymptotes of their graphs. For example, we encourage you to verify, 


using a calculator, that 


T- 
tany > —% as х > and lanx > 5 as х > mE 


This is a good time to review (7) of Section 3.6. 


In other words, x = —л/2 and x = 77/2 are vertical asymptotes. The graph of y = 
tan x on the interval (- z/2, 772) given in FIGURE 4.4.2 is one cycle of the graph 
of y = tan x. Using periodicity we extend the cycle in Figure 4.4.2 to adjacent 
intervals of length 7, as shown in FIGURE 4.4.3. The x-intercepts of the graph of 
the tangent function are (0, 0), (+7, 0), (427, 0), ..., and the vertical 


asymptotes of the graph are x = +л/2, 53772, 57/2, .... 


The graph of y - cot x is similar to the graph of the tangent function and is 
given in FIGURE 4.4.4. In this case, the graph of y = cot x on the interval (0, л) is 
one cycle of the graph of y - cot x. The x-intercepts of the graph of the 
cotangent function are (5772, 0), (+37л/2, 0), (45772, 0), ..., and the vertical 
asymptotes of the graph are x = 0, +7, +27, +37, .... Because y = tan x and y = 


cot x are odd functions, their graphs are symmetric with respect to the origin. 


One cycle of the graph of y = tan x 


УА у= (ап х 


FIGURE 4.4.3 Graph of y = tan x 


УА y=cotx 


FIGURE 4.4.4 Graph of y = cot x 


[ Graphs of y = sec x and у = csc x For both у = sec x and у = сс x we 


know that |y| > 1, and so no portion of their graphs can appear in the 
horizontal strip — 1 < y < 1 of the Cartesian plane. Hence the graphs of y = sec 
x and у = csc x have no x-intercepts. Both y = sec x and у = csc x have period 
27r. The vertical asymptotes for the graph of y - sec x are the same as y - tan 
x, namely, x =+7/2, + 37/2, +57/2, .... Because у = sec x is an even function, 
its graph is symmetric with respect to the y-axis. On the other hand, the 
vertical asymptotes for the graph of y - сөс x are the same as y - cot x, 
namely, x = 0, +7, +27, +37, .... Because у = csc x is an odd function, its 
graph is symmetric with respect to the origin. One cycle of the graph of y = 
sec x on [0, 27] is extended to the interval [—27r, 0] by periodicity (or y-axis 
symmetry) in FIGURE 4.4.5. Similarly, in FIGURE 4.4.6 we extend one cycle of y = 
csc x оп (0, 2л) to the interval (-2л, 0) by periodicity (or origin symmetry). 


See page 242. 


FIGURE 4.4.5 Graph of y = sec x 
УС ЄХ 
УА 
-Z 1+ 3л 
р П 2 D 2 П 
- і | Г a 
-2л 23л -л 1 л 2л 
Э -І-- 2 


FIGURE 4.4.6 Graph of y = csc x 


[ Transformations and Graphs Similar to the sine and cosine graphs, 
rigid and nonrigid transformations can be applied to the graphs of y = tan x, y 
= COL x, y = sec x, and y = csc x. For example, a function such as y = A tan(Bx 


+ C) + D can be analyzed in the following manner: 


vertical stretch/compression/reflection vertical shift 
y = Atan(Bx + C) + D (18) 
T T 
horizontal stretch/compression by changing period horizontal shift 


If B > 0, then the period of 


y = Atan(Bx + C) and y = Acot(Bx + C) is т/В, (19) 


whereas the period of 


y = Азес( Bx + C) and y = Acsc( Bx + C) is 27/B. (20) 


As we see in (18), the number A in each case can be interpreted as either a 
vertical stretch or a compression of a graph. However, you should be aware of 
the fact that the functions in (19) and (20) have no amplitude, because none of 


the functions has a maximum ала a minimum value. 


Of the six trigonometric functions, only the sine and cosine functions have an amplitude. 


Comparison of Graphs 


Find the period, x-intercepts, and vertical asymptotes for the graph of y - tan 


2x. Graph the function on [0, 77]. 


Solution With the identification B = 2, we see from (19) that the period is 772. 
Since tan 2x = sin 2x/cos 2x, the x-intercepts of the graph occur at the zeros of 


sin 2x. From (1) of Section 4.3, sin 2x = 0 for 


2х = пт so that х= іпт,п = 0, +1, +2,.... 


That is, x = 0, +7/2, 52772 = zr, +37/2, +4л/2 = 27r, and so оп. The x-intercepts 
аге (0, 0), (--л/2, 0), (+7, 0), (+ 37/2, 0), ..., The vertical asymptotes of the 
graph occur at zeros of cos 2x. From (2) of Section 4.3, the numbers for which 


сов 2x = 0 are found in the following manner: 


2х = (2n + D so that х = (2n + Dn = 0, =1, =2,.... 


That is, the vertical asymptotes are x = +7/4, +3л/4, +57/4, .... On the interval 
(0, zr], the graph of y - tan 2x has three intercepts (0, 0), (z/2, 0), and (т, 0) 
and two vertical asymptotes x = 7/4 and x = 37/4. In FIGURE 4.4.7, we һауе 
compared the graphs of y = tan x and y = tan 2x on the interval. The graph of y 


= tan 2x is a horizontal compression of the graph of y = tan x. 


э-Х 


вэн-н- 
qh 


(a) у = tan x оп 10, л] (b) у = tan 2х оп 10, л] 


FIGURE 4.4.7 Graph of function іп Example 3 


Comparison of Graphs 


Compare one cycle of the graphs of y = tan x and y = tan(x — 77/4). 


Solution The graph of y - tan(x — z/4) is the graph of y - tan x shifted 
horizontally 774 units to the right. The intercept (0, 0) for the graph of y = tan 
x is shifted to (774, 0) on the graph of y = tan(x — 7/4). The vertical asymptotes 
Х--л/2 and х = л/2 for the graph of y = tan x are shifted to x = —л/4 and x = 
37/4 for the graph of y = tan(x — 77/4). In FIGURES 4.4.8(a) and 4.4.8(b) we see, 
respectively, that a cycle of the graph of y = tan x on the interval (-772, 772) is 
shifted to the right to yield a cycle of the graph of y = tan(x — 7/4) on the 
interval (-л/4, 37/4). 


(a) Cycle of y = tan x (b) Cycle of y = tan (x —zt/4) 
on (-z/2, 7/2) on (—77/4, 37/4) 


FIGURE 4.4.8 Graphs of functions in Example 4 


As we did in the analysis of the graphs of y = A sin(Bx + C) and y = A cos(Bx 
+ C), we can determine the amount of horizontal shift for graphs of functions 
such as y = A tan(Bx + C) and y = A sec(Bx + C) by factoring the number В > 
0 from Bx + C. 


Two Shifts and Two Compressions 


y = 2 — 3sec(3x ин т/2) 


Solution Let's break down the analysis of the graph into four parts, namely, 


Graph 


by transformations. 


(i) One cycle of the graph of y - sec x occurs оп (0, 277]. Since the period of y 
= sec 3x is 27/3, one cycle of its graph occurs on the interval |0, 27/3]. In 
other words, the graph of y - sec 3x is a horizontal compression of the graph 
of y = sec x. Since sec 3x = 1/сов 3x, the vertical asymptotes occur at the zeros 
of cos 3x. Using (2) of Section 4.3, we find 


7 


Зх = (2n + 1) 


із 


T 
ог x= (2n + 1)—,n = 0, +1, =2,.... 
6 


FIGURE 4.4.9(a) shows two cycles of the graph у = sec 3x; one cycle on [—2л/3, 


0] and another оп (0, 27/3]. Within those intervals the vertical asymptotes are 


х= —n/2, x = —n/6, x = 77/6, and x = z/2. 


у = — 5зес 3x 


(ii) The graph of «^ | 


graph of y = sec 3x compressed vertically by a factor of 2 and then reflected 
in the x-axis. See Figure 4.4.9(b). 


is the 


(iii) By factoring 3 from 3x — 7/2, we see from 


that the graph 
— l ar 
y — = 2 sec ( Эх - п/2 ), the graph of 


| 
у = —5sec3x 


- shifted л/6 units to the 
right. By shifting the two intervals [—27/3, 0] and (0, 27/3] in Figure 4.4.9(b) 


to the right 7/6 units, we see in Figure 4.4.9(c) two cycles of 


| 
y =) ;sec( 3 X — 7/2 don the intervals 


Em 71/6] and me, 57/6]. The vertical asymptotes x = —л/2, x = -л/б, x = 
716, and x = 7/2 shown in Figure 4.4.9(b) are shifted to x = —л/3, x = 0, x = 


0, — 
7/3, and x = 27/3. Observe that the y-intercept 


77/6, i 


Figure 4.4.9(b) is now moved to in 
Figure 4.4.9(c). 


in 


FIGURE 4.4.9 Graph of functions in Example 5 


(iv) Finally, we obtain the graph 
- | | 
у = 2 — 5 sec(3x — п/2 МА 
» 2 in Figure 
4.4.9(d) by shifting the graph of 


у = — > sec(3x ЕЕ 7/2) i 


- 


4.4.9(с) two units upward. 


n Figure 


[ Trigonometric Substitutions In a calculus course it is often convenient 
to make use of a trigonometric substitution to change an algebraic 
expression that contains a radical into a trigonometric expression with no 
radical. Generally, this is done using the sine, tangent, or secant functions and 
the Pythagorean identities (8) and (9). The following example illustrates the 
technique. Also see Problems 47-54 in Exercises 4.4. 


Rewriting a Radical 


25 + х? 
Rewrite - =’ asa trigonometric expression 


without а radical by means of the substitution x = 5 tand, -л/2 < 0 < л/2. 


Solution If x = 5 tan 0, then 


№25 + x = V25 + (Stand) 
= V25 + 25(ап20 
= \/25( 1 + (ап20) < now use (9) 


= 1/25вес?0. 


The restriction of the variable 0 enables us to take the foregoing square root 
without recourse to absolute values. As shown in Figure 4.4.1, secz > 0 for 


—л/2 < 0 < л/2, so the original radical is the same as 


VOS + X = VOSsec? = Ssecd. az 


Exercises 4.4 Answers to selected odd-numbered 
problems begin on page ANS-15. 


In Problems 1 and 2, complete the given table. 


1. 
? 27 E 5т In 5т Am E Sa In пт |» 
E 3 4 6 T 6 4 3 2 3 4 6 21 
tanx 
сох 
2. 
, т 37 5т 7т Sa Am 3т Sa In пт |» 
х 3 4 6 Ш 6 4 3 2 3 4 6 21 


In Problems 3-18, find the indicated value without the use of a calculator. 


137 
cot —— 
: 6 


10. 


11. 3 


| Tr 
ot —— 


р 6 


297 
<ес---- 
14. A 


15. sec(-120?) 


© 


16. tan 405° 


UE (456 4958 


18. cot(—720°) 


In Problems 19-26, use the given information to find the values of the 


remaining five trigonometric functions. 


19. апх=-2, л/2 <х<л 


cotx 25, a <х<3т/2 


4 | 
cscx = 5, Oc x < 7/2 


22: sec i5 л? SUIS 76 


20. 


21. 


sinx = 3, 1/2 <х< т 


23. 

54, COSX = — V5, т <х<3т/2 
ВВсозх =, 3m/2 < x< 20 
mv — 4 . | 
„Sinx =3, 0<х<т/2 


27. If 3 cos х = sin x, find all values of tan x, cot x, sec x, апа csc х. 
28. If csc х = sec x, find all values of tan x, cot x, sin x, and cos x. 


In Problems 29-36, find the period, x-intercepts, and the vertical asymptotes 
of the given function. Sketch at least one cycle of the graph. 


29. y =tan zx 


t X 
y = tan— 
30. 2 


31. у = сої 2x 


у = —cot — 


33. 


34. 


35. у=-1 + cot zx 


y-—tan| x + 


In Problems 37-44, find the period and the vertical asymptotes of the given 


function. Sketch at least one cycle of the graph. 


37. y Z—secx 


- 2 


39 wed cse aa 


y = —2csc 


. Ё 
40. ын 


41. 


42. y 2 csc (4x + 7) 


- 


ни 
у = 3 + csc RU" 


44. у= —1 + sec(x — 2л) 


In Problems 45 and 46, use the graphs of y - tan x and y - sec x to find 


numbers A and C for which the given equality is true. 
45. cot x = A tan(x + C) 
46. csc x А sec(x + C) 


In Problems 47—52, proceed as in Example 6 and use a Pythagorean identity 
and the indicated substitution to rewrite the given algebraic expression as a 


trigonometric expression without a radical. 


x = 3sin6, -т/2 < 0 < m[2 
as XV x 4; x—2sec60,0 0 < т/2 


x —3 
е =, х = 4/3 sec, 0=0< r2 
49. 27 


50. (36 + x2)32; x = 6 (ап 9, -л/2 < 0 < л/2 


x = VT tang, -т/2<0<т/2 


. x= А5 віпб,0<0-< т/2 


52. X 


For Discussion 


In Problems 53 and 54, use an appropriate trigonometric substitution (as in 


Problems 47-52) to rewrite the given algebraic expression as a trigonometric 


expression without a radical. 


5 44 


55. Use a calculator in radian mode to compare the values of tan(1.57) and 


tan(1.58). Explain the difference in these values. 


56. Use a calculator in radian mode to compare the values of cot(3.14) and 
cot(3.15). 


57. Explain why there are no real numbers x satisfying the equation 9csc x = 
il, 


58. For which real numbers x is (a) sin x < csc x? (b) sin x < csc x? 
59. For which real numbers x is (a) sec x < cos x? (b) sec x < cos x? 


60. Discuss and then sketch the graphs of у = |sec x| and у = [esc х]. 


4.5 Verifying Trigonometric Identities 


INTRODUCTION There are many identities involving trigonometric 


functions; in this section we will illustrate how to verify some of them. 


A trigonometric identity is an equation or formula involving only 
trigonometric functions that is valid for all angles measured in degrees or 
radians or for real numbers for which both sides of the equality are defined. 


To verify a trigonometric identity we use 
* the fundamental trigonometric identities, <- (8)-(12) in Section 4.4 


* the even-odd properties, 
(15) ш Section 4.2 and 
(16)and (17) in Section 4.4 


* and basic arithmetic and algebraic operations. 


For example, 


sinx 


= cosx (1) 
tanx 


is an identity for all real numbers for which tan x is defined and tan x # 0. To 
verify the identity we start on one side of the equation and deduce through 
valid manipulations the equivalence with the other side. In the case of (1) we 


will start on the left-hand side: 


sinx sinx 
==. quotient identity; 
tanx sinx E 


(11) of Section 4.4 
COS.X 
. cosx 
= ША — <- division; invert and multiply 
sın x 
= COSJX. «— cancellation of sinx 


Using a Reciprocal Identity 


Write sin x sec x as a single trigonometric function. 


Solution Using the reciprocal identity sec x = 1/cos x, we find 


. | І sinx 
sinxsecx — sinx = = 
COSX — COSX 


tan x. TE 


Simplification 
Simplify (1 + sin x)(1 + sin(—x)). 


Solution First we recall that the sine is an odd function, that is, sin(—x) = —sin 
x. Then from algebra we know (a + b)(a — b) = a» — №. With the 


identifications а = 1 and b = sin x we can write 


(1 + sinx)(1 + sin(—x)) = (1 + sinx)(1 — sinx) = 1 — sin?x. 


Finally, the Pythagorean identity sin» x + cos» x = | implies 1 — sin» x = cos» x. 


Therefore, 


(1 + sinx)(1 + sin(—x)) = cos?x. = 


Verification 


Verify the identity sec» f + csc2 t = sec f csc t. 


Solution We begin with the left-hand side of the equation: 


sec?t + csc?t = l l epa identities; 


Cost + sin?t (12) of Section 4.4 
1 ш" 1 сов | 
5 p E 5 = common denominator 
sin"f СО87/ 


22722 
cos^t sin“t 
sin?t + cos?t 


=— <= adding fractions 


2,222 
cos'fsin"f 
2 1 PS Pythagorean identity: 
^ cos?tsin?t (8) of Section 4.4 
2 2 
ре 1 1 algebra: laws of exponents 
Ж cost sint < апа multiplication of fractions 


= ава Рова 
= (8ёс1) (с8с1) (12) of Section 4.4 

2 2 
= sec*tcsc*t. = 


2 юэ identities; 
2 < 


Implicit іп Example 3 is the assumption that the identity is valid only for 
those values of t for which both sides of the identity are defined. In Example 
3, for t a real number, we must require that t + плапа t ж (2n + 1)z/2, where 
n is an integer. In the remaining examples, we will not mention the 


restrictions on the variable. 


[ Suggestions In order to verify a trigonometric identity, we are required to 


show that the given expressions are equivalent. In the preceding example, we 
worked with the expression on the left-hand side of the equation to show that 
that side was equivalent to the other. Starting on one side of an equation and 
deducing the other side is standard practice in verifying trigonometric 
identities. But often we can perform correct work on one side of an equation 
and reach a point where that side is simplified but appears to be not identical 
to the other side. This does not mean the identity is false; sometimes we must 
reduce each side of an equation separately to the same expression. However, 
the same algebraic operations should not be performed on both sides of the 
equation simultaneously. In other words, do not treat a trigonometric equation 
as an identity until after you have proven that it is really true. Although there 
is no general method for demonstrating that a trigonometric equation is an 


identity, we list below a few suggestions that may be useful. 


Suggestions for Verifying Trigonometric Identities 


* Simplify the more complicated side of the equation first. 


* Find least common denominators for sums or differences of 
fractions. 


* If the two preceding suggestions fail, then express all 
trigonometric functions in terms of sines and cosines and try to 
simplify. 


Verification 


Verify the identity 


| 


sinócosg = ———————. 
tand + coté 


Solution In this example we show that the right-hand side of the equation is 


equivalent to the left-hand side. You should be able to supply a justification 


for each step of the solution. 


1 1 


tang + cot 5100 " со80 


cos sind 
Ї 
sind sing cos0 coså 


cos@ sing sing cos 
1 
$1120 + cos? 
sin@cos@ 
sin0cos0 


$1120 + cos?0 
= singcos Q. ЕЯ 


Verification 
Verify the identity 
. . 2 
sinx + 8ШХСОГХ = COSXCSCXSECX. 


Solution Because the left-hand side of the equation looks a bit more 


complicated than the right-hand side, we begin there: 


sinx + sinxcot)x = sinx(1 + cox) < factor out sina 


. 2 " 
= sinx(csc* X) < Pythagorean identity 
5 
----050Х <= reciprocal identity 
CSCX 
= CSC. 


Because we have arrived at such a simple expression, we now try to reduce 


the right-hand side to the same quantity: 


1 
COS.X 


СО5ХС5С,Х86СХ = со5хс5сх 


<= reciprocal identity 


= CSCX. < cancellation of cosx 


Since both sides of the original equation are equivalent to csc x, they are 


equivalent to each other. Therefore, the equation is an identity. 


Verification 


Verify the identity 
sinx 
= CSCX — сах. 
| + cosx 


Solution If we multiply numerator and denominator of the left-hand side of 
the equation by the conjugate factor of the denominator we can use a 


Pythagorean identity: 


sinx | —cosx  sinx(l1 — cosx) 


1 + cosx I — cosx 1 — cos?x 
sinx(l — cosx) 
= "TAE, | 
sin^x 
_ 1 — cosx 
sinx 
u 1 COSX ren use reciprocal 
sinx sinx and quotient identities 


CSCX — cotx. = 


Exercises 4.5 Answers to selected odd-numbered 
problems begin on page АХ5-16. 


In Problems 1-10, use the fundamental identities and the even-odd identities 


to simplify each expression. 
1. sec t cos t 


2. tana cos a 


sin 6 cos 


" cot X 


5. tanz t — seco t 
6. 1--(ап>(-0) 


7. sin(-f) + sin t 


2 
cos f + 5 
s CSC 1 


9. sec(—x) cos x 


10. 


In Problems 11-22, reduce the given expression to a single trigonometric 


sinf + sinf cost 
" 1 + cost 


12. cos x + cos x tano x 
ша | 
SCC и — 


T (апа 
tant + со 


14. CSCI 


15. sin x + cos x cot x 


кі 
52 


sin 0 tan 0 csc» 0 — sin 0 tan 0 
7 
= „ёё 
sec gQ 


2 
s. COSQ@ + cosatan а 


. 9 | гэрт . 
8141:0со80 + cos’ — cos + sing 


18. cos 


19. sin / сов / (ап 1 sec f cot f 


sina tana + sin a 


w ССО seca 
| | 


„| + 5071 | —sinf 
22. (віп>х- 1) (сов x + 1) 
In Problems 23-64, verify the given identity. 
sin f | COS Í 
» CSCI secí 
| t sinx 
— — ——— = secx + tanx 
24. СОБХ 
25. 1 — cos: 0 = (2 — sin» 0) 8ш20 
1 + tant 


26. tan f 


"у 2 
= cott + sect — tan*f 
27. 1-2 sinz»t= 2 coszt — 1 
28. tan» В — sin» В = tan» В sin» В 

secz = cez ай; — 1 


Мест + cscz tanz + 1 


30. 


31. 


32. 


3 


34. 


35. 


36. 


37. 


38. 


oc 


$2 


sint + tant 


= {апі 
| + cost 
_ 4 4 
sec f — tan f 
Г- 1052 = 
| + 2 ап 
1 + sing cost 
— = 2sect 
cost 1 + sint 
sin» х cotzx + cos2 x tan2 x = 1 
sina + (апа a" 
— = sin gaseca 
cota + саса 
COS Í 
бесі — = tant 
| + sing 


| 
бесі — (ап! 
tan8 _ secB — | 


= бесі + tant 


| + cosp cos В 

9 " 
tant — 1 sinf — cost 
. = ^ 
sint + cost cos Í 


> _ l — cost 
39. | | + COST 
sind + coså 


cos@ — sing + csc = 


40. tand 
Ф) 
| tan^x 
1 + — = — 
a COSX secx — | 


tant + cott | 3 
— siní sec f = sect cscf 


42. cos?t 
соі — tant N^ 
— = | — 2sm'f 
a. cott + tant 
| + sect 
= cscf 


«sint + tant 


45. cos(—7) свс(-1) = — cot t 


tan(—f) — 
, sin( —f) 


т LM 
mV 1 — sind соѕ0 | 


sect 


. Э 7 
sin” 0 

Ar ! л 
„\со Ө (ап“0 


cos?x + sin?x 


csc@ 


= ] — cosxsinx 
50. cosx + sinx 


51. (tano t+ 1)(cos2 t- 1) = 1 — seco t 


1 1 
--2------?2сеса 
52. | - соға 1 + cosa 


| -с08Ф пф 
4, sing | — cosh 


| - созт seca — | 


„| + соза seca - | 


55. (1 — tan f)2(1 + tan fj)» + 4 tanof = seca В 


cos( —f) sin( —f) 
56. 1 + їап(—) 1 + со К-В 


= sinf + cost 


sing cos 
57. | — cot | — tan 


= с0$0 + sing 


58. sins f + cose t = 1 — 3 sino f cost 


59. csci f — csco [= coti t + соб t 


tanx — cotx я А 
——— — = gec^x — cesc x 
0 SINXCOSX 


COS Í 


= 


— — ——— = sect + tant 
«ml — sint 


sinx + cosx 
-------- | + tanx 
62. COS.X 


tana — апр | со — cota 
ө | + tanatanB — cotacotf + | 


sinacosB + cosasinB _ tana + tang 


64. €osacosDB — singsing 1 — tanatanf 
For Discussion 


In Problems 65 and 66, show that the given expression is not an identity. 


Bisiní = | — cos‘t 


66. (sin x + cos x)» = sim x + cos x 


4.6 Sum and Difference Formulas 


INTRODUCTION Іп this section we continue our examination of 
trigonometric identities. But this time we are going to develop only those 
identities that are of particular importance in courses in mathematics and 


Science. 


[ Sum and Difference Formulas The sum and difference formulas for 
the cosine and sine functions are identities that reduce cos(xi + x2), cos(xi — 
X2), sin(xi + x2), and sin(xi — x2) to expressions that involve cos x1, cos x2, sin 
xi, and sin x». We will derive the formula for cos (xi — x2) first, and then we 


will use that result to obtain the others. 


For convenience, let us suppose that хі and x» represent angles measured in 
radians. As shown in FIGURE 4.6.1(а), let d denote the distance between Р(хі) 
and Р(х). If we place the angle xi — x2 in standard position as shown in Figure 
4.6.1(b), then d is also the distance between Р(хі — x2) and P(0). Equating the 


squares of these distances gives 


(cosx, — cosx)? + (sinx, — sinx;)? = (cos(x; = №) = 1)? + їп (хі = хл») 
2 2 T л 22 
ог cos?x, — 2 cosx; cos; + cos?x; + sin?x, — 2 sinx; sinx + sin?x, 
сов (ху = x5) — 2ceos(x, — x) + 1 + sin?(x, — x3). 


P(x) = (cos хі, sin xj) 


FIGURE 4.6.1 The difference of two angles 


In view of (8), of Section 4.4, 


cos?x, + sin?x, = 1, cos)x, + sin?x, = 1, соғ (3) — x) + sin?(x, — №) = 1, 


and so the preceding equation simplifies to 


COS(X; — X5) = cosx; COSX, + sinx; 510. 


This last result can be put to work immediately to find the cosine of the sum 


of two angles. Since xi + x» can be rewritten as the difference xi - (—x2), 


cos(x, + X5) = cos(x; — (—3x5)) 


COS ХүС08(--Х5) + sinx,sin(—X»). 


By the even-odd identities, cos(—x2) = cos x2 and sin(—x2) = —sin x2, it follows 


that the last line is the same as 


cos(x; + X5) = cosx; COS X, — sinx sinx. 


The two results just obtained are summarized in the next theorem. 


THEOREM 4.6.1 Sum and Difference Formulas 
for the Cosine 


For all real numbers x1 and x», 


cos(x; + X5) = cosa, cosx, — siny sinx; 


cos(x; — X5) = cosa, cosx; + sin», sins 


Cosine of a Sum 


Evaluate cos(77/12). 


Solution We have no way of evaluating cos(77/12) directly. However, 


observe that 


Tar 


мэл i 1 п 
radians = 105° = 60° + 45? = — + —. 
12 4 


эз 


Because 77712 radians is а second-quadrant angle, we know that the value of 


cos(77/12) is negative. Proceeding, the sum formula (1) of the Theorem 4.6.1 


gives 
Tar тот п п п п 
cos = cos Ї = cos- COS sin— sin 
2 3 4 3 4 3 4 
| d4v2 УЗ у v2 TE 
_ 22 2 2 4 ( 3) 
Using v2 У V6 ын result can 
also written 


cos( 77/12) 2 - V6 )/ 24 


4/6 бо» VI we see that cos(77/12) < 0, as 


expected. 


To obtain the corresponding sum/difference identities for the sine function we 


will make use of two identities: 


. . T 
(^ = z) = sinx and 26 - т) = —cosx. (3) 


See (5) in Section 4.3. 


1 


N 


These identities were first discovered in Section 4.3 by shifting the graphs of 


the cosine and sine. However, both results in (3) can now be proved using (2): 


сов (: 
7 


cosx cos( Ex 


T "Mr А А 
cosxcos— + sinxsin cosx: 0 + sinx: I = sinx, 


T 
5 


N 


zero by (2) of Theorem 4.6.1 


‚ (т : т 
9) 2 5 ) sin(x 5 ) 
Now from the first equation in (3), the sine of the sum хі + x2 сап be written 


1 2 | п 
sin(x +X) = cost Gr + Хэ) 5 
п 
=cos| xı + | № — 5 
п | 1 т 
= совлусо8| x5 -- | — sinx,sin x2 — 7|. < by (1) of Theorem 4.6.1 


= совХ|5іпХ» — sinx,(—cos.x). + by (3) 


міч 
м |з 
и 
о 
© 
> 
иг 
із 
Қалақ 
[EE 


The last line is traditionally written as 


sin(x; + x5) = sinx4cosx; + cosa, sinx. 


To obtain the sine of the difference x1 — x», we use again cos(—x2) = cos x2 and 


sin(—x2) = —sin x2: 


sin(x X) = sin(x, + (~x) = sinx4cos( ~x) + cosx sin( ~X 
1 2 1 2 1 2 1 2 


= 8ШХ|С08Х: — cos; sinx. 


THEOREM 4.6.2 Sum and Difference Formulas 
for the Sine 


For all real numbers хі and x», 


sin(x; + X3) = sinx,cosx, + cosa, sinx, (4) 


sin(x; — Х;) = sinx,cosx, — cosa, sin; (5) 


Sine of a Sum 


Evaluate sin(777/12). 


Solution We proceed as in Example 1, except we use the sum formula (4) of 
Theorem 4.6.2: 


1 


. dT (тп т T T " T. T 
sin = sin | = sin- cos cos— sin 
12 3 4 3 4 3 / 


ММ 1м vi 


2217-1201 


+ 


1 + V3). 

Ав іп Example 1, Ше result сап Бе rewritten аѕ 
sin(77/12) = (V2 + V6)/4 

ШЕН 


Since we know the value of cos(7z/12) from Example 1, we can also compute 


the value of sin(77712) using the Pythagorean identity (8) of Section 4.4: 


‚ 4/7 „ ITT 
sin” T cos"—— = 
12 12 


We solve for віп(7л/12) and take the positive square root: 


(6) 


Although the number in (6) does not look like the result obtained іп Example 


2, the values are the same. See Problem 77 in Exercises 4.6. 


There are sum and difference formulas for the tangent function as well. We 
can derive the sum formula using the sum formulas for the sine and cosine as 


follows: 


sin(X, + x5) | sinx;cosx, + СОЅХ sina; 


tan(x; + X) = (7) 


cos(x; + X4) | cosx,cosx, — sinx; sinx, 


We now divide the numerator and denominator of (7) by cos xi cos x» 


(assuming that xi and x2 are such that cos xi cos x2 # 0), 


sin, COSX, | COSX, sini, 


СОЅ Ху COSX, cosx; cosx) | lanx, + tanx, 
tan(x; + х5) = : z = . (8) 
cosx; cosx) sinx; sinx, — | — tanx,tanx, 


СО8Хү С08Х; — СО8Хү COSS 


The derivation of the difference formula for (ап(хі — x2) is obtained in a 


similar manner. We summarize the two results. 


THEOREM 4.6.3 Sum and Difference Formulas 
for the Tangent 


For real numbers x1 and x» for which the functions are defined, 


tana, + tanx, 


tan(x; + X3) = 
1 — tanx,tanx, 


tanx; — tanx, 


tan(x х2) = 
: 7 1 + tanx,tanx, 


Tangent of a Difference 


Evaluate tan(z7/12). 


Solution If we think of 77/12 as an angle in radians, then 


TT p р TT TT : 
— radian = 15° = 45° — 30° = — — — radian. 
12 4 6 
It follows from formula (10) of Theorem 4.6.3: 
T T 
tan— — tan— 
т тот 4 6 
(ап 12 = (ап 4 6 = = T 
2 1 tan tan 
6 
1 
2031-3650  v3-1 
Itl М3 +1 
V3-1 V3-1 ЕЕ 
Е аф rationalizing the denominator 
Мз d red | j 
УЗ -1 4-2v3 
( ^ ) 5 -2- V3. га 


You should rework this example using 
z/12 = n/3 — л/4 


to see that the result is the same. 


Strictly speaking, we really do not need the identities for tan(xi € x2), since we 
can always compute sin(xi + x2) and cos(xi + x2) using (1), (2), (4), (5) and 


then proceed as in (7), that is, form the quotient sin(xi + x2)/cos(xi + x2). 


[ Double-Angle Formulas Many useful trigonometric formulas can be 


derived from the sum and difference formulas. The double-angle formulas 


for the cosine and sine functions express the cosine and sine of 2x in terms of 


the cosine and sine of x. 


If we set x1 = x2 = x in (1) and use cos(x + x) = cos 2x, then 


. . 2 . 9 
cos2x = cosxcosx — sinxsinx = cos^x — sin^x. 


Similarly, by setting xi = x2 = x in (4) and using sin(x + x) = sin 2x, then 


these two terms are equal 
1 | 
sin2x = sinxcosx + cosxsinx = 2sinXcosx. 


We summarize the last two results along with the double-angle formula for 


the tangent function. 


THEOREM 4.6.4 Double-Angle Formulas 


For a real number x for which the functions are defined, 


5 2 грн] 
COSZX = COS X — SIn X 


sin2x = 2sinxcosx 


- 2tanx 
an2x = ————;- 
1 — tan?x 


Using the Double-Angle Formulas 


l 
sinx = —4 


4 апа z < < 37/2, find the exact 
values of cos 2x and sin 2x. 


Solution First, we compute cos x using sin» x + cos2 x = 1. Since т < x < 37/2, 


сов x < 0, and so we choose the negative square root: 


5 iy 4/15 
cosx = — VI — sin^x = 1 ( ) = . 


From the double-angle formula (11) of Theorem 4.6.4, 


2 


Ny — ДЭЭ pup ДЕР 
COSZXYX = COS X — Ш 


Finally, from the double-angle formula (12), 


І v15 v15 
sin2x = 2sinxcosx 4 X 1 ) 47 Л 


The formula іп (11) has two useful alternative forms. Ву (8) of Section 4.4, 
we know that sino x = 1 — cos» x. Substituting the last expression into (11) 


yields cos 2x = cos? x — (1 — cos x) ог 


cos2x = 2cos?x — 1. (14) 


On the other hand, if we substitute cos» x = 1 — sin» x into (11) we get 


cos2x = I — 2sin7x. (15) 


[ Half-Angle Formulas The alternative forms (14) and (15) of the double- 


angle formula (11) are the source of two half-angle formulas. Solving (14) 


апа (15) for cos» x апа sin x gives, respectively, 


3 1 25 1 
сох = 5 + cos2x) and ших = та = cos2x). (16) 


Ву replacing the symbol x in (16) Бу х/2 and using 2(х/2) = x, we obtain the 


half-angle formulas for the cosine and sine functions. 


THEOREM 4.6.5 Half-Angle Formulas 


For a real number x for which the functions are defined, 


så 1 
cos 5 = 2Ч + cosx) 


gt: 1 
sin?— = —(1 — cosx) 
іі 


23 1 — С05Х 
tan^— = 
2 1 + cosx 


Using the Half-Angle Formulas 


Find the exact values of cos(5z/8) and віп(5л/8). 


Solution If we let x 2 5z/4, then x/2 - 5z/8 and formulas (17) and (18) of 
Theorem 4.6.5 yield, respectively, 


Mr 5 E 
8 г , 
гт 1 5т 1 v2 2+ у 
and sin” | — cos 1 А 
8 2 4 2 2 4 


Because 57/8 radians is a second-quadrant angle, cos(57/8) < 0 and sin(577/8) 


> 0. Therefore, we take the negative square root for the value of the cosine, 


V2= v2 
3 


— 


and the positive square root for the value of the sine, 


5т 1|2%У2 V2 V2 
Е 4 2 ` 


If want the exact value of, say, їап(5778) we сап use the results of Example 5 


or formula (19) with x = 57/4. Either way, the result is the same 


. 5т V2 + V2 V2 + V2 1/2 «4 rationalizing 
(ап 8 — t m 1 2. the denominator, 


V2- V2 V2+ у? 


[ Reducing Powers of Sine and Созше As discussed in Section 3.7, the 
principal topics of study in calculus are derivatives and integrals of functions. 
Trigonometric identities are especially useful in integral calculus. To evaluate 
integrals of powers of the sine and cosine, specifically cos; x and sin; x, where 
n > 2is ап even positive integer, you would use the half-angle formulas in 
the form given in (16). The idea is to express cos; x and sin; x іп terms of one 
or more of cosine functions raised to the first power. The next example 


illustrates the idea. 


Reducing a Power 


Express sins x in terms of first-powers of cosine functions. 


Solution We first use the laws of exponents to rewrite sin x as (sino x)» and 


then use the second identity in (16) to replace sin» x in terms of cos 2x: 


ИИС = replace sin” x using 
(sin^ x) second formula in (16) 


sin? x 
> 


1 2 
= В | - cos 2x) < expand 
5 h 


1 1 1 now replace сов” 2x using 
= cos 2x + —cos? 2x «—4 the first formula in (16) 
4 2 l with x replaced by 2x 
l l ЦІ 
= — — —cos 2x + —|—(1 + cos 4х) 
4 2 412 
3 1 


As required, the last line contains only first-powers of cosine functions of 


multiples of the original independent variable x. 


NOTES FROM THE CLASSROOM 


€ chlorophylle/ShutterStock, Inc. 


(1) Should you memorize all the identities presented in this 
section? You should consult your instructor about this, but in the 
opinion of the authors, you should at the very least memorize 
formulas (1), (2), (4), (5), (11) and (12). 


(ii) When you enroll іп a calculus course, check the title of your 
text. If it has the words Early Transcendentals in its title, then 
your knowledge of the graphs and properties of the 
trigonometric functions will come into play almost immediately. 


(üi) At some point in your study of integral calculus you may be 
required to evaluate integrals of products such as 


sin2xsin5x and sin 1Oxcos 4x. 


One way of doing this is to use the sum/difference formulas to 
devise an identity that converts these products into either a sum 


of sines or а sum of cosines. This will be the topic of discussion 
in the next section. 


Exercises 4.6 Answers to selected odd-numbered 
problems begin on page ANS-16. 


In Problems 1—22, use a sum or difference formula to find the exact value of 


the given trigonometric function. Do not use a calculator. 


TT 
COS- 
қ 12 
TT 
5111 
А 12 


177 
sin 
: EP 
1177 
cos —— 
: 12 


14. sin 165? 
15. tan 165? 
16. cos 195? 
ПТ; sin 165% 
18. (ап 195? 
19. cos 345? 


20. sin 345? 


| 37 

COS —— 
” 12 

NT, 

tan ——— 
" 12 


Іп Problems 23—28, use а double-angle formula to write the given expression 


as a single trigonometric function of twice the angle. 
23. 2 cos р sin В 


24. cos» 2t — sin» 2t 


. 4 Т 
| — 2sin?— 
5 


25. 


,19 
Acos—x — | 


26. 2 
tan 3f 


Э 
„| — tan^3f 
У у 
2s1n—cos— 
” 4 2 


In Problems 29-34, use the given information to find (a) cos 2x, (b) sin 2x, 
and (c) tan 2x. 


Minx = V2/3, п/2 <х< т 

x» cosx = V3/5, 37/2 < x< 27 
| 

mtanx = 5, m <х<3т/2 

SO Өле сл 992 


Bsecx = -%, п/2 <х< тп 


4cotx 23 0<х<т/2 


In Problems 35-44, use a half-angle formula to find the exact value of the 


given trigonometric function. Do not use a calculator. 


35. cos(z/12) 


36. sin(z/8) 
37. sin(37/8) 
38. (ап(л/12) 
39. сов 67.59 
40. sin15? 

41. tan105? 
42. cot157.5? 
43. csc(1377/12) 
44. зес(—3л/8) 


In Problems 45-50, use the given information to find (a) cos(x/2), (b) віп(х/2), 
and (c) tan(x/2). 


12 


sinx = 15, 7/2 « x < T 
cosx = 5, 37/2 < x < 277 


ДУ SUD От ЗО 


45. 


48. cscx 9, 0« x < л/2 
secx = 5,0 < x < 90° 


“сойх = —j, 90° < х < 180° 


In Problems 51—60, verify the given identity. 


ы 
ээ 
52142 


50 


51. sin 4x = 4 cos x(sin x — 2 sins x) 


52. cos 3x = 4 cossx - 3 cos x 
53. (sin x + cos x)2 = 1 + sin 2x 


54. cos 2x - cosax — sinax 


| 1 
55. cot2x = 5(cotx m tanx) 


| 
sec2x = ———— — — 
2 2со8“Хх — | 
2tanx | 
— — — — = sin2x 
57. | + tan х 
cotx — tanx 
———— = со$2х 
s COLX + tanx 
X | — cosx 
= 
" 2 sin. X 
X sin X 
tan— = 
2 


5 | | + cosx 


In Problems 61—64, proceed as in Example 6 and use (16) to rewrite the given 


function in terms of first powers of cosine functions. 


61. sin» 5x 


62. cos» 2x 
63. cosi x 
64. sins 3x 


In Problems 65 and 66, proceed as in Problems 61-64 to rewrite the given 
function in terms of first powers of cosine functions. You will also need (7) of 


Section 1.5 and the identity in Problem 52 written in the form 


3 | 
23 ~ : 
COS X = —cosx + 7 ЭХ. 


/ 


65. sinc x 


m 
66. cos” 2X 


In Problems 67—70, rewrite the given function as a single trigonometric 
function involving no products or squares. Give the amplitude and period of 


the function. 

67. y z4cos2x-2 

68. y = sin(x/2)cos(x/2) 

69. y =2 sin 2x cos 2x 

70. у-5 сов: 4x — 5 sino 4x 


71. If P(x1) апа Р(х) are points in quadrant П on the terminal side of the 


- 2 | 

= QOSX, = —3 

angles хі and x». respectivelv. with 2 
SINA, = 4 


and 2, find (a) sin(xi + x2), (b) cos(xi + x2), 


(c) sin(xi — хо), and (d) cos(x: — x2). 


72. If xı is а quadrant II angle, x2 is а quadrant Ш angle, 
SIDA eal ХЭ 4 
find (a) sin(xi + x2), (b) sin(xi — x2), (с) cos(xi + x2), and (d) cos(xi — x2). 


Applications 


73. Mach Number The ratio of the speed of an airplane to the speed of 
sound is called the Mach number M of the plane. If M > 1, the plane makes 
sound waves that form a (moving) cone, as shown in FIGURE 4.6.2. A sonic 
boom is heard at the intersection of the cone with the ground. If the vertex 
angle of the cone is 0, then 


0 


510 — = 
2 


I 
M 


FIGURE 4.6.2 Airplane in Problem 73 
If 0 = —/6, find the exact value of the Mach number. 


74. Cardiovascular Branching A mathematical model for blood flow in a 
large blood vessel predicts that the optimal values of the angles бі and 62, 
which represent the (positive) angles of the smaller daughter branches 
(vessels) with respect to the axis of the parent branch, are given by 


Аб + А? — А2 Аб — А? + А2 
cosé, = АА о апа cos, = TSAA ` 
ERST] = 220222 


where Ао is the cross-sectional area of the parent branch and А: and А are the 
cross-sectional areas of the daughter branches. See FIGURE 4.6.3. Let y = 01 + 


0» be the junction angle, as shown in the figure. 


Blood flow 


FIGURE 4.6.3 Branching of a large blood vessel in Problem 74 


(a) Show that 


2 2 2 
Ас — Aj - А5 
cosy = ===, 


2A,A, 


(b) Show that for the optimal values of б and 62, the cross-sectional area of 
the daughter branches, Аі + A», is greater than or equal to that of the parent 


branch. Therefore, the blood must slow down in the daughter branches. 


75. Range of a Projectile We saw in Problem 56 of Exercises 4.2 that if a 
projectile, such as a shot put, is released from а height Л, upward at an angle 0 


with velocity vo, the range К at which it strikes the ground is given by 


Vg cos 8 | - 
R= Sv sind + V/v] ѕіп20 + 0) 


с 


where g is the acceleration due to gravity. See FIGURE 4.6.4. 


FIGURE 4.6.4 Projectile in Problem 75 


(a) Show that when Л = 0 the range of the projectile is 


үй sin 20 


(7 


e 


(b) It can be shown that the maximum range Rmax is achieved when the angle 
0 satisfies the equation 


oh 
cos20 = 5, 
vo + ой 


Show that maximum range is 


” 


by using the expressions for К and сов20 апа the half-angle formulas for the 


sine and the cosine with t = 20. 
For Discussion 


76. Discuss: Why would you expect to get an error message from your 


calculator when you try to evaluate 


tan35? + tan55? 
| — (ап 35%ап 55° 


77. In Example 2 we showed that 


510 (77/12) = 1(V2 + V6) 


example, we then showed that 


sin(77/12) = 1/2 + V3 


that these two answers аге equivalent. 


. Following the 


. Demonstrate 


78. Discuss: How would you find a formula that expresses sin 30 in terms of 


sin 0? Carry out your ideas. 
79. In Problem 71, in what quadrants do P(xi + x2) and P(x — хо) Пе? 


80. In Problem 72, in which quadrant does the terminal side of хі + x2 lie? 


The terminal side of xi — x2? 


4.7 Product-to-Sum and Sum-to- 


Product Formulas 


INTRODUCTION There are instances, especially in integral calculus, where 
it is necessary to convert a product of sine and cosine functions to a sum of 
these functions. Moreover, in solving trigonometric equations we may find it 
convenient to convert a sum of sine and cosine functions into a product of 
these functions. In the discussion that follows we establish trigonometric 


identities or formulas that do the job. 


[ Reduction of a Product to a Sum The product-to-sum formulas 


given in the next theorem are direct consequences of the sum and difference 


formulas for the cosine and sine functions in Section 4.6. 


THEOREM 4.7.1 Product-to-Sum Formulas 


For all real numbers x1 and x», 


sinx sinx = 3[cos(x, — x) — cos(x, + x5)] 


cosx,cosx, = S[cos(x, — x5) + cos(x; + x3)] 


sinx cosx = i[sin(x; + ху) + віп(хі — Хә)] 


PROOF: To prove (1), we use (1) and (2) of Theorem 4.6.1: 


COS(X, — №) = cosx cosx, + sinx, sin; (4) 


COS(X, + Хэ) = cosx cosx — sinx, sinx». (5) 


Subtracting (5) from (4) yields 


cos(x; — X5) — cos(x, + x5) = 2sinx,sinx;. 


And so, 


sinx,sinx; = s[cos(x, = X) — cos(x; + x)| 


which is (1). Similarly, by adding (4) and (5) we get 


COS(X, — X5) + cos(x] + X) = 2с05хС05›, 


which in turn, yields formula (2): 


COSX,COS X, = S[cos(x, — X5) + cos(x + Х»)]. 


Formula (3) follows analogously by adding the sum and difference formulas 


for the sine, (4) and (5) in Theorem 4.6.2 of Section 4.6. 


Although we do not feel that it is necessary to memorize (1)-(3) in Theorem 
4.7.1, you should listen to what your instructor requires. By remembering the 
procedure just illustrated in the proof of Theorem 4.7.1 each of these formulas 


can be derived on the spot. 


Using (2) of Theorem 4.7.1 


Use a product-to-sum formula (о rewrite the product cos 20 cos 30 as а sum. 


Solution From formula (2) of Theorem 4.7.1 with the identifications хі - 20 


and x2 = 30, we obtain 


[cos(20 — 30) + cos(20 + 30)] 
[cos( —0) + cos50] = cos( —0) = сов0 
|со80 + cos50]. Ба 


соѕ 20 соѕ30 = 


= ҚА t3l- 


Using (3) of Theorem 4.7.1 


Use a product-to-sum formula to find the exact value of the product sin 45? 


Gas 15°. 


Solution Using formula (3) of Theorem 4.7.1 with xi = 45? and x2 = 15°, we 


have 
sin45° cos 15? = i[sin( 45? + 15?) + sin(45? — 15?)] 
= 318 1 60° + sin 3091. 
sin60° = 53/3 
Because { 2 Е апа 


| 
sin30° = 5 


given product is 


we observe that the exact value of the 


sin45° cos 15° = 4[{sin60° + sin30°] = 33V3 +5) = (V3 + 1). ШШ 


[ Reduction of a Sum to а Product The results in Theorem 4.7.1 сап 


now be used to derive the sum-to-product formulas. 


THEOREM 4.7.2 Sum-to-Product Formulas 


For all real numbers хі and x», 


: : ато м Ха 
sinx, + sinx, = 2sin > СО (6) 
a : ata, Хус 42 
sinx, — sinx, = 2cos sin (7) 
- 2 2 
ERE Xi — X2 
cosx, + cosx, = 2cos cos (8) 
- 2 2 
mE 2. 41 № 9 
сов. сов; 2sin 2 sin ^7 (9) 


PROOF: By replacing, in turn, the symbols хі and x2 in (1) of Theorem 4.7.1 
by 


X, + X, | Х— X, қ 
= ae and Uu (10) 


we get 


(МА. X4— № 1 Ata X 
8 8 205 
in—7 Ш 5|cos 5 


ә 
44.94 
о 
РА 
т 
|+ 
Кы 
+ 
N 
S 
= 


1 
= —[cosx, — cosx]. 
5 2 1 


Multiplying the last expression by —2 yields 


хто Xp 7X 
2 sin >  Sin——7— = cosx — COS, 


-- 


ї 


which is formula (9). Іп а similar manner, each of the remaining product-to- 


sum formulas together with the substitutions in (10) yields one of the sum-to- 
product formulas. 


Using (9) of Theorem 4.7.2 


Use а sum-to-product formula to rewrite the sum cos /- cos 5f as a product. 
Solution We use formula (9) of Theorem 4.7.2 with xi = t and x» = 5t: 


Р (1-5 (t — St 
cost — cosSt = —2sin ^ sin ^ 


= —2sin3tsin(—2r) = sin(—2t) = —sin2t 
= 2sin3tsin2r Шен 


Using (6) of Theorem 4.7.2 


Use a sum-to-product formula to find the exact value of the sum sin 75? + sin 
155. 


Solution In this case we use formula (6) of Theorem 4.7.2 with хі = 75? and 


х2 = 15: 


КҮР “1223 ‚ (75? + 159 75° — 15° 
511759 + sin 15° = 2sin| — — —— |cos T 


2 


= 2sin45? cos 30°. 


sin45? = 34/2 


Because шы апа 


соѕ 30° = 44/3 


given sum is 


the exact value of the 


sin75° + sin 15° = 2sin45°cos30° = 2(14/2)(14/3) = 4V6. ІНЕН 


Exercises 4.7 Answers to selected odd-numbered 


problems begin оп page ANS-17. 


In Problems 1—12, use a product-to-sum formula in Theorem 4.7.1 to write the 


given product as a sum of cosines or a sum of sines. 


1. cos 40 cos 30 


E d 
si 
2 2 


3. sin 2x sin 5x 


4. sin 10х cos 4x 


Ах x 


6. —sin t sin 2/ 

7. sin 8x cos 12x 
8. sin 70 cos 770 
9. 2 cos 3f sin В 


10. 6sin a sin 4a 


"M п . п 
2sinl x + — чих — — 


4 4 


11. 


m TT TT 
2 sin + = cosi f — — 


12. = = 


In Problems 13-18, use а product-to-sum formula in Theorem 4.7.1 to find the 


exact value of the expression. Do not use a calculator. 


" 12 12 
Im TT 
" 9 9 
Бы sin 7° Sinisa 

16. cos 15? cos 45° 

17. sin 97.5? sin 52.5? 


18. sin 105? cos 195? 


In Problems 19-30, use a sum-to-product-formula in Theorem 4.7.2 to write 
the given sum as a product of cosines, a product of sines, or a product of a 


sine and a cosine. 
19. sin y – sin 5y 


20. cos 30 — сов0 


^ à 22 
-Х Зх 
sin= — sin 
227 2 2 


23. сов 2х 4 сов бх 


2 


E 


sin 57 + sin 3t 


25. 


ол 


sin wit + sin cot 


3(со82а + соз2В) 
St 


26. 


E ақа 
—zcost + 5СО8 


27. 


28. sin(@ + л) + sin(0 — л) 


In Problems 31-36, use a sum-to-product-formula in Theorem 4.7.2 to find 


the exact value of the expression. Do not use a calculator. 


Мв 27. 12 Ty V2 si 


TT T 


n— — sin 
‚ 12 12 


33. cos 105? — cos 15? 


31. 


34. cos 15? + cos75? 
35. sin 195? + sin 105? 
36. 2 cos 195? — 2 соѕ105° 


Applications 


37. Sound Wave A note produced by a certain musical instrument results in 


a sound wave described by 


Ға) = 0.03sin50071 + 0.03sin 1000971, 


where f(t) is the difference between atmospheric pressure and air pressure in 
dynes per square centimeter at the eardrum after t seconds. Express f as the 


product of a sine and a cosine function. 


38. Beats If two piano wires struck by the same key are slightly out of tune, 
the difference between the atmospheric pressure and air pressure at the 


eardrum can be represented by the function 


f(t) = acos27b;t + acos27b,t, 


where the value of the constant bı is close to the value of constant b2. The 
variations in loudness that occur are called beats. See FIGURE 4.7.1. The two 
strings can be tuned to the same frequency by tightening one of them while 


sounding both until the beats disappear. 
(a) Use a sum formula to write КД as a product. 


(b) Show that f(t) can be considered a cosine function with period 2/(bi + b2) 
and variable amplitude 2a cos z(bi — b»)t. 


(c) Use a graphing utility to obtain the graph of fin the case 2zrbi = 5, 27rb2 = 


| 


4, апа | 2 ! 


УА y-acos2Zb,t 


у= 


1 сов 27021 


ренталар. 


у= a cos 2Zb,t + a cos 27021 


FIGURE 4.7.1 Graph for Problem 38 


39. Alternating Current Тһе term sin wt sin(wt + Ф) is encountered in the 
derivation of an expression for the power in an alternating-current circuit. 
Show that this term can be written as 


5[созф — cos(2wt + ф)] 


For Discussion 


40. Ех + x2 + х3 = л, then show that 


sin2x, + sin2x, + sin2x4 = Asinx, sinx, sinxa. 


41. Write as а product of cosines: 1 + cos 27 + cos 4t + cos бі. 


42. Simplify: 2 cos 2t cos t — cos 31. 


4.8 Inverse Trigonometric Functions 


INTRODUCTION Although we can find the values of the trigonometric 
functions of real numbers or angles, in many applications we must do the 
reverse: Given the value of a trigonometric function, find a corresponding 
angle or number. This suggests we consider inverse trigonometric functions. 
Before we define the inverse trigonometric functions, let's recall from Section 


2.8 some of the properties of a one-to-one function f and its inverse f-1. 


Recall, a function f is one-to-one if every y in its range corresponds to exactly one x in 


its domain. 


[ Properties of Inverse Functions If y - f(x) is a one-to-one function, 


then there is a unique inverse function f-: with the following properties: 


Properties of Inverse Functions 


* The domain of f-: — range of f. 

* The range of f-: — domain of f. 

e y = f (x) is equivalent to x = f-:(y). 

+ The graphs of f and f-: are reflections in the line y = x. 


* f (f-160) = x for x in the domain of f-1. 


* f-i G2) = x for x in the domain of f. 


Inspection of the graphs of the various trigonometric functions clearly shows 
that none of these functions are one-to-one. In Section 2.8 we discussed the 
fact that if a function f is not one-to-one, it may be possible to restrict the 
function to a portion of its domain where it is one-to-one. Then we can define 
an inverse for f on that restricted domain. Normally, when we restrict the 


domain, we make sure to preserve the entire range of the original function. 


See Example 8 in Section 2.8. 


[ Arcsine Function From FIGURE 4.8.1(а) we see that the function y = sin x 


on the closed interval |-л/2, 7/2] takes on all values in its range [-1, 1]. 
Notice that any horizontal line drawn to intersect the red portion of the graph 
can do so at most once. Thus the sine function on this restricted domain is 
one-to-one and has an inverse. There are two commonly used notations to 


denote the inverse of the function shown in Figure 4.8.1(b): 


arcsin X OF sin ‘x, 


and are read arcsine of x and inverse sine of x, respectively. 


7 1 
у y=sinx ы 
оп (-ос, ге) yssinx 1+ 


on [-л/2, л/2| 


(a) Not a one-to-one function (b) A one-to-one function 


FIGURE 4.8.1 Restricting the domain of y — sin x to produce a one- 
to-one function 


In FIGURE 4.8.2(а) we have reflected the portion of the graph of y - sin x on the 
interval |-л/2, 7/2] (the red graph in Figure 4.8.1(b)) about the line y = x to 
obtain the graph of y = arcsin x (in blue). For clarity, we have reproduced this 
blue graph in Figure 4.8.2(b). As this curve shows, the domain of the arcsine 
function is [-1, 1] and the range is |-л/2, 7/2]. 


У = arcsin x 


FIGURE 4.8.2 Graph of y = arcsin x is the blue curve 


Proceeding as in (6) of Section 2.8, the inverse of y = sin x, —7/2 < x < 7/2, 
is obtained by interchanging the symbols x and y, that is, y — arcsin x is 


defined implicitly by 


The following definition summarizes the discussion. 


DEFINITION 4.8.1 Arcsine Function 


The arcsine function, or inverse sine function, is defined by 


y = arcsin х if and only if X — siny 


wines =i = xe = нг 7228-52-17 


In other words: 


The arcsine of the number x is that number y (or radian-measured angle) 


satisfying -л/2 < y < л/2 whose sine is x. 


When using the notation sin-ix it is important to realize that "—1" is not an 


exponent; rather, it denotes an inverse function. The notation arcsin x has an 


‘ 


advantage over the notation sin-ix in that there is no “—1” and hence по 


potential for misinterpretation; moreover, the prefix “arc” refers to an angle— 
the angle whose sine is x. But since y — arcsin x and y - sin-ix are used 
interchangeably in calculus and in applications, we will continue to alternate 


their use so that you become comfortable with both notations. 


Note of Caution: 


2 | | 
(sinx) = —— = sin іх 
ПХ 
Evaluating the Inverse Sine Function 
eein ақыт жаа 
| ГСУ 5 Sın 7 
Find (а) ‚ Ф) = 


and (с) sin-ı(—1). 


> 


4 — A а ч l 

| y = arcsin5 
Solution (a) If we let «^ i , then Бу (1) 
we must find the number y (or radian-measured angle) that satisfies 


2 and 7/6 satisfies the 
inequality —7/2 < y < 7/2 it follows that y = 7/6. 


_ — | 
V = sn | — 5 


(b) If we let +" | = /. then 
ушу = —5 

x^ . Since we must choose y such that 
—л/2 < y < л/2, we find that y = —л/б. 


(c) Letting y = sin-i(-1), we have that sin y = –1 and —л/2 < у < 772. 


Непсе у = —л/2. 


In parts (b) апа (c) of Example 1 we were careful to choose y so that —л/2 < 
у < z/2. For example, it is а common error to think that because sin(37/2) = 
-1, then necessarily sin-i(-1) can be taken to be 37/2. Remember: If y = sin 
-ix, then y is subject to the restriction —7/2 < y < л/2 and 37/2 does not 


satisfy this inequality. 
Read this paragraph several times. 


Evaluating a Composition 


14-11 
tani sin ёл 


Without using a calculator, find 
Solution We must find the tangent of the angle of t radians with sine equal to 
4. that is, (ап 7, where | 4. The angle 1 is 
shown in FIGURE 4.8.3. Since 


қа | 
sin f 4 
(апі = — = —, 
cosf cost 
we want to determine the value of cos f. From Figure 4.8.3 and the 


Pythagorean identity sin» t+ cos2 t= 1, we see that 


ry А 15 
- | + cost = | Or cost = 1 


FIGURE 4.8.3 The angle in 
Example 2 


Hence we have 


1/4 1 №15 
tant = SS араса 


Ува VIS 15^ 


v15 
15." 


1 
and so шиг) = tant = 


[ Arccosine Function If we restrict the domain of the созше function to 


the closed interval |0, 77], the resulting function is one-to-one and thus has ап 


inverse. We denote this inverse by 
arccos.x OT COS Л, 


By interchanging the symbols x and y in = cos x, 0 < x < л, the inverse 


function y = arccos x is defined implicitly by 


DEFINITION 4.8.2 Arccosine Function 


The arccosine function, or inverse cosine function, is defined 


by 


у = arccosx if and only if X — cosy 


where —1 <x < 1 and 0 x y x m. 


The graphs shown in FIGURE 4.8.4 illustrate how the function y - cos x 
restricted to the interval |0, zz] becomes a one-to-one function. The inverse of 


the function shown in Figure 4.8.4(b) is y - arccos x. 


У-совх 
оп (0, л] 


> 


-1 -і 


(а) Not а one-to-one function (b) A one-to-one function 


FIGURE 4.8.4 Restricting the domain of y — cos x to produce a one- 
to-one function 


By reflecting the graph of the one-to-one function in Figure 4.8.4(b) in the 


line y 2 x we obtain the graph of y - arccos x shown in FIGURE 4.8.5. 


УА 


у = агссо$ х 


-1 | 


FIGURE 4.8.5 Graph of y = arccos x 


Note that the figure clearly shows that the domain and range of y = arccos x 


are [-1, 1] and (0, л], respectively. 


Evaluating the Inverse Cosine Function 


222 arccos 4/2/ 2 м 
cos (—М/3/2) 


Solution (a) If we let 


cosy = V2/2 


* апа 0 < y < л. Thus у = 
7/4. 


у = cos (- 4/3/2 ). 


(b) Letting * 


„„созу = —V3/2 un 


must find y such that 0 < y < л. Therefore, y = 5/6 since 


cos (57/6) = —V3/2 
es 


Evaluating the Compositions of Functions 


Write sin(cos-ix) as an algebraic expression in x. 


Solution In FIGURE 4.8.6 we have constructed an angle of t radians with cosine 
equal to x. Then 1 = cos-ix, or x = cos t, where 0 < t < zr. Now to find sin 


(cos-ix) = sin 1, we use the identity sin» t + cos» t = 1. Thus 


sin(cos 1х) = V1 — x’. 


sin £ 


FIGURE 4.8.6 The angle t = cos -1x in Example 4 


We use the positive square root of 1 — x2, since the range of cos-ix is (0, zz], 


[ Arctangent Function If we restrict the domain of tan x to the open 


and the sine of an angle f in the first or second quadrant is positive. 


interval (-л/2, 77/2), then the resulting function is one-to-one and thus has ап 


inverse. This inverse is denoted by 


arctan х or tan ‘x, 


DEFINITION 4.8.3 Arctangent Function 


The arctangent, or inverse tangent, function is defined by 


y = arctanx if and only if x = tany 


where - о < x < о and -л/2 < y < л/2. 


Тһе graphs shown іп FIGURE 4.8.7 illustrate how the function у = tan x 


restricted to the open interval (— 77/2, 772) becomes a one-to-one function. 


y=tanx 
on (-z/2, 7/2) 
$ 


AT 


(a) Not a one-to-one function (b) A one-to-one function 


>x 


| 
| 
| 
| 
| 
| 
| 
| 
л 
z 
| 
| 
| 
| 
| 
| 


ЕЕЕ M ЭРЭЭН 


FIGURE 4.8.7 Restricting the domain of y = tan x to produce a one- 
to-one function 


By reflecting the graph of the one-to-one function in Figure 4.8.7(b) in the 
line y = x we obtain the graph of y = arctan x shown in FIGURE 4.8.8. We see in 
the figure that the domain and range of y - arctan x are, in turn, the intervals 
(— 9e, о) and (-л/2, л/2). 


y — arctan x 


FIGURE 4.8.8 Graph of y — arctan x 
Evaluating the Inverse Tangent Function 


Find ќап-1(–1). 


Solution If tan-i(—1) = y, then tan y = —1, where -л/2 < у < л/2. It follows that 
tan-1(-1) = y = —л/4. 


Evaluating the Compositions of Functions 


Without using a calculator, find 
ч : | ж. “i 4 = 5, 
sın (arctan { —3 


225 

u t = arctan —1) 

olution If we let 5 =- ! 
апі = - 


then 3 . The Pythagorean identity 1 + 
tanzt = sec»f can be used to find sec t: 


1+ 21-22 
3 = sec'f 


In the preceding line we take the positive square root because 


— тут» = 

ft = arctan| —35 
- is іп the interval (-772, 

71/2) (the range of the arctangent function) and the secant of an angle г in the 


first Or fourth quadrant 18 positive. Also, from 


sec f = N34J/3. eus 


cos t from the reciprocal identity: 


соТ = 


Finally, we can use the identity tan 1 = sin f/cos t in the form sin / = tan t cos t 


i 5 
sin {arctan (—5)). 


to compute 
follows that 


int t t 2 - 2 
sinf = tanfcosf = = . 
3/ V34 34 


| Properties of the Inverses Recall from Section 2.8 that f-i(f(x)) = x and 


Sf (x)) = x hold for any function f and its inverse under suitable restrictions 
on x. Thus for the inverse trigonometric functions, we have the following 


properties. 


THEOREM 4.8.1 Properties of Inverse 
Trigonometric Functions 


(i) arcsin(sin x) = sin-i(sin x) = x if —x/2 x x x л/2 


(i) sin(arcsin x) = ѕіп(ѕіп-1х) = xif-1zx-zx1 


(пп агсс08(С08/11:5 С08 (со ХЕ т 


(іу) cos(arccos x) = cos(cos-ix) = Хі -1 = х= 1 


(у) arctan(tan x) = tan-i(tan x) = x if —x/2 < x < л/2 


(уі) tan(arctan x) = tan(tan-ix) = xif о < х < о 


Using the Inverse Properties 


Without using a calculator, evaluate: 


| m 


tan [t 


(c) 


Solution In each case we use the properties of the inverse trigonometric 


functions given in Theorem 4.8.1. 


(a) Because 7/12 satisfies - 7/2 < x < 7/2 it follows from property (i) that 


. —] ё TT і 
sin {510 | = —. 


(b) By property (iv), 
24 «11 — 1 
соѕ (соѕ (4) =з 


(с) In this case we cannot apply property (v), since 37/4 is not іп the interval 
(-л/2, л/2). If we first evaluate tan(37/4) = —1, then we have 


see Example 5 


3m T 
tan | tan—— | = tan !(—1) = ——. Ea 
( 4 ) 4 


In the next section we illustrate how inverse trigonometric functions can be 


used to solve trigonometric equations. 


[ Postscript—The Other Inverse Trig Functions The functions cot x, 


sec x, and csc x also have inverses when their domains are suitably restricted. 
See Problems 49-51 in Exercises 4.8. Because these functions are not used as 
often as arctan, arccos, and arcsin, most scientific calculators do not have keys 
for them. However, any calculator that computes arcsin, arccos, and arctan 
сап be used to obtain values for агссвс, arcsec, and arccot. Unlike the fact 
that sec x = 1/cos x, we note that sec-1 x # 1/cos-i x; rather, sec-1 x = cos-i(1/ 
х) for |x| > 1. Similar relationships hold for csc-ix and cot-: x. See Problems 
56—58 in Exercises 4.8. 


Exercises 4.8 Answers to selected odd-numbered 
problems begin on page ANS-17. 


In Problems 1-14, find the exact value of the given trigonometric expression. 


Do not use a calculator. 


1. sin-10 


„tan | 4/2 
3. агссов(-1) 
V3 


arcsin —— 
2 


, aT CCOS 


аг ctan( 


i қ чи 
< 
ll 


arctan 


11. 


жер 
aJ 
М 


‚ агссо$( 


- 5 


14. arctan 0 


T p -13 
“8Ш(с08 5 
игш ЕЕ 
cos(sin (3) 
| 25 

- tan(arccos (—$ 


жазың 


19. cos(arctan(—2)) 


| an sin (- 
3 


сөс(віп” РЫ 


22. sec(tan-i 4) 


,cos(cos (-5)) 


26. sin(arcsin 0.75) 


, QUIS 
arcsin| sin = 
16 


т 
arccos| cos EN 


55 


27. 


28. 


29. tan-i(tan т) 


« =] : ST 


30. 


31. 


arctan | tan — 

: 7 

In Problems 33-40, write the given expression as an algebraic expression in х. 

33. sin(tan-ix) 

34. cos(tan-ix) 

35. tan(arcsin x) 

36. sec(arccos x) 

37. cot(sin-ix) 

38. cos(sin-ix) 

39. csc(arctan x) 

40. tan(arccos x) 

In Problems 41-48, sketch the graph of the given function. 

41. у = arctan|x| 
TT 

у = — — arctan х 
2 


La 


42. 


43. у = Jarcsin х] 

44. у= sini (x+ 1) 
45. y 2 сов-іх 

46. y = cos-i 2x 

47. y = arccos(x — 1) 
48. y =cos(arcsin x) 


49. Тһе arccotangent function can be defined by у = arccot x (or y = cot-i x) 
if and only if x = cot y, where 0 < y < л. Graph у = arccot x, and give the 


domain and the range of this function. 


50. The arccosecant function can be defined by у = arccsc x (or y = csc-i x) if 
and only if x = csc y, where —л/2 < y < л/2 and y + 0. Graph у = arccsc х, 


and give the domain and the range of this function. 


51. One definition of the arcsecant function is у = arcsec x (or y = sec-i x) if 
and only if x = sec y, where 0 < y < mand y ж 7/2. (See Problem 52 for an 
alternative definition.) Graph y = arcsec x, and give the domain and the range 


of this function. 


52. An alternative definition of the arcsecant function can be made by 
restricting the domain of the secant function to (0, 772) U [z, 37/2). Under 
this restriction, define the arcsecant function. Graph y - arcsec x, and give the 


domain and the range of this function. 


53. Using the definition of the arccotangent function from Problem 49, for 


what values of x is it true that (a) cot(arccot x) = x апа (b) arccot (cot x) 2 x? 


54. Using the definition of the arccosecant function from Problem 50, for 


what values of x is it true that (a) сѕс(агссѕс x) = x and (b) агссѕс(сѕс x) = x? 


55. Using the definition of the arcsecant function from Problem 51, for what 


values of x is it true that (а) sec(arcsec x) = x and (b) arcsec(sec x) = x? 


arccotx = — arctan х 


56. Verify that 
for all real numbers x. 


м 
= 


57. Verify that агссѕс х = arcsin (1/x) for |x] 


м 
[= 


58. Verify that arcsec x = arccos (1/х) for |x| 


In Problems 59-64, use the results of Problems 56-58 and a calculator to find 
the indicated value. 


59. coti 0.75 
60. csc-i(—1.3) 
61. arccsc(-1.5) 
62. arccot(—0.3) 
63. arcsec(-1.2) 
64. ѕес-12.5 


Applications 


65. Projectile Motion The angle of elevation 0 for a gun firing a bullet to hit 
a target at a horizontal distance R (assuming that the target and the muzzle of 


the gun are at the same height) satisfies 


where vo is the muzzle velocity and g is the acceleration due to gravity. See 


FIGURE 4.8.9. Find the angle of elevation 0 if the target is 800 ft from the gun 


and the muzzle velocity is 200 ft/s. Use g = 32 ft/s». | Hint: There are two 


solutions.] 


Ө Target 
» X 
4 R - 


Gun 


FIGURE 4.8.9 Angle of elevation in Problem 65 


66. Olympic Sports For the Olympic event, the hammer throw, it can be 
shown that the maximum distance is achieved for the release angle 0 


(measured from the horizontal) that satisfies 


where A is the height of the hammer above the ground at release, vo is the 
initial velocity, and g is the acceleration due to gravity. For vo = 13.7 m/s and 


h = 2.25 m, find the optimal release angle. Use g = 9.81 m/s». 


67. Highway Design In the design of highways and railroads, curves are 
banked to provide centripetal force for safety. The optimal banking angle 0 is 
given by tan 0 = v2/Rg, where v is the speed of the vehicle, R is the radius of 
the curve, and g is the acceleration due to gravity. See FIGURE 4.8.10. As the 
formula indicates, for a given radius there is no one correct angle for all 
speeds. Consequently, curves are banked for the average speed of the traffic 
over them. Find the correct banking angle for a curve of radius 600 ft on a 
country road where speeds average 30 mi/h. Use g — 32 ft/s». [Hint: Use 


consistent units.] 


— 


FIGURE 4.8.10 Banked curve in Problem 67 


68. Highway Design— Continued If џ is the coefficient of friction between 
the car and the road, then the maximum velocity vm that a car can travel 
around a curve without slipping is given by 


уд, P gRtan(0 "P tan u. 


banking angle of the curve. Find vm for the country road in Problem 67 if = 
0.26. 


69. Ladder About to Slip Consider a ladder of length L leaning against a 
house with a load at point P a distance x measured from the bottom of the 
ladder. See FIGURE 4.8.11. The angle 0 at which the ladder is at the verge of 
slipping can be shown to be related to x and the coefficient of friction c 
between the ladder and the ground by 


2 а (с + tan 0) 
— = —————c | 
L 1 + с 


(a) Find 0 when с = 1 and the load is at the top of the ladder. 


3 


(b) Find 0 when c = 0.5 and the load is 4 of the way up the ladder. 


FIGURE 4.8.11 Ladder іп Problem 69 
For Discussion 


70. Using a calculator set in radian mode, evaluate arctan (tan 1.8), arccos 
(cos 1.8), and arcsin (sin 1.8). Explain the results. 


71. Using a calculator set in radian mode, evaluate tan-: (tan (—1)), cos-i (cos 
(-1)), and sin-i(sin(-1)). Explain the results. 


72. In Section 4.3 we saw that the graphs of y = sin x and y = cos x are related 
by shifting and reflecting. Justify the identity 


| п 
arcsin.X + arccos x = 2” 


for all x in [-1, 1], by finding a similar relationship between the graphs of y = 


arcsin x and y = arccos x. 


73. With a calculator set in radian mode determine which of the following 
inverse trigonometric evaluations result in an error message: (a) ѕіп-1(—2), (b) 


cos-i(—2), (с) tan-1(-2). Explain. 


74. Discuss: Can any periodic function be one-to-one? 


ip d RECEN а ле ав 
ОФ агс$ш 5 t агсѕіп үз = arcsin << 
[Hint: See (4) of Section 4.6.) 


76. The angle of inclination of a line is defined to be the angle 0 measured 
counterclockwise between the line and the x-axis 0 < 0<л (ог 0° < 0< 
1809). See FIGURE 4.8.12. The angle of inclination of a horizontal line is 0 and 
the angle of inclination of a vertical line is 77/2. If L is any line with slope т 


(that is, not vertical), use FIGURE 4.8.13 to show that m — tan 0. 


УА УА 
L L 
Ө ЖА 
= Ж > X 
(a) 0 is acute (b) 8 is obtuse 


FIGURE 4.8.12 Angles of inclination in Problem 76 


у = тх 


FIGURE 4.8.13 Line passing through the origin and a unit circle in 
Problem 76 


77. Use Problem 76 to find the angle of inclination of the given line. 
(a) 3x -2y2 6 
(b) у= -2x4 5 


78. Suppose that 0 is the acute angle between the two nonperpendicular 
intersecting lines Li and L2 in FIGURE 4.8.14. If Li and L2 have slopes mi and m, 


respectively, then show that 
| ті — т, 
(ап 0 = |. 
+ тут» 


FIGURE 4.8.14 Two lines in Problem 78 
79. Use Problem 78 to find the acute angle 0 between the given pair of lines. 
(a) - x - 2y 10, x - 2y 2 -5 


(b) x -2y = 6,4x - Зу=1 


80. (а) Show that 


tan(tan !] + tan !2 + tan !3) = 0. 
(b) Discuss: How does the result in part (a) prove that 


tan 11 + tan !2 + tan !3 = т? 


4.9 Trigonometric Equations 


INTRODUCTION In Section 4.5, 4.6, and 4.7 we considered trigonometric 
identities, which are equations involving trigonometric functions that are 
satisfied by all values of the variable for which both sides of the equality are 
defined. In this section we examine conditional trigonometric equations, 
that is, equations that are true for only certain values of the variable. We 
discuss techniques for finding those values of the variable (if any) that satisfy 


the equation. 


We begin by considering the problem of finding all real numbers x that satisfy 


sinx = V2/2. 2... 


coordinates of the points of intersection of the graphs of y - sin x and 


у = V2/2 


” ! a 4.9.1 shows that there exists 
infinitely many solutions the equation 


sinx = V2/2 


Тп п On Пт 
174747 4227 


ӛт Зп 11т 19т 


4747474 


эх 


FIGURE 4.91 Graphs of y = sin x and V 2 


Note that in each of the lists (1) and (2), two successive solutions differ by 27 
= 87/4. This is a consequence of the periodicity of the sine function. It is 
common for trigonometric equations to have an infinite number of solutions 
because of the о of the trigonometric functions. In general, to obtain 


solutions equation such as 


* 
- - - 
SINA 2/2 
Ц is more convenient to 


? 


use а unit circle and reference angles rather than a graph of the trigonometric 


function. We illustrate this approach in the following example. 


Using the Unit Circle 


Find all real numbers satisfying 


sinx = V2/ 2) 
Solution If 5 | ПХ — V2/ 2 the reference 


angle for x is 7/4 radian. Since the value of sin x is positive, the terminal side 
of the angle x lies in either the first or second quadrant. Thus, as shown in 


FIGURE 4.9.2, the only solutions between 0 and 27 are 


а 
жы 
Nj 


FIGURE 4.9.2 Unit circle in Example 1 


Since the sine function is periodic with period 27, all of the remaining 
solutions can be obtained by adding integer multiples of 27 to these solutions. 


The two solutions are 


T Зп 
x = 5 + 2пт and х = ra + 2nm, (3) 


where n is an integer The numbers that you see in (1) and (2) correspond, 


respectively, to letting n = —1, n = 0, n = 1, and n = 2 in the first and second 


formulas in (3). 


When we are faced with a more complicated equation, such as 


4sin^x — 8sinx + 3-0, 


the basic approach is to solve for a single trigonometric function (in this case, 
it would be sin x) by using methods similar to those for solving algebraic 


equations. 


Solving a Trigonometric Equation by 
Factoring 


Find all solutions of 4 sin x — 8 sin x + 3 = 0. 


Solution We first observe that this is a quadratic equation in sin x, and that it 


factors as 


(2sinx — 3)(2sinx — 1) = 0. 


This implies that either 


| | 
or sinx = —. 
4 


га. 

= 

= 

|| 
ә | > 


The first equation has no solution since |sin x| < 1. As we see in FIGURE 4.9.3 


the two angles between 0 and 27r for which sin x equals 2 аге 


TT ST 
х=— апа Х---. 
6 6 


52| = 
t3|— 


FIGURE 4.9.3 Unit circle in Example 2 


Therefore, by the periodicity of the sine function, the solutions are 


T 54r 
x = — + 207 and х = + 2пт, 
6 6 


where n is an integer. 


Checking for Lost Solutions 


Find all solutions of 


sinx = cos Xx. (4) 


Solution In order to work with a single trigonometric function, we divide both 


sides of the equation by cos x to obtain 


tanx = |. (5) 


cos 0 = 1, cos л = —1, cos 2л = 1, cos 37 = – 1, and so on. In general, cos ил = (=), 


where п is an integer. 


Equation (5) is equivalent to (4) provided that cos x z 0. We observe that if 
cos x = 0, then as we have seen in Section 4.3, х = (2n + 1)z/2 = z/2 + пл, for 


n an integer. By the sum formula for the sine, 


see (4) of Section 4.6 (-1)" 0 
$ 4 


‚ [т . Т ШЕ 
ШЕ + т) = sin 7cosnm T cos sinam = (—1)" # 0; 


we see that these values of x do not satisfy the original equation. Thus we will 


find all the solutions to (4) by solving equation (5). 


Now tan x = | implies that the reference angle for x is 7/4 radian. Since tan x 
= 1 > 0), the terminal side of the angle of x radians can lie either in the first or 


in the third quadrant, as shown in FIGURE 4.9.4. Thus the solutions are 


1 
+ 2пт апа х= + 2пт, 


х = x 
4 4 


FIGURE 4.9.4 Unit circle іп Example 3 


where п is an integer. We can see from Figure 4.9.4 that these two sets of 


numbers can be written more compactly as 


сан 
х = — + пт, 
4 


where n is an integer. 


This also follows from the fact that tan x is zr-periodic. 


[ Losing Solutions When solving an equation, if you divide by an 
expression containing a variable, you may lose some solutions of the original 
equation. For example, in algebra a common mistake in solving equations 
such as x» = x is to divide by x to obtain x = 1. But by writing x = x as x2 — x = 
0 or x(x — 1) = 0 we see that in fact x = О or x = 1. To prevent the loss of a 
solution you must determine the values that make the expression zero and 
check to see whether they are solutions of the original equation. Note that in 
Example 3, when we divided by cos x, we took care to check that no solutions 


were lost. 


Whenever possible, it is preferable to avoid dividing by a variable expression. 
As illustrated with the algebraic equation x» — x, this can frequently be 
accomplished by collecting all nonzero terms on one side of the equation and 
then factoring (something we could not do in Example 3). Example 4 


illustrates this technique. 


Solving a Trigonometric Equation by 
Factoring 


Solve 


V3 
2sinxcos?x = ——5 C083. (6) 


Solution To avoid dividing by cos x, we write the equation as 


3 
2sinxcos?x + osx = 0 


z V3 
and factor: cosa( 2sin xcosx + "a pw 0. 


Thus either 


V3 
cosx = 0 or 2sinxcosx + E is 0. 


< 


Since the cosine is zero for all odd multiples of 77/2, the solutions of cos х = 0 


are 


/ 
кассе 
2 


— — 


| 


— 
— 
^ 


Л 1 
X (2n + М5 


where п is an integer. 


In the second equation we replace 2 sin x cos x by sin 2x from the double- 
angle formula for the sine function to obtain an equation with a single 


trigonometric function: 


УЗ V3 


sin 2x + = 0 or sin2x = ——- 


See (12) in Section 4.6. 


Thus the reference angle for 2x is 7/3 radians. Since the sine is negative, the 


angle 2x must be in either the third quadrant or the fourth quadrant. As FIGURE 


4.9.5 illustrates, either 


+ 2nT Or 


FIGURE 4.9.5 Unit circle in Example 4 


Dividing by 2 gives 


2T Mr 
Х--- + Ит or х = + пт 
3 6 
Therefore, all solutions of (6) are 
п 27 5т 
х= + ип, Х--- + пп, and Х--- + nm 
2 3 6 


where n 18 an integer. 


In Example 4 had we simplified the equation by dividing by cos x and not 
checked to see whether the values of x for which cos x = 0 satisfied equation 


(6), we would have lost the solutions x = 7/2 + nz, where n is an integer. 


Using a Trigonometric Identity 


Solve 3 cos x - cos 2х- 1. 


Solution We observe that the given equation involves both the cosine of x and 
the cosine of 2x. Consequently, we use the double-angle formula for the 


cosine in the form 


* 
cos2x = 2cosx — | + Зее (14) of Section 4.6 


to replace the equation by an equivalent equation that involves cos x only. We 
find that 


3cos*x — (2cog?x — 1) = 1 becomes cos?x — 0. 


Therefore, cos x = 0, and the solutions are 


| T 
x = (2n + De Tnm, 


= 


т 
2 


where л is an integer. 


We are often interested in finding roots of an equation only in a specified 


interval. 


Using a Trigonometric Identity 


Find all solutions of the equation cos /- cos 51 = 0 in the interval (0, 2л). 


Solution In this case it is helpful to use a sum-to-product formula. In Example 
3 of Section 4.7 we saw that by identifying хи = t and хә = 51, (9) of Theorem 
4.7.2 gives 


sin( —21) = —sin2t 


ОЕ. t 2 : Р : : 
cost — cost 2sin 5 in 2sin3tsin( —2f) = 2sin3tsin2t 


Replacing the sum cos f — cos 5t in the given equation by the product 2 sin 31 


sin 21 gives the equivalent equation 2 sin 3f sin 21 = 0, ог 
510 31510 27 = 0. 


The last equation is satisfied if either sin 31 = 0 or sin 21 = 0. Then from (1) in 


Section 4.3 we see that sin 31 = 0 implies 


ЗГ = пт, п —0,1,2,3,... (7) 


whereas sin 21 = 0 implies 


2t = nm, n = 1,2,3,.... (8) 


If you think in terms of angles measured in radians and the unit circle, then 
the only angles satisfying the condition that т be in the interval |0, 27) 
correspond to n = 1, 2, 3, 4, 5 in (7) and n = 1, 2, 3 in (8): 


t = 0, 7/3, 22/3, т, Amr] 3, 51/3, (9) 


or t = 7/2, т, 37/2. (10) 


The solution set of the original equation is then the union of the two sets 
defined by the numbers in (9) and (10), that is 


(0, т/3,т/2,2т/3,т,4т13,3т/2,5т/3). ГЕН 


So far in this section we һауе viewed the variable in the trigonometric 
equation as representing either a real number or an angle measured in radians. 
If the variable represents an angle measured in degrees, the technique for 


solving is the same. 


Equation When the Angle Is in Degrees 


27, | 
Solve COS 20 — 22 


measured in degrees. 


‚ where 0 is an angle 


AT | 
cos20 = —5 


Solution Since = , the reference 
angle for 20 is 60? and the angle 20 must be in either the second or the third 


quadrant. FIGURE 4.9.6 illustrates that either 20 = 120? or 20 = 240°. Any angle 


that is coterminal with one of these angles will also satisfy 


AE | 
cos20 = —5 


2 These angles are obtained by 
adding any integer multiple of 360? to 120? or to 240°: 


20 = 120° + 3607 ог 20 = 240° + 360%, 


where и is an integer. Dividing by 2 the last line yields the two solutions 


0 = 60? + 180?n and Ө = 120? + 180%. mm 


20 = 120° 


20 = 240° 


FIGURE 4.9.6 Unit circle in Example 7 


[ Extraneous Solutions When an equation is squared or multiplied by a 
variable expression, the resulting equation may not be equivalent to the 
original. In other words, the new equation may possess solutions that are not 
solutions of the given equation. Such numbers are called extraneous 
solutions. For example, the simple equation x = 1 has only one solution but 
by squaring both sides the resulting equation x» = 1 is now satisfied by x = 1 
and x = — 1. Thus number x = — 1 is an extraneous solution of the original 
equation. The next example illustrates the same idea for trigonometric 


equations. 


Extraneous Roots 


Find all solutions of 1 + tan а = sec а, where а is an angle measured in 


degrees. 


Solution The equation does not factor, but we see that if we square both sides, 
we can use a fundamental identity to obtain an equation involving a single 


trigonometric function: 


(1 + tana)? = (seca)? 


1 + 2tana + tan?a = зес?а < now use (9) of Section 4.4 
I + 2tana + tan?a = 1 + (аға 
2tana = 0 
tana = 0. 


The values of a for 0° < а < 360? at which tan a = 0 are 
-— о ^ 7 — Tate) 
а- 0 апа a = 180°. 


Since we squared each side of the original equation, we may have introduced 
extraneous solutions. Therefore, it is important that we check all solutions in 
the original equation. Substituting a = 0° into 1 + tan а = sec а, we obtain the 
true statement 1 + 0 = 1. But after substituting а = 180°, we obtain the false 
statement 1 + 0 = —1. Therefore, 180? is an extraneous solution and а = 0° is 
the only solution satisfying 0° < а < 360°. Thus, all the solutions of the 


equation are given by 
а = 0° + 360°n = 360°л, 


where n is an integer. For n + 0, these are the angles that are coterminal with 


02 


Recall from Section 2.1 that to find the x-intercepts of the graph of a function 
y =f (x) we find the zeros of f, that is, we must solve the equation f(x) = 0. The 


following example makes use of this fact. 


Intercepts of a Graph 


Find the first three x-intercepts of the graph of f(x) - sin 2x cos x on the 


positive x-axis. 


Solution We must solve f(x) = 0, that is, sin 2x cos x = 0. It follows that either 


= (0) cave ers 3e em (0 


From sin 2x = 0, we obtain 2x = ил, where n is an integer, or x = nz/2, where n 
is an integer. From cos x = 0, we find x = z/2 + nz, where n is an integer. Then 
for n = 2, x = nz/2 gives x = л, whereas for n = 0 and n = 1, x = 7/2 + пл gives 


x = 2/2 and х = 37/2, respectively. Thus the first three x-intercepts on the 
positive x-axis are (77/2, 0), (т, 0), and (37/2, 0). 


[ Using Inverse Functions So far all of the trigonometric equations have 


had solutions that were related by reference angles to the special angles 0, 7/6, 
7/4, 7/3, or л/2. If this is not the case, we will see in the next example how to 


use inverse trigonometric functions and a calculator to find solutions. 


Solving Equations Using Inverse 
Functions 


Find the solutions of 4 cos? x — 3 cos x - 2 = 0) in the interval [0, zz]. 


Solution We recognize that this is a quadratic equation in cos x. Since the 
left-hand side of the equation does not readily factor, we apply the quadratic 


formula to obtain 


3 = 3/41 
cosx = ———_.. 


8 


At this point discard value 


(3 + V41)/8 = 118 


cannot be greater than 1. We then use the inverse созше function (and the aid 


of a calculator) to solve the remaining equation: 


Because we аге restricting x to the closed interval |0, л] it follows from 


Definition 4.8.2 that the only solution of the given equation is 


x = cos ! $(3— VA1) = 2.01 
mm 


Of course in Example 10, had we attempted to compute 


cos !|(3 + V41)/8] 


calculator, we would have received an error message. 


with a 


Exercises 4.9 Answers to selected odd-numbered 
problems begin on page ANS-17. 


In Problems 1-6, find all solutions of the given trigonometric equation if х 


represents an angle measured in radians. 


sinx = V3/2 
cosx = —V2/2 
‚зесх = V2 


4. (ап х= -1 


.cotx = — V3 


(65 GES 


In Problems 7-12, find all solutions of the given trigonometric equation if x 


represents a real number. 
7. cos x ——1 
8. 2sinx--1 


9. (апх- 0 


„\/Ззесх = 2 


11. —csc x= 1 


. V3cotx = | 


In Problems 13-18, find all solutions of the given trigonometric equation if 0 


represents an angle measured in degrees. 


“с8с0 = 2V3/3 
42810 = V2 


«V3sinð = cos 


17. ѕес0 = –2 


18. 


2cos0 + V2 = 0 


In Problems 19—46, find all solutions of the given trigonometric equation if x 


13 a real number апа 0 is an angle measured in degrees. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


coszx- 120 

2 sinx —3sinx+1=0 

3 ВЕ ЕК 

tan^x + (V3 — 1)tanx — V3 = 0 
2 сов20 - 3 соз0-2-0 

2 sind -зш09-1=0 


cot;0 + cot 02 0 


251170 + (2 — V3)sing — V3 = 0 


cos 2x = -I 

sec 24-2) 

2 Sim 5X2) s 1] 

tan 40 = -1 
cot(x/2) = 1 

csc (9/3) = -1 
sin 2x + sin x = 0 


cos 2x + sin2x = 1 


cos 20 = sin 0 


36. sin 20 + 2 sin 0—2 cos 0 = 2 
37. sinax - 2 sinx + 1-0 
38. tan40 – 2 sec20 +3 = 0 
39. sec x sinox = tan x 
"қ нь 
| + cos 
Ch ry 
„ cosé 
41. sin@+cos@=1 


42. sinx+cosx=0 


sin X 


43. 


4,sinx + Vsinx = 0 
Ecos — Уусоѕ0 = 0 
COS 7АҮА + {ап^Ө = | 


Іп Problems 47-52, proceed as in Example 6 and use а sum-to-product 


formula to solve the given equation on the indicated interval. 
47. sin 6t — sin 4t — 0, |0, 277) 


48. cos 2t + cos 3t = 0, (0, 277) 


49. cos 0 — cos 40 = 0, [-7, л) 

50. sin 5a + sin За = 0, |0, 277) 

51. sin 7x — sin х- 2 sin 3x = 0, (-л, л) 
52. sin x + с0$ 2x — sin 3x = 0, (0, Зл) 


In Problems 53-60, find the first three x-intercepts of the graph of the given 


function on the positive x-axis. 


53. f (x) = —5 sin (3x + л) 


п 
: +) = 2 ^ X d — 
f(x) cost! x 1 


54. 


| п 
f(x) = 2 — вес-х 
T 2 
56. f (x) =1+ cos zx 


57. f (x) = sinx + tan x 


| п 
f(x) = 1 — 2с0$[х + = 
ss, 3 
59. f (x) = sinx — sin 2x 


60. f(x) = cos x + cos Зх [Hint: Write 3x = x + 2x.] 


In Problems 61-64, by graphing determine whether the given equation has 


any solutions. 


61. tan x = x [Hint: Graph y = tan x and y = x on the same coordinate axes.] 


62. sinx=x 
63. соїх- х= 0 
64. cosx+x+1=0 


Іп Problems 65-70, using а inverse trigonometric function find the solutions 
of the given equation in the indicated interval. Round your answers to two 


decimal places. 

65. 20 cos x + cos x - 1 = 0, [0, zz] 

66. 3 віп>х- 8 sin x + 4 = 0, |-л/2, 7/2] 
67. tano x + tan x 1 = 0, (-л/2, л/2) 
68. 3 sin 2x + cos x = 0, |-л/2, л/2| 

69. 5 совзх- 3 соѕох — cos x = 0, [0, zr] 
70. tanax — 3 tanox + 1 = 0, (-л/2, л/2) 


Applications 


71. Isosceles Triangle By methods that will be discussed in Section 5.1 it 
can be shown that the area of the isosceles triangle in FIGURE 4.9.7 is given by 


А = 5x sin 0 


. If the length of side x is 4, 
what value of 0 will give a triangle with area 4? 


FIGURE 4.9.7 Isosceles triangle in Problem 71 


72. Circular Motion An object travels in a circular path centered at the 
origin with constant angular speed. The y-coordinate of the object at any time 
t seconds is given by y = 8 cos (л1-л/12). At what time(s) does the object 


cross the x-axis? 


73. Mach Number Use Problem 73 in Exercises 4.6 to find the vertex angle 


of the cone of sound waves made by an airplane flying at Mach 2. 


74. Alternating Current An electric generator produces a 60-cycle 


alternating current given by 


I(t) = 30sin 1207 (t — 36) ань 


the current in amperes at t seconds. Find the smallest positive value of t for 


which the current is 15 amperes. 


75. Electrical Circuits If the voltage given by У = Vo sin(wt + а) 18 
impressed on a series circuit, an alternating current is produced. If Vo = 110 
volts, w = 1207 radians per second, and а = -л/б, when is the voltage equal to 


zero? 


76. Refraction of Light Consider a ray of light passing from one medium 
(such as air) into another medium (such as a crystal). Let ф be the angle of 
incidence and 0 the angle of refraction. As shown in FIGURE 4.9.8, these angles 
are measured from a vertical line. According to Snell's law, there is a 


constant c that depends on the two mediums, such that 
== 
S 1 П Ө . Assume that for light passing from air 


into a crystal, c = 1.437. Find ф and 0 such that the angle of incidence is twice 


the angle of refraction. 


[Incident Air 


ray 


FIGURE 4.9.8 Light rays in Problem 76 


77. Snow Cover On the basis of data collected from 1966 to 1980, the extent 
of snow cover 5 in the northern hemisphere, measured in millions of square 


kilometers, can be modeled by the function 


where w is the number of weeks past January 1. 


(а) How much snow cover does this formula predict for April Fool' s Day? 


(Round w to the nearest integer.) 
(b) In which week does the formula predict the least amount of snow cover? 
(c) What month does this fall in? 


Calculator/Computer Problems 


78. (a) Use a graphing utility to obtain the graph of the function 


f(x) = 80 тх + sin2zx + sin37x. 


(b) Use the graph in part (a) to conjecture the period p of f. Then demonstrate 
that f(x + p) = f(x). 


(c) Verify the identity 
sin3x = 3sinx — 4sin x. 


(d) Use parts (b) and (c) to find all solutions of the equation f(x) = 0. 


In Problems 79 and 80, use a graphing utility to obtain the graph of the given 
function. Find all solutions of the equation f(x) - 0 and an interval that 


contains all these solutions. 


Ло) = 


чих 
X 


п 
2X 


4.10 Simple Harmonic Motion 


f(x) = cos 


80. 


INTRODUCTION Many physical objects vibrate or oscillate in a regular 
manner, repeatedly moving back and forth over a definite time interval. Some 
examples are clock pendulums, a mass on a spring, sound waves, strings on a 
guitar when plucked, the human heart, tides, and alternating current. In this 
section we will focus on mathematical models of the undamped oscillatory 


motion of a mass on a spring. 


Before proceeding with the main discussion we need to discuss the graph of 
the sum of constant multiples of cos Bx and sin Bx, that is, y = сі cos Bx + c2 


sin Bx, where ci and c» are constants. 


[ Addition of Two Sinusoidal Functions In Section 4.3 we examined 


the graphs of horizontally shifted sine and cosine graphs. It turns out that any 


linear combination of a sine function and a cosine function of the form 


y = c,cos Вх + csin Bx, (1) 


where сі, c2, and В > 0 are constants, can be expressed either as a shifted sine 
function y = A sin(Bx + 0), or as a shifted cosine function y = А cos(Bx + ф). 


Note that in (1) the sine and cosine functions have the same period 2л/В. 


Addition of a Sine and a Cosine 


Graph the function 


у = cos2x — V3sin2x 


- 


Solution Using a graphing utility we have shown in FIGURE 4.10.1 four cycles 


of Ше graphs о in red) and 


Пу = c 2x ( 
у = —V3sin2x, |. 
ж (іп green). It is 


apparent in FIGURE 4.10.2 that the period of the sum of these two functions is л, 
the common period of cos 2x and sin 2x. Also apparent is that the blue graph 
is a horizontally shifted sine (or cosine) function. Although Figure 4.10.2 


suggests that the amplitude of th function 


e 
у = cos2x — V3sin2x, 
" is 2, the exact 
phase shift of the graph is certainly is not apparent. 


УА 


2 


у= —\З sin 2x 


FIGURE 4.10.1 Superimposed graphs of y — cos 2x and 


y = —V3sin 2x. 


in Example 1 


УА 


os 2x — V3 sin 2x 


< 
И 
[e] 


FIGURE 4.10.2 Graph of the sum 
у = cos2x — V3sin2x 


in Example 1 


[ Reduction to a Sine Function We examine only the reduction of (1) to 
the form y = A sin(Bx + ф), B > 0. 


The sine form y = А sin(Bx + ©) is slightly easier to use than the cosine form y = А 
cos(Bx + Q). 


THEOREM 4.10.1 Reduction of (1) to (2) 


For real numbers сі, c2, B, and х, 


c1 cos Bx + c;sinBx = Asin(Bx + ф) 


where А and ф are defined by 


2 2 
V Cj t C5 


sind = 


2 
cos = — 


PROOF: To prove (2), we use the sum formula (4) of Section 4.6: 


Asin(Bx + ф) = AsinBxcos ф + Асоѕ Вхѕіпф 
(Asin ф)сов Bx + (Acos@) sin Bx 


= сусоѕ Вх + csin Bx 


and identify А sin Thus, 


sin = "m сум. т ё; 


апа 


cosh = с,/А = C2/V сү + © 


Example 1 Revisited 


Express у = COS 2х m V3 S 1 П 2х 
single sine function. 


Solution With the identifications сі = Il. 
С» — 4/3 i 

ше ‚ апа В - 2, ме һауе Нот (3) апа 
(4), 


© 
© 
2 
©- 
| 
5 
——M—Á 
- 
5 
5 
©- 
| 
| 
S" 


w tand = —1/ 4/3 


cannot blindly assume that 


ф —tan ((-1/V3). 2. 


take for must be consistent with the algebraic signs of sin ф and cos 0. 
Because sin Ф > 0 and cos ф < 0 the terminal side of the angle ф lies in the 
second quadrant. But since the range of the inverse tangent function is the 


interval (-л/2, 1/2), 


tan (-І/У3)--т/б, . 


quadrant angle. The correct angle is found by using the reference angle 77/6 


tan 1(-1/4/3 


тайап for to find the 
second-quadrant angle 


TT ЭТТ 
ф-т--- radians. 
6 6 


4 — ^ + 
Therefore \ C O 
be rewritten as 


9 

DO 
e 

5 
ht © 
= 

һә 
- 

B 


Hence the graph of 


y — cos2x — V3sin2x 78 
4.10.2 is the graph of y = 2 sin 2x, which has amplitude 2, period 27/2 = л, 


and is shifted 577/12 units to the left. 


Example 2 Revisited 


Find the first two x-intercepts on the positive x-axis of the graph of the 


function in Example 2. 


Solution The alternative form y = 2 sin(2x + 57/6) of the function in Example 
2 can be used to find the x-intercepts of its graph. Recall, sin x = 0 when x = 


nz, n = 0, +1, +2, .... So by replacing the symbol x by 2x + 57/6, we see 


: Si -— Sir 
ТЕ + 23 = 0 implies 2x + = пт. 


6 6 


Solving for x, 


5T 54 
2x + — =m and 2x + — = 27 
6 6 


yield x = 7/12 and 777/12. Thus the first two intercepts on the positive x-axis 


are (7/12, 0) and (77/12, 0). See the blue curve in FIGURE 4.10.3. 


УА 


у=2 sin 2x 


FIGURE 4.10.3 Graphs of functions іп Examples 2 and 3 


The x-coordinates of the intercepts in Example 3 can also be obtained by 
subtracting the phase shift 57712 from the x-coordinates of the x-intercepts of 


the graph of y = 2sin2x. 


[ Simple Harmonic Motion Consider the motion of a mass on a spring as 
shown in FIGURE 4.10.4. In the absence of frictional or damping forces, a 
mathematical model for the displacement (or directed distance) of the mass 
measured from a position called the equilibrium position is given by the 


function 


" 
y(t) = yocos ot + sin or, (5) 


where / is time, yo and vo are, respectively, the initial (1 = 0) displacement and 
velocity of the mass. Oscillatory motion modeled by the function (5) is said to 


be simple harmonic motion. 


Equilibrium 
position — — 


FIGURE 4.10.4 An undamped spring/mass system exhibits simple 
harmonic motion 


More precisely, we have the following definition. 


DEFINITION 4.10.1 Simple Harmonic Motion 


A point moving on a coordinate line whose position at time t is 
given by 


v(t) = Asin(wt + ф) ог y(t) = Acos(wt + ф) 


where А, а) > 0, and ф are constants, is said to exhibit simple 


harmonic motion. 


Special cases of the trigonometric functions in (6) are y(t) = A sin wt, y(t) = А 


cos wt, and y(t) = сі cos wt + c2 sin wt. 


[ Terminology The function (5) is said to be the equation of motion of the 


mass. Also, in (5), (9 un i k/ П ! , where К is the 


spring constant (an indicator of the stiffness of the spring), m is the mass 
attached to the spring (measured in slugs or kilograms), yo is the initial 
displacement of the mass (measured above or below the equilibrium 
position), vo is the initial velocity of the mass, t is time measured in seconds, 
and the period p of motion is p = 27/w seconds. The number f = 1/р = 1/Ол/ 
w) = w/27 is called the frequency of motion. The frequency indicates the 
number of cycles completed by the graph per unit time. For example, if the 
period of (5) is, say, p - 2 seconds, then we know that one cycle of the 


function i complete in 2 seconds. Тһе frequency 


f= 1/ [ 2 means one-half of a cycle is 


complete in 1 second. 


In the study of simple harmonic motion it is convenient to recast the equation 


of motion (5) as a single expression involving only the sine function: 


y(t) = Asin(wt + Ф). (7) 


The reduction of (5) to the sine function (7) сап be done in exactly the same 
manner as illustrated in Example 2. In this situation we make the following 
identifications between (2) and (5): 


сі = Yo, С = уо, А = Vc + d, and В = о. 


Equation of Motion 
(a) Find the equation of simple harmonic motion (5) for a spring mass system 


| 2 г 
„т = 1g, Yo 31 


__ r 
Vo — 3 ft/s 


(b) Find the period and frequency of motion. 


Ib/ft, and 


Solution (a) We begin with the simple harmonie motion equation (5). Since 
k/m = 4/(6) = 64 

70 = Vk/m = 8 B 
о/о = (5)/8-% 


becomes 


, therefore (5) 


oo 


y(t) = —$cos8t + tsin8r. ( 


(b) The period of motion is 27/8 = 7/4 second; the frequency is 4/7 = 1.27 


cycles per second. 


Example 4 Continued 


Express the equation of motion (8) as a single sine function (7). 


| 


6. we find 


ян 2 На 
Solution With C | ЕЕ 3 ! С 2 ЕЕ 


the amplitude of motion is 


Then from 


251125) 


Y + (iy = 2У17 ft. 


sind = ууп < 0 


tando = 
NAT | 
2/54: 


coso = 


we can see from algebraic signs sin Ф < 0 and cos ф > 0 that the terminal side 
of the angle ф lies in the fourth quadrant. Hence the correct value of ф is tan 
-1(-4) = —1.3258. Тһе equation of motion is then 


y(t) = еМ a = BEE), ТЕКШЕ 


FIGURE 4.10. 5, amplitude motion 18 


v] 7/6 = 0. 6872 , 2 


assuming that that is no resistance to the motion, once the spring/mass system 


18 set in motion the model indicates it stays in motion bouncing back and forth 


V 17/6 — 
—V17/6 


between its maximum displacement 


equilibrium position and a minimum of feet 


below the equilibrium position. 


т у= 17 шив t— 1.3258) 


FIGURE 4.10.5 Graph of the equation of motion in Example 5 


Only in the two cases, сі > 0, c2 > 0 or сі < 0, с> > 0, can we use (ап 0 in (4) 
to write ф = tan-i(ci/c2). (Why?) Correspondingly, Ф is a first or a fourth- 
quadrant angle. 


Exercises 4.10 Answers (о selected odd- 
numbered problems begin on page ANS-18. 


In Problems 1—6, proceed as in Example 2 and reduce the given trigonometric 
expression to the form y = A sin(Bx + 6). Sketch the graph and give the 
amplitude, the period, and the phase shift. 


1. y 2 cos zx — sin zx 


y = sin—x — МЗсов--х 
2 2 


у = V3sin2x + cos2x 
у = V3cos4x — sin4x 
V2 


y= „ы —'BOSX) 


% 


6. у= 5іп х + cos x 


In Problems 7 and 8, proceed as іп Example 3 and find the first two x- 


intercepts on the positive x-axis of the graph of the function. 


7. у= —cos 2лх + sin 27x 


| 
‚ V3 


In Problems 9 апа 10, use (2), (3), and (4) to write the left-hand side of the 
given equation in the form A sin(Bx + Ф). Then find the solutions of the 


COS TX — SIN TX 


equation in the indicated interval. 


9. —cos 2x + sin 2x = 1; [0, л] 


X 2 
cos— + V3 sin 
2 2 


= 2; [0,4] 
10. 


In Problems 11-14, proceed as in Examples 4 and 5 and use the given 
information to express the equation of simple harmonic motion (5) for a 
spring/mass system in the trigonometric form (7). Give the amplitude, period, 


and frequency of motion. 

11. m = islug, у = + ft, k = 1 Ib/ft, and vg 5 ft/s 
12. т = 1.6 slug, у = —ift,k = 40 lb/ft, and vy = —3 ft/s 
13. m= 1 slug, yo = -1 ft, k = 16 lb/ft, and vo = —2 ft/s 

14, т = 2 slug, yy = —$ ft, k = 200 lb/ft, and v, = 5 ft/s 


15. The equation of simple harmonic motion of a spring/mass system is 


y(t) = 5511 (21 ЕЕ 713 ЕТЕ 


initial displacement уо апа initial velocity vo of the mass. [Hint: Use (5).] 
16. Use the equation of simple harmonic motion of the spring/mass system 
given in Problem 15 to find the times for which the mass passes through the 
equilibrium position у = 0. 


Applications 


17. Current Under certain conditions, the current /(f) measured in amperes at 


time ¢ in an electrical circuit is given by 


I(t) = Ig[sin(wt + @)cosh + cos(wt + 0)sino]. 


Express /(f) as a single sine function of the form given in (7). [Hint: Review 


the sum formula in (4) of Theorem 4.6.2.1 


18. More Current In a certain kind of electrical circuit, the current I(t) 
measured in amperes at time ¢ seconds is given by 


I(t) = 10cos( 12077 + A | 


- 


Clock pendulum 
О ACE STOCK LIMITED/Alamy 
(a) Change the form of the function /(f) to the sine function form given in (7). 


(b) Give the period of the sine function in part (a) and the phase shift. Use the 
sine function to sketch two cycles of the graph of Г). 


19. Pendulum Motion An object that swings back and forth is called a 


physical pendulum. А simple pendulum is а special case of the physical 
pendulum and consists of a rod of length L with a mass т attached at one end. 
See FIGURE 4.10.6. If the motion of a simple pendulum takes place in a vertical 
plane and it is assumed that the mass of the rod is negligible and no damping 
forces act on the system, then it can be shown that the displacement angle 0 of 


the pendulum as a function of time +, measured from the vertical, is given by 


i i Vo . 
O(t) = босово! + | Sina. 


т 


FIGURE 4.10.6 Pendulum in Problem 19 


Here 0о and vo are the initial displacement and velocity and 


S / ‚ апа g = 32 ft/s2 is the acceleration 


due to gravity. 
(a) Find 0(1) if 0o > О and vo = 0 at t= 0. 


(b) Show that the period (in seconds) of motion of a simple pendulum is 


20. Pendulum Motion on the Moon Use Problem 19 (о describe (һе motion 


of a simple pendulum: 


| 


(a) Оп the Moon where the acceleration of due to gravity is 6 that of the 
Earth. 


(b) If its length is increased to 4L. 


iL 


(c) If its length is decreased to 4 


Calculator/Computer Problems 


In Problems 21 and 22, use a graphing utility to obtain the graph of the given 
function f on the interval |0, 277]. Use (2), (3), and (4) to write f in the form f 
(x) = A sin(Bx + ф). Then find approximate solutions of indicated equation in 


the interval. 
21. f(x) =3 cos 2x + 4 sin 2x; f(x) = 5 


22, f(x) = 5 соз 3х = 12/6іп 3x; f (x) - =13 


4.11 The Limit Concept Revisited 


Calculus 
PREVIEW 


INTRODUCTION As we saw in Section 2.10, the fundamental motivating 
problem of differential calculus, find a tangent line to the graph of the 
function, is answered by the concept of a Пти. In that section we purposely 
kept the discussion about limits at an intuitive level; our emphasis was on 
reviewing the appropriate algebra, such as factoring and rationalization, 
necessary to be able to compute a limit analytically. In the study of the 
calculus of the trigonometric functions you will, of course, be expected to 
compute limits involving trigonometric functions. As the examples in this 
section will illustrate, computation of trigonometric limits entail both 


algebraic manipulations and knowledge of basic trigonometric identities. 


We begin with a fundamental limit result for the sine function. 


[ An Important Trigonometric Limit To do the calculus of the 
trigonometric functions, sin x, cos x, tan x and so on, it is important to realize 
that the variable x is a real number or an angle x measured in radians. With 
that in mind, consider the numerical values of (sin x)/x as x approaches 0 from 
the right (x > 0+) given in the table that follows. 


=й 0.1 0.01 0.001 0.0001 


sinx 


5 0.99833416 0.99998333 0.99999983 0.99999999 


It is easy to see that the same results given in the table hold as x > 0-. Because 


sin x is an odd function, for x > 0 and —x < 0 we have sin(—x) = —sin x and as a 


sin(—X) sinx 


E = 
consequence = X X 
In other words, when the value of x is small in absolute value 


While numerical calculations such as this do not constitute a proof, they do 
SID.X 


suggest that Å as x > 0. Using the limit 
symbol, we have motivated the following result 


. Sinx 
lim 251, (1) 


х-0 X 


See Problem 32 іп Exercises 5.1 for a guided tour through the basic steps of a 


proof of (1) that is usually presented in calculus. 


In this discussion we make the same assumption that we did in Sections 1.5 
and 2.10, namely, that all limits under consideration actually exist. Everything 
that we do—algebraic manipulations, taking limits of products and quotients 


in the examples in this section—is predicated on this assumption. 
Important 


Other limits of importance are 


limsinx = sind, (2) 


xad 


limcosx = cosa. (3) 


xa 


The results (2) and (3) are immediate consequences of the fact that f (x) - sin 


x and g(x) - cos x are continuous functions for all x. As we have seen in 


Section 4.3 the graphs of sin x and cos x are smooth and unbroken. For 


example, from (2), 


: 8 NE _ d 
lim sinx = sin— — — 
хэт] 6 2 (4) 
and limsinx = sinO = 0. 
Also, from (3), 
limcosx = соѕ0 = 1. (5) 
x0 


The results in (1), (2), and (3) are used often to compute other limits. As in 
Section 1.5 many of the limits considered in this section are limits of 
fractional expressions where both the numerator and the denominator are 
approaching 0. Recall, these kinds of limits are said to have the 


indeterminate form 0/0. Note that the limit (1) is of this indeterminate form. 


Using (1) 
|. ]Ox = 3sinx 
lim 


Find х->0 X 


Solution We rewrite the fractional expression as two fractions with the same 


denominator x: 


lim 


x0 X x0 


10x — 3sinx 4 10x  3sinx 
- - lim 2 ER 


MU: sinx | | 
= lim — — 3lim— «cancel the x in the first expression 

x20 X x20 X 

: . sinx 

= lim10 — 3lim — < now use (1) 

x0 x0 X 
-10-3:1 
=7. = 


Using the Double-Angle Formula 


| Ssin2x 
lim 
Find A — 0 X 


Solution To evaluate the given limit, we make use of the double-angle 


formula sin 2x = 2 sin x cos x of Section 4.5 апа the results in (1) and (5): 


from (5) from (1) 


. Sin2x . 2cosxsinx 1 sinx 
lim = lim 2limcosx - =2.1.1= 2. 
x Я x20 x 


x0 Б х->0 


sin2x _ 


Thus, lim 


x0 


2. (6) EM 


[ Using a Substitution We are often interested in limits similar to that 


considered in Example 2. But if we wish to find, say, 


ч - 
sin dx 
] È 
X ; 0 Х , the procedure employed іп Example 2 
р роу р 
breaks down at a practical level since we һауе not developed a trigonometric 


identity for sin 5x. There is an alternative procedure that allows us to quickly 
r^ E 
i 51 kx 


find X 0 Å , where К + 0 is any real constant, 


by simply changing the variable by means of a substitution. If we let t = kx, 


then x = ИК. Notice that as x > 0 then necessarily t > 0. Thus we can write 


this limit is 1 from (1) 


. Sinkx . Sinf . Sint К . sinf 
lim — lim = lim = = klim = 
x0 X 1->0 ИК 120 | t 120 f 


Thus we have proved the general result 


|. ЗШЭХ 
lim = = 5 
Hence .X — 0 | 


Х 
іп Exercises 4.11. 


. See Problem 25 


Trigonometric Limit 


|. tanx 
lim — 
Find A — 0 X 


Solution Using the definition tan x = sin x/cos x we can write 


sin.X 
. tanx COSX : 1 sinx . 1 sinx 
lim - lim - lim . = lim | 
x20 X x20 ү x0 COS. XY X 


x0 COSX X 


From (5) and (1) we know that cos х > 1 and (sin x)/x > 1 as x > 0, and so the 
preceding line becomes 


. tanx | 
lim —.1=1. 
х>0 X 1 


Using а Pythagorean Identity 


БЕН — cosx 
lim — -— 
Find X —* 0 


X 


Solution To compute this limit we start with a bit of algebraic cleverness by 
multiplying the numerator and denominator by the conjugate factor of the 
numerator. Next we use the fundamental Pythagorean identity sin» x + cos» x 


= | іп the form 1 - cos» x = sin x: 


. I — cosx . I — cosx 1 + cosx 
lim — — = lim . 
x0 X x0 X 1 + cosx 
. ]l-eosx 
= lim — ———— 
x0 x(1 + cosx) 
EN 
. sin^x 
= Ш. 


x0 x(1 + cosx) 


For the next step we resort back to algebra to rewrite the fractional expression 
as a product, then use the results in (1), (4), and (5): 


. l= cosx | sin?x 
lim - = lim 
x0 X x70 x(1 + cosx) 


. Sinx sinx 
lin: 
x20 X ] + cosx 


(8) 


That is, lim — — — 


From (8) we obtain a limit result that is used in calculus to find the derivatives 
of the sine and cosine functions. Since the limit in (8) is equal to 0, we can 
write 


. l — cosx . —(cosx — 1) . COSX — 1 
lim = lim = (-1)lim = 
х->0 X x0 5 х->0 X 


Dividing by — 1 then gives 


lim — = 0. (9) 


[ The Calculus Connection In Section 2.10 we saw that the derivative of 


a function y = f (x) is the function f(x) defined by a limit of a difference 


quotient: 


f(x) — lim : | 


In computing this limit we shrink Л to zero but x is held fixed. Recall too, if a 
number x = a is in the domains of f and /, then f (a) is the y-coordinate of the 
point of tangency (a, f (a)) and f'(a) is the slope of the tangent line at that 


point. 


[ Derivatives of f(x) — sin x and f(x) — cos x To find the derivative of 
f (x) = sin x we use the four-step process illustrated in Example 3 of Section 
2.10. In the first step we use from Section 4.6 the sum formula for the sine 


function: 


sin(x; + X5) = sinx,cosx, + cosa, sinx. (11) 


(1) With x and h playing the parts of хі and x2, we have from (11): 


f(x + h) = sin(x + h) = sinxcosh + cosxsinh. 


f(x + А) — f(x) = sinxcosh + cosxsinh — sinx 
(ii) = sinx(cosh — 1) + cosxsinh 


As we see in the next line, we cannot cancel the h’s in the difference quotient 
but we can rewrite the expression to make use of the limit results in (1) and 


(9). 


f(x + А) — f(x)  sinx(cosh — 1) + cosxsinh 
h i h 

cosh — I sinh 

= sinx — — —— + cosx 


(iii) h h 


(iv) In this line, the symbol л plays the part of the symbol x in (1) апа (9): 


, Рх + h) — f(x) й . cosh— 1 . sinh 
f(x) = lim — sinx lim + cosx lim . 
1—0 h h>0 h h>0 h 
From the limit results in (1) and (9), the last line is the same as 
. F(x +h) — f(x) : 
f(x) = жадан = sinx "0 + cosx: 1 = cosx. 


h0 h 


In summary: 

* the derivative of f (x) = sin x is f(x) = cos x. (12) 
It is left to you, the student, to show that 

* the derivative of f (x) = cos x is f(x) = -sin x. (13) 
See Problems 23 and 24 in Exercises 4.11. 


Equation of a Tangent Line 


Find an equation of the tangent line to the graph of f (x) = sin x at x = 477/3. 
Solution We start by finding the point of tangency. From 
4т Ат М3 


| = sin— = — —— 
3 3 2 


we see that the point of tangency 18 


47 / З а = V3/2 | The slope of the 


tangent line at that point is the derivative of f(x) - sin x evaluated at the x- 


coordinate. From (12) we know that f(x) - cos x and so the slope at 


47/3, — М3/2 


is 


УЗ 1 ( = 1 т УЗ 
у + = X or у= ——х + | 
і 2 2 3 i 2 3 2 
See FIGURE 4.11.1. 
УА 
y=sinx 


> X 
Point of 
tangency (28 23) 

3; 72 Slope is 


f'&)--5 


3 
FIGURE 4.11.1 Tangent line in Example 5 


Exercises 4.11 Answers to selected odd- 
numbered problems begin on page ANS-18. 


In Problems 1-18, use the results іп (1), (2), (3), (7), and (9) to find the 


indicated limit. 


T 
‚ Sin5x 
lim —— 
1. х->0 A 
|. SINTX 
lim —— 
2. х->0 X 
‚ sin(—@) 
lim — — — 
‚0—0 0 


sin 3f 


lim 
120 Af 
lim cosx 
5 x—5 1/6 
lim sinx 
‚х—т/4 
lim (cosx + 5sinx) 


" х 71/2 


‚х>0 10x 
8(1 — cos) 


lim 
„0—0 Ө 
2 i A 
|. dx — 2sinx 
lim — 
11. x—() X 
|. 2sindx + 1 — cosx 
lim — '--; 
12. х0 X 
EN. 
| УП .X 
lim 
13. xUÜ X 
EN. 
| sn .X 
lim 


14. X — Ü X EH 


| COS. X 
lim 
s X7/2 cOLX 
cosxtanx 


| со$2х 
lim - 
нХ771/4 COSX — SINX 


In Problems 19-22, proceed as in Example 5 to find an equation of the tangent 
line to the graph of f (x) = sin x at the indicated value of x. 


195750) 

20. х-л/2 

21. х-л/б 

22. х= 2713 

23. Proceed as on pages 293-294 and find the derivative of f(x) = cos x. 


24. Use the result of Problem 23 to find an equation of the tangent line to the 
graph of f (x) = cos x at x = 77/3. 


25. Use the facts that 


. cos5x — I i . Ssin5x 
lim — — —— = 0 and lim =: 
x0 X x0 X 


to find the derivative of f(x) 2 sin 5x. 


26. Use the result of Problem 25 to find an equation of the tangent line to the 
graph of f (x) = sin 5x at x = 7. 


Calculator/Computer Problems 


In Problems 27 and 28, use a calculator or computer to estimate the given 
limit by completing each table. Round the entries in each table to eight 


|. | — cosx 
ШІ 
EO X 


20-20) 0.1 0.01 0.001 0.0001 | 0.00001 


il = со5 с 


Explain why we do not һауе to consider x > 0-. 


| x^—4 
lim — | 
.x22 sin(x — 2) 


2 


2 2.1 2.01 2.001 2.0001 | 2.00001 


x27 1.9 1599 1.999 1.9999 | 1.99999 


x?—4 


sin(x — 2) 


For Discussion 


In Problems 29—36, discuss how to use the result in (1) along with some 


| x 
lim — 
х0 sin 3x 
|. sin dx 
lim == 
4,10 510 ЭХ 
шр. 

|. Sinx 
lim —— 

X20 y 


31 


lim 
a XT ТГ — KX 


2 
lim - 
4,10 | — cosx 
| 
| cos(x T jT) 
lim —— 
34. х->0 X 


j; $10 Х 
im 
35. x0* Vx 
sin(x — 1) 
ШЕ 
zs x] X. + 11 m 3 


37. Using what you have learned in Problems 29 and 36, find the limit 


х-4 


without the aid of the numerical table in Problem 28. 


38. (a) Use a calculator to complete the following table. 


Он 0.1 0.01 0.001 0.0001 0.00001 


] È 
(b) Find the limit : 0 ж? 
the method given in Example 4. 


4 
# 
- 


using 


(c) Discuss any differences that you observe between parts (a) and (b). 


Chapter 4 Review Exercises Answers to 
selected odd-numbered problems begin on page 
ANS-18. 


A. Fill in the Blanks 


In Problems 1—25, fill in the blanks. 
1. 775 radian = degrees. 
2. 10 degrees - radians. 


3. The exact values of the coordinates of the point Р(/) on the unit circle 


corresponding to t = 57/6 аге 
4. The reference angle for 47/3 radians is radians. 


TT 
tan— = 


6. In standard position, the terminal side of the angle 87/5 radians lies in the 


quadrant. 


қа” | 
„SnO — 3 


GE А 


апа 0 is in quadrant IV, then sec 


8. If tan ¢ = 2 and t is in quadrant III, then cos t= 
9. The y-intercept for the graph of the function у = 2 sec(x + 7r) is 


10. The values of іп the interval (0, 277] that satisfy 


sin 2f 


sinu = 


2 
cost = —5 


a! .7<t< 37/2, then 


13. А sine function with period 1 is 


14. The first vertical asymptote for the graph of 


п 
у = тап x — — 


La 


to the right of 
the y-axis is | 


: . TT 
sint + cost = smi t + — 
15. 4 Д 


1 
sinf = 


16. ІҒ 6. Шеп 


| 


COS| Í — — 


17. The amplitude of 


y = —10co 


Las 


cos — = 


6 + 


19. The exact value of arccos 


От 
arccos | cos— | = 


~ 


18. 


20. The period of the function 


| TT 
Asin| —— 
3 


21. The amplitude of the function 


у = sinx + 2V2cosx, 


2V2 


P) — = 3 


on the unit circle, then sin 2t = 


13 a point 


23. Тһе fifth x-intercept of the graph of y - sin лх on the positive x-axis is 


24. The exact value of cos 70? cos 40? + sin 70? sin 40? is = 


. sinlOx 
im — = 
25. XO X 


B. True/False 
In Problems 1-25, answer true or false. 
1. cos2 9 — sim = 1-2 sim 0 


25 ар 55 F Sin БЕ 


Зт 
ѕес(— 77) = csc 
5 2 


4. There is no angle 1 such that 
бесі = 5. 

Ей 
5. віп2л- f) = —sin f 


6. 1 + sec? 9 = tan» 0 


1 2 ? is ап x-intercept of the graph of y = 3 cos тх. 


(20/3, —1/V3 


graph of y - cot x. 


is a point on the 


9. The range of the function y = csc x is (C e», —1] ӘП, ee). 
10. The graph of y = csc x does not intersect the y-axis. 


11. The line x = 7/2 is a vertical asymptote for the graph of y = tan x. 


12. If tan(x + 7) = 0.3, then tan = 0.3. 
13. For the sine function y = —2 sin x we have —2 < y < 2. 
14. sin 6x 2 2 sin 3x cos 3x 


15. The graph of y = sin(2x — 77/3) is the graph of y = sin 2x shifted 7/3 units 
to the right. 


16. Since tan(5774) = 1, then arctan(1) = 57/4. 


„ arccos( — 3) = 21/3 
18. f(x) = arcsin x is not periodic. 

19. f(x) 2 x sin x is 27 periodic. 

20. f(x) 2 sin(cos x) is an even function. 


21. tan 87 = tan 5л 


22. Тһе graph of 


| 3x 
f(x) = 4cos 5 sin6x 


the origin. 


passes through 


С) 
© 
92 
ы 
- 
сл 
о 
| 
т 
иг 
5 
N 
— 
сл 
о 
|| 
ко 


25. If 0 < x < zz, then necessarily 


C. Review Exercises 


In Problems 1-4, give two examples of the indicated trigonometric function 


such that each has the given properties. 


1. sine function with period 4 and amplitude 6 


| 


2. cosine function with period л, amplitude 4, and phase shift 2 


3. sine function with period 772, amplitude 3, and phase shift 774 


4. tangent function whose graph completes one cycle on the interval (-778, 
7/8) 


In Problems 5-14, find all ¢ in the interval |0, 27] that satisfy the given 


equation. 


5. costsinf— cos t + sin t- 120 
6. cost —sintz 0 

7. 4sim t- 1 20 

8. sint z2tant 

9. cos 4t z -1 

10. tant—3cottz2 

11. -sin 27+ sin 41-0 


12. cos 9t – cos 3120 


| 
sInfcosí = 5 


14. tant=4 


13. 


In Problems 15 and 16, find the first two intercepts of the graph of given 


function f on the positive x-axis. 


15. f(x) = sin x - cos x — 1 


… f(x) = sinx + cosx = V2 
In Problems 17—24, find the indicated value without using a calculator. 


_—]{ 1 
COS — 


1 


18. агсвіп(-1) 


.cot(cos 11 


1 


22 F 
А cos агсын 5 


21. sin-i(sinz) 
22. соз(агссоз 0.42) 

a шу, 5 
" ЗІП arccos (13 
24. агсїап(созл) 


In Problems 25 and 26, write the given expression as an algebraic expression 


in x. 
25. sin(arccos x) 
26. sec(tan-ix) 


In Problems 27—30, the given graph can be interpreted as a rigid/nonrigid 
transformation of the graph of y = sin x and of the graph of y = cos x. Find an 
equation of the graph using the sine function. Then find an equation of the 


same graph using the cosine function. 


27. 


FIGURE 4.R.1 Graph for Problem 27 


28. 


29. 


30. 


Graph for Problem 28 


Graph for Problem 29 


Graph for Problem 30 


In Problems 31 and 32, verify the given trigonometric identity. 


, l-sinx 
(tanx — secx) = ——— 
31. | + sinx 


32. cos4 t+ 1 — sinat = 2 cosz t 


In Problems 33—40, use the information 


to find the exact value of the given trigonometric function. 
SRL sec 

34. tan x» 

35. sin(xi + x2) 

36. cos(xi — x2) 

37. sin 2x2 


38. cos2xi 


. 2 


5 Triangle Trigonometry 
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Chapter 5 Review Exercises 


5.1 Right Triangle Trigonometry 


INTRODUCTION The word trigonometry (from the Greek trigonon meaning 
“triangle” and metria meaning measurement") refers to the measurement of 
triangles. Іп Section 4.2 we defined the trigonometric functions using 
coordinates of points on the unit circle and by using radian measure we were 
able to define the trigonometric functions of any angle. In this section we will 
show that the trigonometric functions of an acute angle in a right triangle have 


an equivalent definition in terms of the lengths of the sides of the triangle. 


[ Terminology In FIGURE 5.1.1(а) we have drawn a right triangle with sides 


labeled a, b, and c (indicating their respective lengths) and one of the acute 
angles denoted by 0. From the Pythagorean theorem we know that a» + b» = 
c2. The side opposite the right angle is called the hypotenuse; the remaining 
sides are referred to as the legs of the triangle. The legs labeled a and b are, in 
turn, said to be the side adjacent to the angle 0 and the side opposite the 
angle 0. We will also use the abbreviations hyp, adj, and opp to denote the 
lengths of these sides. 


hypotenuse Unit circle 
opposite 
side 


a 


adjacent side 


(a) A right triangle with an (b) The unit circle with angle 9 
acute angle 9 placed in standard position 


FIGURE 5.1.1 In (a) and (b) the right triangles are the same 


If we place 0 in standard position and draw a unit circle centered at the origin, 
we see from Figure 5.1.1(b) that there are two similar right triangles 
containing the same angle 0. Since corresponding sides of similar triangles are 


proportional, it follows that 


sind b opp | со80 a adj 
—— = anc = 1 
| с Пур | с hyp 


Also, we һауе 


tand sind b/c b opp 


| со80 ас а adj 


Then, applying the reciprocal identities (12) in Section 4.4, each trigonometric 
function of 0 can be written as the ratio of the lengths of the sides of a right 
triangle as follows. See FIGURE 5.1.2. 


hyp 
opp 


adj 


FIGURE 5.1.2 Defining the trigonometric functions of 0 


DEFINITION 5.1.1 Trigonometric Functions of 0 in a Right 
Triangle 


For an acute angle 0 in a right triangle as shown in Figure 5.1.2, 


| орр 
р = == 
hyp 
орр 
adj 
hyp 


tang = 


Бес = | 
adj 


Values of the Six Trigonometric Functions 


Find the exact values of the six trigonometric functions of the angle 0 in the 
right triangle shown in FIGURE 5.1.3. 


Solution From Figure 5.1.3 we see that the side opposite 0 has length 8 and 


the side adjacent has length 15. From the Pythagorean theorem the hypotenuse 
cis 


c) = 82 + 152 = 289 апа $0 с = V289 = 17. 
һур 
5 
Е 
15 


FIGURE 5.1.3 Right triangle in Example 1 


Thus from (1) the values of the six trigonometric functions are 


ing opp 8 0 adj 15 
sing = ---, 2050 -------, 
һур 17 : һур 17 
0 8 adj 5 
T = ЕБ ML dad o P 
adj 15 opp 8 
hy | 
jede 28-11 ZU. M на 
аа) 15 орр 8 


Using a Right Triangle Sketch 


T 2 
If 0 is an acute angle and SI n 7 ЕЕ 7. 


other trigonometric functions of 0. 


find the values of the 


Solution We sketch а right triangle with an acute angle 0 satisfying 


- 2 
510 =F | 
‚ by making opp = 2 and Бур = 7 as shown іп 
FIGURE 5.1.4. From the Pythagorean theorem we have 


” 
a 
adj 
FIGURE 5.1.4 Right triangle in Example 2 
22 + (adj)? = 7 во that (adj)? = 7? — 2? = 45 
Thus, adj = V45 = 3V5. 


The values of the remaining five trigonometric functions are obtained from 
the definitions in (1): 


adj 3У5 hyp 7 75 
2080 = — = — 0 т = 
һур 7 adj 345 15 
орр 2 2V5 adj 3У5 
tang = со10 = = 
adj 3V5 15 opp 2 
h 7 
ө= 20 = 5. = 
opp 2 


[ Solving Right Triangles Applications of right triangle trigonometry in 


fields such as surveying and navigation involve solving right triangles. The 
expression "to solve a triangle" means that we wish to find the length of each 
side and the measure of each angle in the triangle. We can solve any right 
triangle if we know either two sides or one acute angle and one side. As the 
following examples will show, sketching and labeling the triangle is an 
essential part of the solution process. It will be our general practice to label a 
right triangle as shown in FIGURE 5.1.5. The three vertices will be denoted by 
A, B, and C, with C at the vertex of the right angle. We denote the angles at A 
and B by a and f and the lengths of the sides opposite these angles by a and b, 
respectively. The length of the side opposite the right angle at C is denoted by 


b 


B dc 
a 


FIGURE 5.1.5 Standard labeling for a right triangle 


Solving a Right Triangle 


Solve the right triangle having a hypotenuse of length 4 4/3 апа 


опе 60° апг1е. 


Solution First we make a sketch of the triangle and label it as shown іп 
FIGURE 5.1.6. We wish to find a, b, and В. Since a and р are complementary 
angles, a + p = 90? yields 


В = 90° — a = 90" — 60° = 30 


аге given Ше length of the hypotenuse, namely, 


We 
hyp = 44/3 
=’ . To find а, the length of the side 


opposite the angle а = 60°, we select the sine function. From sin а = opp/hyp, 


we obtain 


a 


44/3 


sin60? = Or а = 4V3sin60°. 


4N3 


b 
B чс 
а 
FIGURE 5.1.6 Right triangle in Example 3 
EN 0 — 3 
“841609 = 4/3/2 
ince , we have 


V3 
а = 4V3sin60° = 4V3 — | = 6. 


Finally, to find the length Б of the side adjacent to the 60° angle, we select the 


cosine function. From cos a = adj/hyp, we obtain 


b 
4V3 


ET | ] 
cos60° = 5 


b = 4\/3с0360° = 4V3(3) = 2V3. = 


or b=4V3co0s60°. 


cos60° = 


Because 


In Example 3 once we determined a, we could have found b by using either 
the Pythagorean theorem or the tangent function. In general, there are usually 


several ways to solve a triangle. 


[ Use of a Calculator If angles other than 30°, 459, ог 60? аге involved іп а 
problem, we can obtain approximations of the desired trigonometric function 
values with a calculator. For the remainder of this chapter, whenever an 
approximation is used, we will round the final results to the nearest hundredth 
unless the problem specifies otherwise. To take full advantage of the 
calculators accuracy, store the computed values of the trigonometric 
functions in the calculator for subsequent calculations. If, instead, a rounded 
version of a displayed value is written down and then later keyed back into the 


calculator, the accuracy of the final result may be diminished. 


Solving a Right Triangle 


Solve the right triangle with legs of length 4 and 5. 


Solution After sketching and labeling the triangle as shown in FIGURE 5.1.7, 
we see that we need to find с, а, and р. From the Pythagorean theorem, the 


hypotenuse c is given by 
c = М5 + 4 = VAI = 640. 


A 


B Ус 


л 


FIGURE 5.1.7 Right triangle іп Example 4 


To find р, we use tan f = opp/adj. (By choosing to work with the given 


quantities, we avoid error due to previous approximations.) Thus we һауе 


tan = 5 = 0.8. 


m. 


From a calculator set in degree mode, we find f = 38.66°. Since а = 90? — f, 


we obtain а = 51.34°. 


Exercises 5.1 Answers to selected odd-numbered 
problems begin on page ANS-18. 


In Problems 1-10, find the values of the six trigonometric functions of the 


angle 9 in the given triangle. 


сл 


^ 
* 
a 


FIGURE 5.1.8 Triangle for Problem 1 


FIGURE 5.1.9 Triangle for Problem 2 


b 


и 
6 


FIGURE 5.1.10 Triangle for Problem 3 


FIGURE 5.1.11 Triangle for Problem 4 


л 


[3 


FIGURE 5.1.12 Triangle for Problem 5 


FIGURE 5.1.13 Triangle for Problem 6 


0.4 


FIGURE 5.1.15 Triangle for Problem 8 


№ 


X 
FIGURE 5.1.16 Triangle for Problem 9 


10. 


FIGURE 5.1.17 Triangle for Problem 10 


In Problems 11—22, find the indicated unknowns. Each problem refers to the 
triangle shown in FIGURE 5.1.18. 


В 


a 


FIGURE 5.1.18 Triangle for Problems 11-22 


ik, eredi fne e 00, (6 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


с = 10, 6 =49°: а, р 


(де s | А ас 


(CES = S08 di lb 


b= 1,5), с=з @, th a 


авс 


(ей a= Щ au fice 


ped, 07 Se s алс: 


(іе em De 0, 00,10 


(дее 3 сола (0, di 


210) aie 22195 (0 (5 


a= ШІ, axo 235% fo, © 


In Problems 23 and 24, solve for x in the given triangle. 


23. 


FIGURE 5.1.19 Triangle for Problem 23 


24. 


к 


I—19— 


FIGURE 5.1.20 Triangle for Problem 24 


In Problems 25 and 26, the cube given in the figure has a side of length s. Find 
the angle 0 between the diagonal AC of its base and the diagonal AD of the 


cube (Problem 25) and the angle 0 between the edge AB and the diagonal AD 
of the cube (Problem 26). 


25. 


FIGURE 5.1.21 Cube in Problem 25 


26. 


FIGURE 5.1.22 Cube in Problem 26 


27. Inscribed Right Triangle If a right triangle is inscribed in a circle, then 
its hypotenuse is a diameter of the circle. In FIGURE 5.1.23 the blue dot is the 


center of the circle. Find the area of the red right triangle with sides of length 


а, b, and c inscribed in a unit circle when the angle at vertex A is 54°. 


C 
EJ 


FIGURE 5.1.23 Inscribed right triangle in Problem 27 


28. Isosceles Triangle An isosceles triangle is a triangle with two sides of the 
same length s. As a consequence of this definition, the angles opposite the 
equal sides have the same measure 0. See FIGURE 5.1.24. Express the area А of 


ап isosceles triangle in terms of s and 0. 


29. Equilateral Triangle An equilateral triangle is a triangle with all three 
sides of the same length 5. Аз а consequence of this definition, the angles 
opposite the sides have the same measure 60°. See FIGURE 5.1.25. Express the 


area А of an equilateral triangle as а function of 5. 


FIGURE 5.1.24 Isosceles triangle іп Problem 28 


FIGURE 5.1.25 Equilateral triangle in Problem 29 


30. Stacked Circles Suppose 10 circles, each of radius r, are stacked within 
the red triangle shown in FIGURE 5.1.26. Each circle is externally tangent to its 
neighboring circles and each of the 9 outer circles in the stack is tangent to the 


red line(s). 
(a) Show that the triangle is equilateral. 
(b) Express the length s of side of the triangle as a function of the radius r. 


(c) Use the area formula obtained in Problem 29 and part (b) to express the 


area A of the equilateral triangle as a function of the radius r. 


FIGURE 5.1.26 Stacked circles in Problem 30 


For Discussion 


For Problems 31 and 32, you should be familiar with the concepts and 
notation used in Section 4.11. 


FIGURE 5.1.27 Inscribed n-gon in Problem 31 


31. (a) A regular n-gon is an n-sided polygon inscribed in a circle; the 


polygon is formed by п equally spaced points on the circle. Suppose the 
polygon shown in FIGURE 5.1.27 represents a regular n-gon inscribed in a circle 
of radius ғ. Use right triangle trigonometry to show that the area А(п) of the n- 


gon is given by 


О п „. {27 
A(n) = —r^sin| — |. 
| 2 И 


E 


(b) It stands to reason that the area A(n) approaches the area of the circle as 


the number of sides of the n-gon increases. Compute А100 and А1000. 


(c) Let x = 27/n in A(n) and note that as n > o then x 0). Use (1) of Section 


limA(n) = тг 


4.11 to show that H ЭС 


32. Consider a circle centered at the origin О with radius 1. As shown in 
FIGURE 5.1.28(а), let the shaded region OPR be a sector of the circle with 
central angle t such that 0 < t < 7/2. We see from Figures 5.1.28(b)-(d) that 


area of AOPR < area of sector OPR < area of AOQR. (2) 


(a) Use right triangle trigonometry to show that the area of AOPR is 


Lee 1 +. 
2 ЗІП и that the area of AOQR is 2 tan Г 
zb 


(b) Since the area of a sector of a circle is Р * where г is its 1. 


71! 


апа 0 is measured in radians, it follows that the area of sector OPR is = 
Use this result, along with the areas in part (a), to show that the inequality in 


(2) yields 


. Sin? 
cost < NE < 1. 


(с) Discuss how the preceding inequality proves (1) of Section 4.11 when we 
let t > 0+. 


(a) Unit circle (b) Triangle OPR (с) Sector OPR (4) Right triangle ООК 
FIGURE 5.1.28 Unit circle in Problem 32 


5.2 Applications of Right Triangles 


INTRODUCTION Right triangle trigonometry can be used to solve many 
practical problems, particularly those involving lengths, heights, and 


distances. 


Finding the Height of a Tree 


A kite is caught in the top branches of a tree. If the 90-ft kite string makes an 
angle of 22° with the ground, estimate the height of the tree by finding the 


distance from the kite to the ground. 
Solution Let Л denote the height of the kite. From FIGURE 5.2.1 we see that 


h 


— = sin22? or Л = 90sin22°. 
90 


A calculator set in degree mode gives Л = 33.71 ft. 


FIGURE 5.2.1 Tree іп Example 1 


Length of a Saw Cut 


A carpenter cuts the end of a 4-in.-wide board on a 25? bevel from the 


1 


vertical, starting at a point 2 in. from the end of the board. Find the 
lengths of the diagonal cut and the remaining side. See FIGURE 5.2.2. 


4 іп. 


L 


3. 
EA x 
> 


FIGURE 5.2.2 Saw cut in Example 2 


Solution Let x, y, and z be the (unknown) dimensions, as labeled in Figure 
5.2.2. It follows from the definition of the tangent function that 


X z : E = 
4 = tan 25° so therefore X = 4tan25° == 1.87 in. 


To find y we observe that 


— cos25? $0 у = око = 4.41 in. 


^x 


and x = 187 im. we see that z = 


[ Angles of Elevation and Depression The angle between an observer’s 


Ч 
| 
I [o3 


line of sight to an object and the horizontal is given a special name. As FIGURE 
5.2.3 illustrates, if the line of sight is to an object above the horizontal, the 
angle is called an angle of elevation, whereas if the line of sight is to an 


object below the horizontal, the angle is called an angle of depression. 


Line of sight - 
шонг Angle of 
2 | elevation 
Horizontal 


‚ HF depression 
Line of —. 
sight 


FIGURE 5.2.3 Angles of elevation and depression 


Using Angles of Elevation 


A surveyor uses an instrument called a theodolite to measure the angle of 
elevation between ground level and the top of a mountain. At one point the 
angle of elevation is measured to be 41?. A half kilometer farther from the 
base of the mountain, the angle of elevation is measured to be 37°. How high 


is the mountain? 


Solution Let л represent the height of the mountain. FIGURE 5.2.4 shows that 
there are two right triangles sharing the common side Л, so we obtain two 


equations in two unknowns 2 and Л: 


h . h | 
— —— = {ап37° and — = 140417, 
z + 0.5 2 


0.5 Кп 
<>» 2----- 


FIGURE 5.2.4 Mountain in Example 3 


We can solve each of these for Л, obtaining, respectively, 


h = (т + 0.5)tan 37° and h = ztan4l". 


Equating the last two results gives an equation from which we can determine 


the distance z: 
(z + 0.5 {ап 37° = ztan41°. 


Solving for 2 gives us 


—0.5 tan 37” 
| 70 : A10" 
tan 37” — tan4l 
Using л = z tan 41° we find the height Л of the mountain to be 


—0.5 tan 37° tan 41° 
h = — = 2.83 km. == 
tan37° — tan41° 


Glide Path 


Most airplanes approach San Francisco International Airport (SFO) on a 
straight 3° glide path starting at a point 5.5 mi from the field. A few years ago, 
the FAA experimented with a computerized two-segment approach where a 
plane approaches the field on a 6° glide path starting at a point 5.5 mi out and 
then switches to a 3° glide path 1.5 mi from the point of touchdown. The point 
of this experimental approach was to reduce the noise of the planes over the 
outlying residential areas. Compare the height of a plane P' using the standard 
3? approach with the height of a plane P using the experimental approach 


when both planes are 5.5 mi from the airport. 


Solution For purposes of illustration, the angles and distances shown in 


FIGURE 5.2.5 are exaggerated. 


FIGURE 5.2.5 Glide paths in Example 4 


First, suppose y is the height of plane P' on the standard approach when it is 
5.5 mi out from the airport. As we see in Figure 5.2.5(a), 


y 
5.5 


= (ап 39 ог у = 5.5tan3°. 


Because distances from the airport are measured in miles, we convert y to feet 


o = 


у = 5.5(5280)tan 3^ ft == 1522 ft. 


Now, suppose z is the height of plane P on the experimental approach when it 
is 5.5 mi out from the airport. As shown in Figure 5.2.5(b), z = x + и, so we 


use two right triangles to obtain 


— tan 3? Or x = 1.5 гап 39 


4tan 6°. 


and 1 = їап6 ог w 


Hence the approximate height of plane P at a point 5.5 mi out from the airport 


15 


Z=xt+w 
= [.5tan3? + 4tan6° < | mile = 5280 feet 
= 1.5(5280)tan 3° + 4(5280)tan6° == 2635 ft. 


In other words, plane P is approximately 1113 ft higher than plane P’. 


[ Building a Function Section 2.9 was devoted to setting up or 
constructing functions that were described or expressed in words. As 
emphasized in that section, this is a task that you will surely face in a course 
in calculus. Our final example illustrates a recommended procedure of 
sketching a figure and labeling quantities of interest with appropriate 


variables. 


Functions That Involve Trigonometry 


A plane flying horizontally at an altitude of 2 miles approaches a radar station 
as shown in FIGURE 5.2.6. 


(a) Express the distance d between the plane and the radar station as a 


function of the angle of elevation 0. 


(b) Express the angle of elevation 0 of the plane as a function of the 


horizontal separation x between the plane and the radar station. 


Ground 
Radar station 


FIGURE 5.2.6 Plane in Example 5 
Solution As shown in Figure 5.2.6, 0 is an acute angle in a right triangle. 


(a) We can relate the distance d and the angle 0 by sin 0 = 2/4. Solving for d 
gives 


d(0) = or d(@) = 2с<с0, 


where 0 «0 < 90°. 


(b) The horizontal separation x and 9 are related by tan 0 = 2/x. We make use 


of the inverse tangent function to solve for 0: 


) 
9(х) = tan '—, 


where 0 < x < о. 


Exercises 5.2 Answers to selected odd-numbered 
problems begin on page ANS-18. 


1. A building casts a shadow 20 m long. If the angle from the tip of the 
shadow to a point on top of the building is 69%, how high is the building? 


2. Two trees are on opposite sides of a river, as shown in FIGURE 5.2.7. А 
baseline of 100 ft is measured from tree Ті, and from that position the angle f 
to 7» is measured to be 29.7°. If the baseline is perpendicular to the line 
segment between Ті and 72, find the distance between the two trees. 


FIGURE 5.2.7 Trees and river in Problem 2 


3. A 50-ft tower is located on the edge of a river. The angle of elevation 
between the opposite bank and the top of the tower is 37°. How wide is the 


river? 


4. A surveyor uses a geodometer to measure the straight-line distance from a 
point on the ground to a point on top of a mountain. Use the information given 


in FIGURE 5.2.8 to find the height of the mountain. 


FIGURE 5.2.8 Mountain іп Problem 4 


5. Ап observer on the roof of building A measures a 27? angle of depression 
between the horizontal and the base of building B. The angle of elevation 
from the same point to the roof of the second building is 41.42°. What is the 
height of building B if the height of building A is 150 ft? Assume buildings A 


and В are on the same horizontal plane. 


6. Find the height Л of a mountain using the information given in FIGURE 
5.2.9. 


FIGURE 5.2.9 Mountain in Problem 6 


7. 'The top of a 20-ft ladder is leaning against the edge of the roof of a house. 
If the angle of inclination of the ladder from the horizontal is 51?, what is the 
approximate height of the house and how far is the bottom of the ladder from 
the base of the house? 


8. An airplane flying horizontally at an altitude of 25,000 ft approaches a 
radar station located on a 2000-ft-high hill. At one instant in time, the angle 
between the radar dish pointed at the plane and the horizontal is 57?. What is 
the straight-line distance in miles between the airplane and the radar station at 


that particular instant? 


9. А 5-ті straight segment of a road climbs а 4000-ft hill. Determine the 
angle that the road makes with the horizontal. 


10. A box has dimensions as shown in FIGURE 5.2.10. Find the length of the 
diagonal between the corners P and Q. What is the angle 0 formed between 
the diagonal and the bottom edge of the box? 


FIGURE 5.2.10 Box in Problem 10 


11. Observers in two towns A and B on either side of a 12,000-ft mountain 
measure the angles of elevation between the ground and the top of the 
mountain. See FIGURE 5.2.11. Assuming that the towns and the mountaintop lie 
in the same vertical plane, find the horizontal distance between them. 


FIGURE 5.2.11 Mountain in Problem 11 


12. A drawbridge* measures 7.5 m from shore to shore, and when completely 
open it makes an angle of 43? with the horizontal. See FIGURE 5.2.12(a). When 
the bridge is closed, the angle of depression from the shore to a point on the 


surface of the water below the opposite end is 27°. See Figure 5.2.12(Ъ). 
When the bridge is fully open, what is the distance d between the highest 


point of the bridge and the water below? 


(a) Open bridge (b) Closed bridge 


FIGURE 5.2.12 Drawbridge in Problem 12 


13. A flagpole is located at the edge of a sheer 50-ft cliff at the bank of a river 
of width 40 ft. See FIGURE 5.2.13. An observer on the opposite side of the river 
measures an angle of 9? between her line of sight to the top of the flagpole 
and her line of sight to the top of the cliff. Find the height of the flagpole. 


| — 48&——. 


FIGURE 5.2.13 Flagpole in Problem 13 


14. From an observation site 1000 ft from the base of Mt. Rushmore (һе 
angle of elevation to the top of the sculpted head of George Washington is 
measured to be 80.05°, whereas the angle of elevation to the bottom of his 
head is 79.946°. Determine the height of George Washington's head. 


Bust of George Washington on Mt. Rushmore 
© Paul Fries/ShutterStock, Inc. 


15. The length of a Boeing 747 airplane is 231 ft. What is the plane's altitude 
if it subtends an angle of 2? when it is directly above an observer on the 


ground? See FIGURE 5.2.14. 


Ground 


FIGURE 5.2.14 Airplane in Problem 15 


16. The height of a gnomon (pin) of a sundial is 4 in. If it casts a 6-in. 
shadow, what is the angle of elevation of the Sun? 


17. Weather radar is capable of measuring both the angle of elevation to the 
top of a thunderstorm and its range (the horizontal distance to the storm). If 
the range of a storm is 90 km and the angle of elevation is 4°, can a passenger 


plane that is able to climb to 10 km fly over the storm? 


Sundial 
€ Peter Elvidge/ShutterStock, Inc. 


18. Cloud ceiling is the lowest altitude at which solid cloud is present. The 
cloud ceiling at airports must be sufficiently high for safe takeoffs and 


landings. At night the cloud ceiling can be determined by illuminating the 
base of the clouds with a searchlight pointed vertically upward. If an observer 
is | km from the searchlight and the angle of elevation to the base of the 
illuminated cloud is 8°, find the cloud ceiling. See FIGURE 5.2.15. (During the 
day cloud ceilings are generally estimated by sight. However, if an accurate 
reading is required, a balloon is inflated so that it will rise at a known constant 
rate. Then it is released and timed until it disappears into the cloud. The cloud 
ceiling is determined by multiplying the rate by the time of the ascent; 


trigonometry is not required for this calculation.) 


Cloud cover 


FIGURE 5.2.15 Searchlight in Problem 18 


19. On a rescue flight, a U.S. Coast Guard helicopter approaches a container 
ship at an altitude of 1800 ft as shown in FIGURE 5.2.16. Measured from the 
front the helicopter, the angle of depression of the ship's stern is 35.3? and the 
angle of depression of its bow 18 26.62. Approximately how long is the 
container ship? [Hint: Ignore the height of the bow and stern above sea level.] 


FIGURE 5.2.16 Container ship in Problem 19 


20. From a room on the top floor of a nearby hotel, the angle of elevation to 
the top of the Eiffel Tower is 17.5?; from street level in front of the hotel the 
angle of elevation to the top of the tower is 21.4?. See FIGURE 5.2.17. What is 
the distance from the hotel to the midpoint M, shown in the figure, of the base 
of the tower? Approximately how high is the hotel building? 


FIGURE 5.2.17 Eiffel Tower in Problem 20 


21. The distance between the Earth and the Moon varies as the Moon 
revolves around the Earth. At a particular time the geocentric parallax angle 
shown in FIGURE 5.2.18 is measured to be 1?. Calculate to the nearest hundred 
miles the distance between the center of the Earth and the center of the Moon 
at this instant. Assume that the radius of the Earth is 3963 miles. 


3963 mi 


FIGURE 5.2.18 Angle in Problem 21 


22. Тһе final length of a volcanic lava flow seems to decrease as the elevation 
of the lava vent from which it originates increases. An empirical study of Mt. 
Etna gives the final lava flow length L in terms of elevation / by the formula 


L = 23 — 0.0053Л, 


Mt. Etna 
€ Mary Lane/ShutterStock, Inc. 


where L is measured in kilometers and h is measured in meters. Suppose that 
a Sicilian village at elevation 750 m is on a 10? slope directly below a lava 
vent at 2500 m. See FIGURE 5.2.19. According to the formula, how close will 
the lava flow get to the village? 


23. As shown in FIGURE 5.2.20, two tracking stations 51 and 52 sight a weather 
balloon between them at elevation angles а and р, respectively. Express the 
height л of the balloon in terms of a and f, and the distance c between the 
tracking stations. 


Lava vent 
2500 m 


FIGURE 5.2.19 Lava flow іп Problem 22 


Weather balloon 


FIGURE 5.2.20 Weather balloon in Problem 23 


24. Anentry in a soapbox derby rolls down a hill. Using the information 
given in FIGURE 5.2.21, find the total distance di + d» that the soapbox travels. 


25. Find the height and area of the isosceles trapezoid shown in FIGURE 5.2.22. 


FIGURE 5.2.21 Soapbox in Problem 24 


оз 


0 o 
Ne SA 
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FIGURE 5.2.22 Trapezoid in Problem 25 


26. Ап escalator between the first and second floors of a department store is 


58 ft long and makes an angle of 20? with the first floor. See FIGURE 5.2.23. 


Find the vertical distance between the floors. 


second floor 


FIGURE 5.2.23 Escalator in Problem 26 


27. Recent History According to the online encyclopedia Wikipedia, a 
French helicopter flown by Jean Boulet attained the world's record height of 
12,442 m in 1972. What would the angle of elevation to the helicopter have 
been from a point P on the ground 2000 m from the point directly beneath the 


helicopter? 


28. Ancient History In an article from the online encyclopedia Wikipedia, 
the height Л of the Lighthouse of Alexandria, one of the Seven Wonders of the 


Ancient World built between 280 and 247 B ‘CE, is estimated to have 
been between 393 ft and 450 ft. The article goes on to say that there are 
ancient claims that the light could be seen on the ocean up to 29 miles away. 
Use the right triangle in FIGURE 5.2.24 along with the two given heights h to 
determine the accuracy of the 29 mile claim. Assume that the radius of the 
Earth is r = 3963 mi and s is distance measured in miles on the ocean. [Hint: 
Use 1 ft = 1/5280 mi and (7) of Section 4.1.] 


Artist's rendering of the Lighthouse of Alexandria 
© George Bailey/Dreamstime.com 


Lighthouse 
of Alexandria Beam of light 


Center of 
the Earth 


FIGURE 5.2.24 Lighthouse in Problem 28 


29. Really Ancient History The Great Pyramid of Giza completed around 


2560 B СЕ. believed to be the tomb of the Pharaoh Khufu (АКА 


Cheops), is one of the Seven Wonders of the Ancient World. The pyramid has 
a square base with length 756 ft on a side and height 481 ft. 


(a) Find the angle of inclination 0 shown in FIGURE 5.2.25 that a side face of 


the pyramid makes with the ground. 


(b) In one of several theories on how the pyramid was constructed, workers 
pulled massive stone blocks up an inclined ramp made out of mud bricks and 
stone rumple. See Figure 5.2.25(b). The height and width of the ramp had to 
be changed as the height of the pyramid increased. Suppose at the point when 
the unfinished pyramid was 300 ft high, the base of the ramp measured 984 ft. 
What was the angle of inclination ф of the inclined ramp indicated in Figure 
5.2.25(b)? What was the length of the ramp at the 300 ft stage? [Hint: Look at 
Figure 5.2.25(b) in cross section and use part (а). 


The Great Pyramid of Giza 


€ PRILL/ShutterStock, Inc. 


FIGURE 5.2.25 Pyramid in Problem 29 


30. Medieval History The construction of the campanile, or bell tower, for 


the Cathedral of Pisa, Italy began in 1173 С.Е. After the construction of the 


second floor one side of its base started sinking into the soft marshy ground. 
Because it continued to sink long after the completion of its construction in 


1372 C.E. the campanile came to be dubbed the Leaning Tower of Pisa. 
Over the centuries the tower has defied many ingenious attempts to correct its 
tilt, but after the most recent restoration in 2001 the tower leans at angle 3.99? 
(corrected from 5.5?) measured from the vertical. This angle is shown in 
FIGURE 5.2.26 along with the heights, measured from the ground, of the high 
and low sides of tower belfry. Find the horizontal displacement d of the center 
P of the roof of the belfry from the vertical. [Hint: Keep in mind that the 
height of the point P measured from the ground is neither of the two heights 


given in the figure.] 


Leaning Tower of Pisa 


€ Drozdowski/ShutterStock, Inc. 


186.02 ft 183.27 ft 


FIGURE 5.2.26 Displacement d of the point P on the belfry roof in 
Problem 30 
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FIGURE 5.2.27 Searchlight in Problem 32 


In Problems 31—34, proceed as in Example 5 and translate the words into an 
appropriate function. 


31. A tracking telescope, located 1.25 km from the point of a rocket launch, 
follows a vertically ascending rocket. Express the height / of the rocket as a 


function of the angle of elevation 0. 


32. A searchlight one-half mile offshore illuminates a point P on the shore. 
Express the distance d from the searchlight to the point of illumination P as a 
function of the angle 0 shown in FIGURE 5.2.27. 


33. A statue is placed on a pedestal as shown in FIGURE 5.2.28. Express the 


viewing angle 0 as a function of the distance x from the pedestal. 


FIGURE 5.2.28 Viewing angle in Problem 33 


34. A woman on an island wishes to reach a point Ё on a straight shore on the 
mainland from a point P on the island. The point P is 9 mi from the shore and 
15 mi from point R. See FIGURE 5.2.29. If the woman rows a boat at a rate of 3 
mi/h to a point Q on the mainland, then walks the rest of the way at a rate of 5 
mi/h, express the total time it takes the woman to reach point Ё as a function 


of the indicated angle 0. [Hint: Distance - rate x time.] 


FIGURE 5.2.29 Woman rowing to shore іп Problem 34 


For Discussion 


35. Consider the blue rectangle circumscribed around the red rectangle in 
FIGURE 5.2.30. With the aid of calculus it can be shown that the area of the blue 
rectangle is greatest when 0 = 7/4. Find this area in terms of a and b. 


36. Home heating oil is often stored in a right circular cylindrical tank of 
diameter D that rests horizontally. As FIGURE 5.2.31 shows, the depth of the oil 
can be measured by inserting a dipstick down a vertical diameter. If the 
dipstick indicates that the depth of the oil is d inches, then show that the 
volume V of the oil is given by 


КЕ ЕЕЕ 


where Vois the volume of the tank. Although not necessary, assume for 


и = 


simplicity that the tank is less than half full as shown in the figure. 


b 


{2 


FIGURE 5.2.30 Rectangles in Problem 35 


Dipstick --, 


FIGURE 5.2.31 Oil tank in Problem 36 


37. Circular Segment A circular segment is the ne egon formed between a 


chord AB of a circle and its associated arc А В This is the light red 
region in FIGURE 5.2.32. For a circle of fixed radius r, express the area of a 


circular segment as a function of the central angle 0, where 0 «0 < л. 


FIGURE 5.2.32 Circular segment in Problem 37 


38. Intersection of Circles-Again The centers of the red and blue circles in 
FIGURE 5.2.33 are В and C and have coordinates (xo, yo) апа (xi, y1), 
respectively. Let d denote the distance between the centers. 


(a) Suppose each circle has radius r. Use a triangle in Figure 5.2.33(b) to 
express the area A of the intersection of the circles, the yellow region in the 


Figure 5.2.33(a), in terms of r and 0. 


(b) Show that the answer to Problem 95 in Exercises 4.1 is special case of the 
area formula in part (a). 


(c) Find area of the intersection of the circles 


(x—4) + (у= 4) = 9 and (х- 6)? *(y—8) = 9. 


(а) (b) 


FIGURE 5.2.33 Intersecting circles in Problem 38 


5.3 Law of Sines 


INTRODUCTION In Section 5.1 we saw how to solve right triangles. In this 
and the next section we consider two techniques for solving an oblique 
triangle, that is, a triangle that has no right angle. An oblique triangle has 


either three acute angles or two acute angles and an obtuse angle. 


[ Area of an Oblique Triangle Before introducing the principal topic of 


this section, let us first examine a familiar area problem. From geometry we 


know that the area A of any triangle 18 


” үүсэн ? n аз 
А = (баас X height) 
r4 с ^. In the case of 
an oblique triangle we must generally use trigonometry to obtain the height Л. 
As shown in FIGURE 5.3.1(a) we begin by constructing an altitude with length 
hı in the blue triangle from vertex B to side AC. From the right triangle whose 


hypotenuse has length c we see that 


hy 
— — sina and so h; = c sin а. (1) 
с 


Next, in Figure 5.3.1(b) let h2 denote the length of the altitude from vertex С 
to side AB. Then from the right triangle whose hypotenuse has length a we get 


hy 
ri = sin В and so һ = asin В. (2) 
Р 2 


Finally, by constructing ап altitude from vertex А to side BC we see from 


Figure 5.3.1(c) that its length лз can be expressed in terms sin y: 


— — sin y and so h, = bsin y. (3) 


А = (Базе X height) 
Using i 2 а >< us Ig 1 Гог Ше 
three heights hı, h2 and hs іп (1), (2), and (3) along with the respective bases 


of lengths b, c and a the area A of the oblique triangle can be expressed in 


terms of the lengths of two sides and the included angle: 


1 1 1 
А = спа, А = А” 511 В, A= Гай біп 7. (4) 


FIGURE 5.3.1 Oblique triangle with three acute angles 


Although we used an oblique triangle in which all angles were acute, the 


results in (4) are equally valid for a triangle with an obtuse angle. 


The formulas in (4) are certainly useful in their own right in finding area, but 


coincidentally we have proved a more important result. 


[ Law of Sines Consider the oblique triangle ABC, shown in FIGURE 5.3.2, 


with angles а, В, and y, and sides BC, АС, and AB with corresponding lengths 
а, b, and c. If we know the length of one side and two other parts of the 


triangle, that is, either 
* one side and two angles (SAA or ASA), or 
* two sides and an angle opposite one of the sides (SSA), 


then the remaining three parts can be found using the Law of Sines. 


а 


FIGURE 5.3.2 Oblique triangle 


THEOREM 5.3.1 Law of Sines 


Suppose angles a, B, and y, and opposite sides of length a, b, and 


c are as shown in Figure 5.3.2. Then 


sina sing _ siny 


Because the three formulas in (4) give the same area we see immediately that 


| 
—bc sin а = —ас sin В = —ab sin v. 
р, 5 В 5 y 


| 
sabe 


By dividing each term in this double equality by & we obtain (5). 


Solving an Oblique Triangle (SAA) 


Find the remaining parts of the triangle shown in FIGURE 5.3.3. 


FIGURE 5.3.3 Triangle іп Example 1 


Solution Let р = 20°, a = 130°, and b = 6. Because the sum of the angles in a 
triangle is 180? we have y + 20° + 130 = 180° and so у= 180° — 20° — 130° = 
309. From (5) we then see that 


sin 130° sin 20° sin 30^ 
= - . (6) 
а 6 C 


We use the first equality in (6) to solve for a: 


sin 130° | 
а = 6—— == 13.44. 
sin 20° 


Тһе second equality in (6) gives с: 


sin 309 
p-6.- — w877 = 


sin20° 


Height of a Building (ASA) 


A building is situated on the side of a hill that slopes downward at an angle of 
15°. The Sun is uphill from the building at an angle of elevation of 42°. Find 
the building’s height if it casts a shadow 36 ft long. 


Solution Denote the height of the building on the downward slope by h and 
construct a right triangle QPS as shown in FIGURE 5.3.4. Now a + 15° = 42° so 
that а = 27°. Since AQPS is a right triangle, у + 42° = 90° gives y = 90° — 42° 
= 48°. From the Law of Sines (5), 


81279  sin48^ 2, 511279 


- js = 21.99 ft. = 
h 336 удав? 
Light beam 
“ 
N 
29 
4290, 0 


Building 


FIGURE 5.3.4 Triangle QPS in Example 2 


In Examples 1 and 2, where we were given two angles and a side opposite 
one of these angles, each triangle had a unique solution. However, this may 
not always be true for triangles where we know two sides and an angle 


opposite one of these sides. The next example illustrates the latter situation. 


Two Triangles (SSA) 


Find the remaining parts of the triangle with f = 50°, b = 5, and c = 6. 
Solution From the Law of Sines, we have 


sin50^  siny 6. 
= = — or siny = —sin50? == 0.9193. 
5 6 5 


(а) 


(5) 


FIGURE 5.3.5 Triangles іп Example 3 


From a calculator set in degree mode, we obtain y = 66.82°. At this point it is 
essential to recall that the sine function is also positive for second quadrant 
angles. In other words, there is another angle satisfying 0° < y s 180? for 
which sin y « 0.9193. Using 66.82? as a reference angle we find the second 
quadrant angle to be 180° — 66.82? = 113.18°. Therefore, the two possibilities 
for y are у! = 66.82? and y» = 113.18°. Thus, as shown in FIGURE 5.3.5, there 


are two possible triangles АВС! апа АВС: satisfying the given three 


conditions. 


To complete the solution of triangle АВС! (Figure 5.3.5(a)), we first find ai = 
180° — yı — for ai = 63.18°. To find the side opposite this angle we use 


sin63.18° sin 50° : | -( sin63.18^ 
= which gives ал5|----- 
а 5 sin 50^ 
(ӘРІ es 5102. 


То complete the solution of triangle ABC» (Figure 5.3.5(b)), we find a» = 180° 
—y-fora» = 16.82°. Then from 


= - we find а = = ERO 
sin 50° 


a 
3 
л 


sin16.82° 811509 (= ШАУ 


[ Ambiguous Case When solving triangles, the situation where two sides 


and an angle opposite one of these sides are given (SSA) is called the 
ambiguous case. We have just seen in Example 3 that the given information 
may determine two different triangles. In the ambiguous case other 
complications can arise. For instance, suppose that the length of sides AB and 
AC (that is, c and b, respectively) and the angle В in triangle ABC аге 
specified. As shown in FIGURE 5.3.6, we draw the angle р and mark off side AB 
with length c to locate the vertices А and В. The third vertex С is located on 
the base by drawing an arc of a circle of radius b (the length of AC) with 
center A. As shown in FIGURE 5.3.7, there are four possible outcomes of this 


construction: 


FIGURE 5.3.6 Horizontal base, the angle В, and side АВ 
* Тһе arc does not intersect the base and no triangle is formed. 


* Тһе arc intersects the base in two distinct points Ci and С» and two triangles 


are formed (as in Example 3). 
* Тһе arc intersects the base іп one point and one triangle is formed. 
* Тһе arc is tangent to the base and a single right triangle is formed. 


А A A A 
bog ү 
f Ху ё 5 é 5 | J|, 
B ^ A (А 2 
B B <a B B н 
€ с; we С 


(а) No triangle (b) Two triangles (е) Single triangle (d) Right triangle 


FIGURE 5.3.7 Solution possibilities for the ambiguous case in the 
Law of Sines 


Determining the Parts of a Triangle (SSA) 


Find the remaining parts of the triangle with р = 40°, b = 5, and c = 9. 


Solution From the Law of Sines (1), we have 


sin40° siny . 9. _ 
=— = and so siny = zsin40^ == 1.1570. 
5 9 5 


Since the sine of any angle must be between –1 and 1, sin y = 1.1570 is 


impossible. This means the triangle has no solution; the side with length b is 


not long enough to reach the base. This is the case illustrated in Figure 


5.3.Т(а). 
[Ман 


Exercises 5.3 Answers to selected odd-numbered 
problems begin on page ANS-19. 


In Problems 1-4, find the area A of the given triangle. 


B 


18.8 


FIGURE 5.3.8 Triangle for Problem 1 


FIGURE 5.3.9 Triangle for Problem 2 


10 16 
B © 


FIGURE 5.3.10 Triangle for Problem 3 


7.7 


8.1 


FIGURE 5.3.11 Triangle for Problem 4 


In Problems 5—20, use the Law of Sines to solve the triangle. 


In Problems 5-20, refer to Figure 5.3.2. 


5. а=80°, В= 20°, b — 7 


C= 60296 ПБ)? (Өсе 30 


Io ff SI Vest. @=5 


8. @=30°ўу=75°,@=6 


УВ pesce es 


10, @= ПОР, (зе 9) (өтеді 


Jil. =. oT. eos 


12. 8= 110°, у= 25°, а= 14 


13. MS @ So с=з 


ПА 015555 (085211 c= ils 


їз. у=150°р=7с=5 


Its eie 3s (ше bs» 


Т6 = 30а = M DIT 


18. а= 1402 у= 20 c= 12 


П те ЛОР. лені ее 27 
2050 75 ре), | ке 
In Problems 21 and 22, solve for x in the given triangle. 


21. 


FIGURE 5.3.12 Triangle for Problem 21 


22. 


FIGURE 5.3.13 Triangle for Problem 22 
Applications 


23. Length of a Pool A 10-ft rope that is available to measure the length 
between two points A and B at opposite ends of a kidney-shaped swimming 
pool is not long enough. A third point C is found such that the distance from A 
to C is 10 ft. It is determined that angle ACB is 115° and angle ABC is 35°. 
Find the distance from A to B. See FIGURE 5.3.14. 


FIGURE 5.3.14 Pool іп Problem 23 


24. Width of a River Two points A and B lie on opposite sides of a river. 
Another point C is located on the same side of the river as B at a distance of 
230 ft from B. If angle ABC is 105? and angle АСВ is 209, find the distance 


across the river from A to B. 


25. Length of a Telephone Pole A telephone pole makes an angle of 82? 
with the level ground. As shown in FIGURE 5.3.15, the angle of elevation of the 
Sun is 76°. Find the length of the telephone pole if its shadow is 3.5 m. 
(Assume that the tilt of the pole is away from the Sun and in the same plane as 
the pole and the Sun.) 


431% 


Жал Shadow 


FIGURE 5.3.16 Sloping sidewalk in Problem 26 


26. Not on the Level А man 5 ft 9 in. tall stands on a sidewalk that slopes 
down at a constant angle. A vertical street lamp directly behind him causes his 
shadow to be 25 ft long. The angle of depression from the top of the man to 
the tip of his shadow is 31?. Find the angle a, as shown in FIGURE 5.3.16, that 


the sidewalk makes with the horizontal. 


27. How High? If the man in Problem 26 is 20 ft down the sidewalk from the 
street lamp, find the height of the light above the sidewalk. 


28. Plane with an Altitude Angles of elevation to an airplane are measured 
from the top and the base of a building that is 20 m tall. The angle from the 
top of the building is 38°, and the angle from the base of the building is 40°. 
Find the altitude of the airplane. 


29. Angle of Drive The distance from the tee to the green on a particular golf 
hole is 370 yd. A golfer hits his drive and paces its distance off at 210 yd. 
From the point where the ball lies, he measures an angle of 160? between the 
tee and the green. Find the angle of his drive off the tee measured from the 


dashed line from the tee to the green shown in FIGURE 5.3.17. 


FIGURE 5.3.17 Angle of drive in Problem 29 
30. In Problem 29, what is the distance from the ball to the green? 


31. Help! One Coast Guard vessel is located 4 nautical miles due south of a 
second Coast Guard vessel when they receive a distress signal from a sailboat. 
To offer assistance, the first vessel sails on a bearing of S50?E at 5 knots and 
the second vessel sails 510°Е at 10 knots. Which one of the Coast Guard 
vessels reaches the sailboat first? [Hint: The concept of bearing is reviewed on 
page 323.] 


5.4 Law of Cosines 


INTRODUCTION In the right triangle shown in FIGURE 5.4.1, the length c of 
the hypotenuse is related to the lengths a and b of the other two sides by the 


Pythagorean theorem 


b 


B = Е 


FIGURE 5.4.1 Right triangle 


In this section we will see that (1) is just a special case of a general formula 


that relates the lengths of the sides of any triangle. 


[ Law of Cosines An oblique triangle, such as that in FIGURE 5.4.2, for 


which we know either 
* three sides (SSS), or 


* two sides and the included angle (that is, the angle formed by the given 
sides) (SAS), 


cannot be solved directly using the Law of Sines. The Law of Cosines that we 
consider next can be used to solve triangles in these two cases. Like the Law 
of Sines, (5) of Section 5.3, the Law of Cosines is valid for any oblique 


triangle, but for convenience we prove the last two equations in (2) using a 


triangle in which the angles а, В, and y, аге acute. 


a 


FIGURE 5.4.2 Oblique triangle 


THEOREM 5.4.1 Law of Cosines 


Suppose angles, a, B, and y, and opposite sides of length a, b, 
and c are as shown in Figure 5.4.2. Then 


a’ = b^ t c^ — 2bccosa 


b'— a^ t c^ — 2ac cos B 


2 


с? = а? + b — 2а6 cos у 


PROOF: Let P denote the point where the altitude from the vertex А 
intersects side BC. Then, since both ABPA and ACPA in FIGURE 5.4.3 are right 


triangles we have from (1), 


Acute triangle 


c? = № + (ccosB)? (3) 


and b = h? + (beosy)’. (4) 


Now the length of BC is a = c cos £ + b cos узо that 


ссоѕВ = a — bcosy. (5) 


Moreover, from (4), 


2 


I? = b? — (bcosy) (6) 


Substituting (5) and (6) into (3) and simplifying yields the third equation in 
(2): 


с? = p — (bcosy)? + (а — bcosy)? 
= p? — b?cos?y + а? — 2abcosy + b?cos?y 
ог с? = а? +b — 2abcosy. (7) 


Note that equation (7) reduces to the Pythagorean theorem (1) when y= 90°. 


Similarly, if we use b cos y = a — c cos f and h2 = c» — (c cos fl» to eliminate b 


cos y and / in (4), we obtain the second equation in (2). 


Solving an Oblique Triangle (SAS) 


Find the remaining parts of the triangle shown in FIGURE 5.4.4. 


A 


FIGURE 5.4.4 Triangle in Example 1 


Solution First, if we call the unknown side b and identify a = 12, c = 10, and 


В = 26°, then from the second equation in (2) we can write 


bD? = (127 + (10)? — 2(12)(10)cos 26°. 


Therefore, b» = 28.2894 and so b = 5.32. 


Next, we use the Law of Cosines to determine the remaining angles in the 
triangle in Figure 5.4.4. If y is the angle at the vertex C, then the third 


equation in (2) gives 


10° = 12? (5.32) — 2(12)(5.32) cosy Or cosy = 0.5663. 


With the aid of a calculator and the inverse созше we find y = 55.51°. Note 


that since the cosine of an angle between 90? and 180° is negative, there is no 
need to consider two possibilities as we did in Example 3 in Section 5.3. 
Finally, the angle at the vertex А is а = 180? — 3 – рога = 98.49°. 


In Example 1, observe that after b is found, we know two sides and an angle 
opposite one of these sides. Hence we could have used the Law of Sines to 


find the angle y. 


In the next example we consider the case in which the lengths of the three 


sides of a triangle are given. 
Determining the Angles in a Triangle (SSS) 


Find the angles а, р, and y in the triangle shown in FIGURE 5.4.5. 


A 


FIGURE 5.4.5 Triangle in Example 2 


Solution We use the Law of Cosines to find the angle opposite the longest 
side: 


9? = 6 + 7 — 2(6)(7) cosy ог COSY = эт. 


A calculator then gives у = 87.27°. Although we could use the Law of 


Cosines, we choose to find f by the Law of Sines: 


sinf sin87.27° 


6 : . - 
( 9 ог sing = Кыш 87.27? == 0.6659. 
5 


Since y is the angle opposite the longest side it is the largest angle in the 
triangle, so В must be an acute angle. Thus, sin f = 0.6659 yields В = 
41.75°. Finally, from a = 180° — В — y we find а = 50.98°. 


[ Bearing In navigation directions are given using bearings. A bearing 


designates the acute angle that a line makes with the north-south line. For 
example, FIGURE 5.4.6(a) illustrates a bearing of S40°W, meaning 40 degrees 
west of south. The bearings in Figures 5.4.6(b) and 5.4.6(c) are N65°E and 
S80°E, respectively. 


S40^W 5 


(а) (b) (c) 


FIGURE 5.4.6 Three examples of bearings 


Bearings of Two Ships (SAS) 


Two ships leave a port at 7:00 АМ, one traveling at 12 knots (nautical miles 


per hour) and the other at 10 knots. If the faster ship maintains a bearing of 
N47°W and the other ship maintains a bearing of S20°W, what is their 


separation (to the nearest nautical mile) at 11:00 AM that day? 


Solution Since the elapsed time is 4 hours, the faster ship has traveled 4 - 12 = 


48 nautical miles from port and the slower ship 4 - 10 - 40 nautical miles. 


Using these distances and the given bearings, we can sketch the triangle (valid 


at 11:00 АМ) shown in FIGURE 5.4.7. Іп the triangle, c denotes the distance 


separating the ships and y is the angle opposite that side. Since 47° + y 20° = 
180? we find у- 113*. Finally, the Law of Cosines 


= 48? + 40? — 2(48)(40)cos 1132, 


gives c2 = 5404.41 orc = 73.51. Thus the distance between the ships (to the 


nearest nautical mile) is 74 nautical miles. 


FIGURE 5.4.7 Ships in Example 3 


NOTES FROM THE CLASSROOM 


(і) An important first step in solving a triangle is determining 
which of the three approaches we have discussed to use: right 
triangle trigonometry, the Law of Sines, or the Law of Cosines. 
The following table describes the various types of problems and 
gives the most appropriate approach for each. The term oblique 
refers to any triangle that is not a right triangle. 


О Roman Sigaev/ShutterStock, Inc. 


(ii) Неге are some additional bits of advice for solving triangles. 


* Students will frequently use the Law of Sines when a right 
triangle trigonometric function could have been used. A right 
triangle approach is the simplest and most efficient. 


* In applying the Law of Sines, if you obtain a value greater than 
1 for the sine of an angle, there is no solution. 


* In the ambiguous case of the Law of Sines, when solving for 
the first unknown angle, you must consider both the acute angle 
found from your calculator and its supplement as possible solutions. 


Тһе supplement will be а solution if the sum of the supplement 
and the angle given in the triangle is less than 180°. 


* When three sides are given, check first to see whether the 
length of the longest side is greater than or equal to the sum of 
the lengths of the other two sides. If it is, there can be no 
solution (even though the given information indicates a Law of 
Cosines approach). This is because the shortest distance between 
two points is the length of the line segment joining them. 


Exercises 5.4 Answers to selected odd-numbered 
problems begin on page ANS-19. 


In Problems 1-16, use the Law of Cosines to solve the triangle. 
In Problems 1-16, refer to Figure 5.4.2. 
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Applications 


17. How Far? A ship sails due west from a harbor for 22 nautical miles. It 
then sails S62°W for another 15 nautical miles. How far is the ship from the 


harbor? 


18. How Far Apart? Two hikers leave their camp simultaneously, taking 
bearings of N42°W and S20°E, respectively. If they each average a rate of 5 
km/h, how far apart are they after 1 h? 


19. Bearings On a hiker's map point A is 2.5 in. due west of point B and 
point C is 3.5 in. from B and 4.2 in. from A, respectively. See FIGURE 5.4.8. 
Find (a) the bearing of A from C, and (b) the bearing of B from C. 


4.2 in. 


A 


2.5 Іп. 


FIGURE 5.4.8 Triangle in Problem 19 


20. How Long Will It Take? Two ships leave port simultaneously, one 
traveling at 15 knots and the other at 12 knots. They maintain bearings of 
S42°W апа S10°E, respectively. After 3 h the first ship runs aground and the 


second ship immediately goes to its aid. 


(a) How long will it take the second ship to reach the first ship if it travels at 
14 knots? 


(b) What bearing should it take? 


21. A Robotic Arm A two-dimensional robot arm “knows” where it is by 
keeping track of a “shoulder” angle а and an “elbow” angle р. As shown in 
FIGURE 5.4.9, this arm has a fixed point of rotation at the origin. The shoulder 
angle is measured counterclockwise from the x-axis, and the elbow angle is 
measured counterclockwise from the upper to the lower arm. Suppose that the 
upper and lower arms are both of length 2 and that the elbow angle f is 
prevented from "hyperextending" beyond 180°. Find the angles a and £ that 
will position the robot’s hand at the point (1,2). 


FIGURE 5.4.9 Robotic arm in Problem 21 


22. Which Way? Two lookout towers are situated on mountain tops A and B, 
4 mi from each other. A helicopter firefighting team is located in a valley at 
point C, 3 mi from A and 2 mi from B. Using the line between A and B as a 
reference, a lookout spots a fire at an angle of 40? from tower A and 82? from 
tower B. See FIGURE 5.4.10. At what angle, measured from CB, should the 
helicopter fly in order to head directly for the fire? 


23. Making a Kite For the kite shown in FIGURE 5.4.11, use the Law of 
Cosines to find the lengths of the two dowels required for the diagonal 
supports. 


FIGURE 5.4.10 Fire in Problem 22 


80 ст 80 ст 


FIGURE 5.4.11 Kite іп Problem 23 


24. Bermuda Triangle The Bermuda Triangle, also known as the Devil's 
Triangle, is a triangular patch of the Atlantic Ocean where it is claimed by 
some to be a place of paranormal activities. This claim is bolstered by the fact 
that, over the years, many planes and ships have disappeared without a trace 
within this region. The three vertices of the triangle are generally taken to be 
at Miami (Florida), San Juan (Puerto Rico), and the islands of Bermuda. See 
FIGURE 5.4.12. The distance from Miami to Bermuda is 1035 mi, the distance 
from Bermuda to San Juan is 962 mi, and the distance from San Juan to 
Miami is 1033 mi. 


(a) Find the three acute angles in the triangle. 
(b) Determine the approximate area of the triangle. 


25. Playing Hardball (a) A professional baseball diamond is a square 90 feet 
on a side with a base at each vertex. The rubber (or plate) on the pitcher's 
mound is 60.5 ft from home base on the line between home base and second 
base. See FIGURE 5.4.13. What is the distance s between the pitching rubber 


and first base? 


(b) In softball (where the ball is not soft), the dimensions of the diamond vary 
according to age and gender of the players and whether it is fast pitch or slow 

pitch. What is the distance s for fast-pitch women's college softball where the 
diamond is 60 ft on a side and the distance from home base to the pitching 


rubber is 43 ft? 


Atlantic ocean 


Bermuda 
triangle 


FIGURE 5.4.12 Bermuda Triangle in Problem 24 
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FIGURE 5.4.13 Triangle for Problem 25 


26. On the Clock Suppose the lengths of the minute and hour hands of an 


analog clock are 6 inches and 4.5 inches, respectively. Find the distance d 


between the tips of the minute and hour hands at 4 PM. 
For Discussion 


27. Heron's Formula Use the Law of Cosines to derive the formula 


А = Vs(s — а)(ѕ — Б)(5 — с). 


for the area of a triangle with sides a, b, c where 


5 - > Ч T b T C ) This formula is 


named after the Greek mathematician an inventor Heron of Alexandria (c. 


20—62 С.Е) but should actually be credited to Archimedes. 


28. Garden Plot Use Heron's formula in Problem 27 to find the area of a 
triangular garden plot if the lengths of the three sides are 25, 32, and 41 m, 


respectively. 


29. Corner Lot Find the area of the irregular corner lot shown in FIGURE 
5.4.14. [Hint: Divide the lot into two triangular lots as shown and then find the 
area of each triangle. Use Heron's formula in Problem 27 for the area of the 


acute triangle.] 


125 ft 


88.2 ft 


50.2 ft 


FIGURE 5.4.14 Corner lot in Problem 29 


30. Use Heron's formula in Problem 27 to find the area of a triangle with 
vertices located at (3, 2), (-3, —6), and (0, 6) in a rectangular coordinate 
system. 


31. Blue Man The effort in climbing a flight of stairs depends largely on the 
flexing angle of the leading knee. A simplified blue stick-figure model of a 
person walking up a staircase indicates that the maximum flexing of the knee 
occurs when the back leg is straight and the hips are directly over the heel of 
the front foot. See FIGURE 5.4.15. Show that 


cos Ө = EN-E + (T/ay — (К/ау _ A 


FIGURE 5.4.15 Blue man in Problem 31 


where 0 is the knee joint angle, 2a is the length of the leg, К is the rise of a 
single stair step, and T is the width of a step. [Hint: Let h be the vertical 
distance from hip to heel of the leading leg, as shown in the figure. Set up two 
equations involving Л: one by applying the Pythagorean theorem to the right 
triangle outlined in color and the other by using the Law of Cosines on the 


angle 0. Then eliminate h and solve for cos 0.] 


32. For a triangle with sides of lengths a, b, and c and yis the angle opposite 
c we have seen on page 322 that when y is a right angle the Law of Cosines 
reduces to the Pythagorean theorem c? = аг + b». How is с: related to a2 + b» 


when 


(a) yis an acute angle 


(b) yis an obtuse angle? 


33. Intersection of Circles-Finale The centers of the red and blue circles in 
FIGURE 5.4.16 are В and C and have coordinates (хо, yo) and (xi, ут), 
respectively. Let d denote the distance between the centers. In Problem 95 in 
Exercises 4.1 and in Problem 38 in Exercises 5.2 you were asked to find the 
area of the intersection of two circles when each circle had the same radius r. 


Now suppose that the radii of the circles are ro and ri, ro # ri. 


(a) Use a triangle in Figure 5.4.16 to find a general formula for the area of the 


intersection of the circles in terms of ro, rı, 0, and ф. 


(b) Find area of the intersection of the circles 


(х= 4) + (у= 5) =4 ша (х= 6) + (у – 8) = 9. 


FIGURE 5.4.16 Intersecting circles in Problem 33 


34. Rhombus A rhombus is a parallelogram in which the four sides have the 
same length s. See FIGURE 5.4.17. Since there is no agreement on whether a 


square is a rhombus, for purposes of this problem we will exclude it. In a 


rhombus opposite angles are equal — acute angles at vertices В and D and 


obtuse angles at A and B. The acute and obtuse angles are supplementary. 


A D 


B 5 E 


FIGURE 5.4.17 Rhombus in Problem 34 


(a) Use geometry to show that the area of a rhombus is the product of the 
base times the height, that is, А = sh. 


(b) Use trigonometry to show that the area of a rhombus is А = 52 sind, where 
0 is any of the four interior angles. Explain why this area formula is valid for 


any vertex angle in the rhombus. 


= 4,4 
(c) Show that the area of a rhombus is А 20 | ( 2] whe 
and d» are the lengths of the line segments, or diagonals, AC and BD. 


re di 


(d) Use geometry to show the diagonals connecting opposite vertices bisect 


the vertex angles. 


(e) Use trigonometry to show that the diagonal lines are perpendicular. [Hint: 
See Problem 76 in Exercises 4.8.] 


35. Quadrilateral A quadrilateral (AKA quadrangle) is a any polygon with 
four sides. The rhombus discussed in Problem 34 is a quadrilateral. Discuss 
how to find the area of the quadrilateral given in FIGURE 5.4.18. Carry out your 


ideas. 


FIGURE 5.4.18 Quadrilateral іп Problem 35 


5.5 Vectors and Dot Product 


Calculus 
PREVIEW 


INTRODUCTION Approximately the last one-third of a typical course in 
calculus deals with the concept and applications of vectors in two and three 
dimensions. In order to describe certain physical quantities accurately, we 
must have two pieces of information: a magnitude and a direction. For 
example, when we discuss the flight of an airplane both its speed and its 
heading are important. Quantities that involve both magnitude and direction 
are represented by vectors. In this section we will survey some basic 
definitions and operations on vectors that lie in the coordinate plane or 2- 


space. 


[ Terminology In science, mathematics, and engineering we distinguish 


two important quantities: scalars and vectors. A scalar is simply a real 


number and is generally represented by a lowercase italicized letter, such as a, 


К, or x. Scalars may be used to represent magnitudes and may have specific 
units attached to them; for example, 80 feet, 10 Ib, or 20? Celsius. On the 
other hand, a vector, or displacement vector, may be thought of as an arrow 
or directed line segment (a line with a direction specified by an arrowhead) 
connecting points A and B in 2-space. The tail of the arrow is called the initial 
point and the tip of the arrow is called the terminal point. As shown in 
FIGURE 5.5.1, a vector is usually denoted by a boldfaced letter such as u or v, 


or if we wish to emphasize the initial and terminal points A and B, by the 


symbol A B . Thus, in contrast to a scalar which has only magnitude, a 


vector has both magnitude and direction. The magnitude of a vector is its 


length, that is, the distance between its initial and terminal points. The 


p= of vector is denoted by |u| or АБ 


m and CD are said to be equal, written 


Ch 
A if they have both the same magnitude and 
the same В = as shown іп FIGURE 5.5.2. Thus vectors сап be translated 


. Two vectors 


from one position to another so long as neither the magnitude nor the 


direction is changed. 
B 
Terminal 
point 


Initial 
А point 


FIGURE 5.5.1 Directed line segment іп 2-space 


B D 


FIGURE 5.5.2 Equal vectors 


y Р(х, y) 


FIGURE 5.5.3 Position vector 


Because we can move a vector provided its magnitude and its direction are 
unchanged, we can place the initial point at the origin. Then, as shown in 
FIGURE 5.5.3, the terminal point P will have rectangular coordinates (x, y). 


Conversely, every ordered pair of real numbers (x, y) determines a vector 


— 


O Р ‚ Where P has rectangular coordinates (x, y). Thus we һауе a one- 
to-one correspondence between vectors and ordered pairs of real numbers. We 


say that u () Р is the position vector of the point Р(х, y) 


and is written 


OP — (x, y). 


In general, any vector in the plane can be identified with a unique position 
vector u = (ai, a2). The numbers ai and а are said to be the components of 
the position vector и and the notation (a1, a2) is called the component form of 


a vector. 


Since the magnitude of (ai, a2) is the distance from the point (ai, az) to the 


origin, we define the magnitude |u| of the vector и = (ai, a2) to be 
lu = Ма? + а. (1) 


The zero vector, denoted by 0, is defined by the component form 0 = (0, 0). 
Тһе magnitude of the zero vector is zero. The zero vector is not assigned any 


direction. 


Let и = (x, y) be a nonzero vector. If 0 is an angle in standard position formed 
by u and the positive x-axis, as shown in FIGURE 5.5.4, then 0 is called a 
direction angle for u. Also any angle coterminal with 0 is also a direction 
angle for u. But for the sake of definiteness we will choose 0 such that in 
degrees 0? < 0 « 360? or in radians 0 < 0 « 2л. Thus a vector u can be 
specified by giving either its components и = (x, y) or by its magnitude |u| and 
a direction angle. From trigonometry, we have the following relationships 


between the components, magnitude, and the direction angle of a vector u. 


FIGURE 5.5.4 Direction angle of a vector 


DEFINITION 5.5.1 Direction Angle 


For any nonzero vector и = <x, у> with direction angle Ө: 


. у ў 
819 =-— ше = E x*0 


іш 


where 


Direction Angle 


Sketch each of the following vectors. Find the magnitude and the direction 


angle 0 of each vector. 
(a) и = (2, 2) 


(b) v = «0, 3) 


we (1, - 4/3) 


Solution The three vectors are sketched using different colors in FIGURE 5.5.5. 


u 


FIGURE 5.5.5 Vectors in Example 1 


(a) From (1), the magnitude of u is 


ш- V(-2 + 22 = V8 = 2V2 


and from (2) its direction angle satisfies tan 9 = 2/(-2) = -І. As we see іп 
Figure 5.5.5, 0 is a second quadrant angle and so we chose 0 = arctan(—1) + т 


= —л/4 + л ог 0 = 3л/4 radians. 
(b) The magnitude of the vector у 18 
М = V\/ 0 -- 22 — 3 
= “ апа from Figure 
5.5.5 we see immediately that its direction angle is 0 = 77/2 radians. 


(c) For the vector уу уе һауе 


I| = VEP + (-\3)? =V4=2 ын 


tan 0 шин 5 э get arctan 
(- V3) = —T/3radians = —60" , 
ecause we 


want 0 < 0 < 360° we choose the direction angle to be 0 = — 60° + 360?or 0 = 


300°. 


[ Vector Arithmetic Vectors can be combined with other vectors by the 
arithmetic operation of addition. In addition, vectors can be combined with 
scalars through multiplication. Using the component form of a vector we give 
next the algebraic definitions of the sum of two vectors, the scalar multiple 


of a vector, and equality of two vectors. 


DEFINITION 5.5.2 Operations on Vectors 


Let u = <a, a» and v = «bi, bz» be vectors, and let К be a real 
number. Then we define the 


Sum:u + v = (a, + Ба, + b) 


Scalar Multiple: ku = (ка, Каз) 


Equality: и = v if and only if a, = В, a, = b, 


[ Subtraction Using (4), we define the negative of a vector и = (a1, a2) by 


—u = (—I1)u = (—4,,—2,). 


We can then define subtraction, or the difference, of two vectors u = (a1, a2) 
and у = (bi, b2) as 


u — v =u + (—v) = (a, — bj, a; — by). (6) 


Addition, Subtraction, and Scalar 
Multiplication 


Пи = (2, 1) and = (-1,5) find 4u, u + v, and Зи - 2v. 


Solution From the definitions of addition, subtraction, and scalar multiples of 


vectors, we find 


8,4) + from (4) 
6) < from (3) 


1. 
8, —7). < from (4) and (6) ШЕШ 


Operations (3), (4), and (6) possess the following properties. 


THEOREM 5.5.1 Properties of Vector Operations 


йци+у=у+и 

(i) u + (у + м) = (и + у) +w 
(iii) k(u + v) = ku + kv 

(iv) (ki + kz2)u = Ки + Юи 

(v) ki(kzu) = (К) u 


Gi) 4-0-1 


(уі) и + (-u) = 0 


(viii) Ou = 0 


(ix) lu=u 


(x) |ku| = |К||ч| 


You should recognize properties (i) and (ii) of Theorem 5.5.1 as the 


commutative and associative laws of addition, respectively. 


[ Geometric Interpretations Тһе sum и + v of two vectors can readily be 


interpreted geometrically in the plane using the concept of a position vector. If 
u = (ai, a2) and у = (bi, b»), then the three vectors п, v, and u + v can be 
represented by directed line segments from the origin to the points A(ai, a2), 
B(bi, b2), and C(ai + bi, a» + Ро), respectively. As shown in FIGURE 5.5.6, if the 
vector v is translated so that its initial point is A, then its terminal point will be 
C. Thus a geometric representation of the sum и + v can be obtained by 
placing the initial point of v on the terminal point of u and drawing the vector 
from the initial point of u to the terminal point of v. By examining the 
coordinates of the quadrilateral OACB in Figure 5.5.6, we see that it is a 
parallelogram formed by the vectors и and v, with и + v as one of its 


diagonals. 


Cla, + bi, а, tb.) 


/ 
и+у / ‚ 
‘B(b,, b») 
X 
О 


FIGURE 5.5.6 Sum ОҒ two vectors и and v 


We now consider a scalar multiple of the vector и = (x, y). If the symbol К 


represents any real number, then 


kul = V (kx)? + (Ку)? = Уо? + y!) 


= VEN? + у? = ИМ + у? = |К. 


We һауе derived the property of scalar multiplication given іп part (x) of 
Theorem 5.5.1, that is, 


Іш = |k||ul. (7) 


This property states that in the scalar multiplication of a vector и by a real 
number k, the magnitude of и is multiplied by |, As shown in FIGURE 5.5.7, if 
k > 0, the direction of u does not change; but if k > 0, the direction of и is 
reversed. Figure 5.5.7 illustrates the case where |k| > 1. A vector u and its 


negative —u have the same length but opposite direction. 


ku. к> 0 
y 


u 


ku, Kk <0 


FIGURE 5.5.7 Scalar multiple of a vector v 


Тһе geometric interpretation of the difference u — v of two vectors is obtained 


by observing that u = v + (и — v). Thus, u — v is the vector that when added to 


v yields и. As we see in FIGURE 5.5.8, the initial point of и — v will be at the 
terminal point of v, and the terminal point of u — v coincides with the terminal 
point of u. Hence the vector u — v is one diagonal of the parallelogram 


determined by и and v, with и + v being the other diagonal. See FIGURE 5.5.9. 


u u-— v 


" 


FIGURE 5.5.8 Difference of two vectors u and v 


FIGURE 5.5.9 Sum and difference of vectors u and v as diagonals of 
a parallelogram 


Sum and Difference 


ейп (2-1 аа 527, 


(a) Sketch (һе geometric interpretations of u + v and u — v. 


(b) Sketch и + у and и — v as position vectors. 


Solution (a) To interpret these vectors geometrically, we form the 
parallelogram with two sides determined by the vectors u and v and identify u 


+ v and и — v as the diagonals shown in gold in FIGURE 5.5.10(a). 
(b) From (3) and (6) we have, in turn, 


u + v = (-1,1) + (3,2) = (-1+3,1+2) = 0,3) 
u — v = (1,1) — (3,2) = (-1 — 3,1 — 2) = (-4,-1). 


Ав position vectors, we plot the points (2, 3) and (-4, —1) and then draw а 


vector (in red) stemming from the origin to each point. See Figure 5.5.10(b). 


(2,3) 


u-vz(-4,-1) 


(a) (b) 


FIGURE 5.5.10 Sum and difference of vectors in Example 3 


Scalar Multiples 


Let п = (1, 2). Find 2и and —u and give geometric interpretations of the 


vectors. 


Solution The scalar multiple is 2u = 241, 2) = (2, 4). The negative of the 
vector u is —u = (—2) = (-1, -2). Geometrically, the vector 2u has the same 


direction as и but is twice as long. The negative —и has the same length as и 


but has the opposite direction. See FIGURE 5.5.11. 


—u = (—1,—2) 


FIGURE 5.5.11 Scalar multiples and negative of the vector u in 
Example 4 


[ Unit Vectors Any vector with magnitude 1 is called а unit vector. We 


can obtain a unit vector u in the same direction as a nonzero vector v by 
multiplying у by the positive scalar k = 1/|v| (reciprocal of its magnitude). In 


this case we say that 


1 у 
и = (2) = — (8) 
Ы М 


is the normalization of the vector v. It follows from (7) that the normalization 


of a vector v is a unit vector because 


| | 
lu] = |—у| = lvl = I. 


| iv 


Unit Vector 


Given v = (2, - 1), find a unit vector (a) in the same direction as v, and (b) іп 


the opposite direction of v. 


Solution First, we find the magnitude of the vector v: 


I| = V4 + (-1? = VS. 


(a) From (8), a unit vector іп the same direction as v is then 


1 2 -І 


XE vs vs Vs 


и = 


(b) A unit vector in the opposite direction of v is the negative of и: 


2 1 
мет - 


[ i, | Vectors The unit vectors in the direction of the positive х- and y-axes, 


denoted by 


i — (1,0) and j= (0,1), (9) 


are of special importance. See FIGURE 5.5.12. The two unit vectors in (9) are 
called the standard basis vectors for the vectors in 2-space because every 
vector can be expressed in terms of i and j. To see why this is so we use the 
definitions of vector addition and scalar multiplication to rewrite и = (a1, a2) 


as 


и = (a,,0) + (0,4) = а(1,0)  a5(0. 1) 


ог u = (а.а) = ай + aj. 


FIGURE 5.5.12 The i апа j vectors 


FIGURE 5.5.13 A vector u is a linear combination of i and j 


As shown in FIGURE 5.5.13, since i and j are unit vectors, the vectors aii and 
аз) are horizontal and vertical vectors of length and |a1| and Ja»|, respectively. 
For this reason, a: is called the horizontal component of u, and a» is called 
the vertical component. The vector aii + а2] is often referred to as a linear 
combination of i and j. Using this notation for the vectors и = aii + 42] and v 
= Би + о), we can write the definition of the sum, difference, and scalar 


multiples of u and v in the following manner: 


Sum: (aj + aj) + (bii + b,j) = (a, + bj) + (a) + b;)j (10) 


Difference: (аі + a,j) — (bii + baj) = (a, — bpi + (а = bj (1) 


Scalar multiple: k(a,i + a,j) = (ka,)i  (Ka5)j (12) 


Difference of Vectors 


Пи = 31+ j and v = Si — 2j, find 4u - 2v. 
Solution We use (12) followed by (11) to obtain 


ди — 2v = 4(31 + j) — 265i — 2p 
= (12i + 4j) — (10i — 4j) 
= (12 — 10)i + (4 — (—4))j 
= 2i + 8j. = 


[ Trigonometric Form of а Vector There is yet another way of 


representing vectors. For a nonzero vector и = (x, y) with direction angle 6, 


we see from (2) that x = |u| cos 0 and y = [u| sin 0. Thus, 


u = xi + yj = [ulcos6i + [u|sin 6j. 


ог u = [u|(cos6i + віпбі). (13) 


This latter representation is called the trigonometric form of the vector и. 


Trigonometric Form 
| HE: * 2 * 
и = V3i—3 1. 


Solution To write u in trigonometric form, we must find the magnitude |u| 


Express Ше vector 
trigonometric form. 


and its direction angle 0. From (1) and (2) we find 


tanü = ——= = -V3. 


To determine 0, we sketch u and observe that the terminal side of the angle 0 


lies in the fourth quadrant. See FIGURE 5.5.14. Thus, with 


u 24/3 


and 0 = 57/3, (13) gives the trigonometric 
form of u: 


5 . эт. 
u= (т + i^) ES 


FIGURE 5.5.14 Vector and direction angle in Example 7 


Velocity as a Vector 


Given that an airplane is flying at 200 mi/h on a bearing of N20°E, express its 


velocity as a vector. 


Solution The desired velocity vector v is shown in FIGURE 5.5.15. Measured 
from the positive x-axis we see that the direction angle 0 of v is 0 = 90? — 20? 


= 709. Then using |v| = 200, we have the vector 


у = 200(cos 70^i + sin 707j) = 68.41 + 187.9}. pest 


FIGURE 5.5.15 Velocity vector in Example 8 


In Example 8 we see that velocity is a vector quantity. The magnitude |v| of 


the velocity v is a scalar quantity called speed. 


In physics it is shown that when two forces act simultaneously at the same 
point P on an object, the object reacts as though a single force equal to the 
vector sum of the two forces is acting on the object at P. This single force is 


called the resultant force. 


Resultant Force 


Two people push on a crate with forces Fi and F», whose magnitudes and 
directions are shown in FIGURE 5.5.16. Find the magnitude and the direction of 


the resultant force. 


F,(100 15) 


/ 
Е>(80 Ib) 


FIGURE 5.5.16 Resultant force (gold) in Example 9 


Solution From the figure, we see that the direction angles for the two forces 
Е: апа F: are 61 = 60° and 62 = 330°, respectively. Thus, 


= 
| 


= 100(cos 60° + sin60^j) = 501 + 50V3j 
F, = 80(cos 33051 + sin330°j) = 40V3i — 40]. 


Тһе resultant force Е can then be found by vector addition: 


F =F, + Е, = (50i + 50V3j) + (40V3i — 40j) 
= (50 + 40V3)i + (503 — 40)j. 


Thus the magnitude |F] of the resultant force is 


F| = V(50 + 40V3)? + (50/3 — 40)? = 128.06. 


If 0 is a direction angle for Е, then we know from (2) that 


50/3 - 40 
50 + 40/3. 


Since 0 is a first quadrant angle, we find with the help of a calculator that 0 = 


21.34°. 


[ Dot Product Up to now we have considered two kinds of vector 


tan 6 


operations on vectors, addition and scalar multiplication, which produced 
another vector. We now consider a special kind of product between vectors 
that originated in the study of mechanics. This product, known as the dot 
product, or inner product, of vectors и and v is denoted by п. v and is a real 


number, or scalar, defined in terms of the components of the vectors. 
DEFINITION 5.5.3 Dot Product 


Іп 2-space the dot product of two vectors и = <а az» and v 
«Ба, b2> is the number 


у = ар, t ab, 


Dot Product Using (14) 
= Зи ЛЭГ? 
u = (-2, 5), у = 6,4 
Зиррозе - ‚ апа w 
= (8, — 1). Find: 


(a)u*v 


(b) м и 


(c) v · w. 
Solution It follows from (14) that 
(aju v = (72.5): (6,4) = (—2)(5) + (5)(4) = —1 + 20 = 19 


(b) w - u = (8, —1) - 42,5) = (8(-2) + (-1)(5) = -16 - 5 = -21 


(дус = 0.4) - (8, —1) = (5)(8) + (4)(-0=4-4=0. 


[ Properties Тһе dot product possesses the following properties. 


THEOREM 5.5.2 Properties of the Dot Product 


() u-v = ОШи = Оогу = 0 
v-u < commutative law 
'(v-w)2u:v-cu:w < distributive law 
- (kv) = (ku): v = К(и- v), Ка scalar 


flu 


PROOF: We prove parts (i) and (vi) Тһе remaining proofs are 
straightforward and left for the reader. To prove part (ii) we let и = (ai, a2) 
and v = (bi, b»). Then 


и -у = (4), 02): (b, b;) 


= bia, + ра of real numbers is 


= a,b, + a,b, since multiplication 
г 
= (р, by) (а, а) = v-u. oa 


То prove part (vi) we note that 


u:u = (d, 45): (a, a>) = a + аз = |а). 


Dot Products 


Let u = (3, 2) and v = (-4, —5). Find 


(а) (а. v)u 


(с) |v]. 
Solution (a) From (14), 

u-v = (3, 2) -(—4, —5) 
3(-4) + 2(-5) 
— 7) 


инж ж + 


Because и + v is a scalar we have from (4) of Definition 5.5.2, 


(u -v)u = (—22)(3, 2) = (-66, —44). 


(b) From (iv) of Theorem 5.5.2 and part (a), 
(1. a 1 | 
а · (57) —5(u:v) = 2(- 


(c) Part (vi) of Theorem 5.5.2 relates the magnitude of a vector with the dot 


product. From (14) we һауе 


vv = (—4, —5) : (—4, —5) 
(—4)(—4) + (—5)(—5) 
41. 


Therefore, У : У 


ү 


Ур implies 


= 5/41 


|| 
= 
= 
| 


[ Alternative Form Тһе dot product of two vectors сап also be expressed 


in terms of the lengths of the vectors and the angle between them. 


THEOREM 5.5.3 Alternative Form of the Dot 
Product 


The dot product of two vectors u and v is 


u:v = [u||v| с0$0 


where Ө is the angle between the vectors such that 0 < 0 < л. 


This more geometric form is what is generally used as the definition of the dot product 


in a physics course. 


PROOF: Suppose 0 is the angle between the vectors и = aii + 42] and v = bii 
+ Ро). Then the vector 


is the third side of the triangle indicated in FIGURE 5.5.17. By the Law of 


Cosines, (2) of Section 5.4, we can write 


|w}? = |v}? + lu? 21| с0$0 ог [v|julcosé = 0112  |uP — |w]7). (16) 
Using jul? = af + а, |v? = bi + b, 
and |w? = |v — ul? = (b, — а)? + (b, — a)’, 


the right-hand side of the second equation іп (16) simplifies to aibi + azb2. 
Since this is the definition of the dot product given in (14), we see that |ц| |у| 


cos 0-u-v. 


FIGURE 5.5.17 The vector w in the proof of Theorem 5.5.3 


[ Angle Between Vectors FIGURE 5.5.18 illustrates three cases of the angle 
0 in (15). If the vectors u and v are not parallel, then 0 is the smaller of the 
two possible angles between them. Solving for cos 0 in (15) and then using 
the definition of the dot product in (14) we have a formula for the cosine of 


the angle between two vectors: 


| u.v a,b, + a,b, 
соѕ0 = = = (17) 
[ч [У] |u||v] 


FIGURE 5.5.18 The angle 0 in the dot product 


Angle Between Two Vectors 


Find the angle between u = 2i + 5j and v = 5i - 4j. 
Solution have 


We 
| = Vu-u = V29,|v| = Vv-v = У41 and u у = 


-10. Hence, (17) gives 


— 10 


cosh = ------. 
№2941 
Е — 10 _ 
Ө = cos == 1.8650 


1 
апа $о M 29 M 41 


or 0 = 106.86°. See FIGURE 5.5.19. 


radians 


FIGURE 5.5.19 Angle between the vectors іп Example 12 


[ Orthogonal Vectors If u and v are nonzero vectors, then Theorem 5.5.3 


implies that 
(i) u-v > Oif 0 is acute, 


(i) u-v < O if 0 is obtuse, and 


(іі) и-у = Oifcos Ө = 0. 


But in the last case, the only number in the interval |0, л] for which cos 0 = 0 
is 0 - л/2. When 0 - z/2, we say that the vectors are orthogonal or 


perpendicular. Thus, we are led to the following result. 


THEOREM 5.5.4 Criterion for Orthogonal 
Vectors 


Two nonzero vectors и and v are orthogonal if and only if u · v 


As seen in Figure 5.5.12 the standard basis vectors i and j are orthogonal. 


Moreover, because 1 = (1, 0), j = (0, 1) we have 


i-j = (1,0) - (0, 1) = (1)(0) + (0(1) 50 


and so from Theorem 5.5.4 the vectors i and j are orthogonal. Inspection of 


the result in part (c) of Example 10 shows that the two vectors 


у = (5, 4) 
= ' ,and w = (8, —1) are orthogonal. 


Orthogonal Vectors 


If u = (4, 6) and v = (-3, 2), then 


u-v = (4)(—3) + (6)(2) = —12 + 12 = 0. 


From Theorem 5.5.4, we conclude that и and у are orthogonal. See FIGURE 


5.5.20. 


FIGURE 5.5.20 Orthogonal vectors in Example 13 


[ Component of u on v Parts (ii), (iii), and (vi) of Theorem 5.5.2 enable us 


to express the components of a vector u = aii + аз) in terms of a dot product: 


1 0 
ие 


1:1 —u-i- (ай + ар) і = а (1) + a(j:i) =a. 


That is, и * i = а. Similarly, u * j = a». Symbolically, we write these 


components of u as 


compu = uci and compju = и : j. (18) 


We shall now see that the procedure indicated in (18) carries over to finding 
the component of u on a vector v. Note that in either of the two cases shown 


in FIGURE 5.5.21, 


comp,u — [и |соѕ0. (19) 


comp,u = u:| — |. 


To find the component of vector u on vector v, dot u with a unit vector т the 


direction of v. 
Component of a Vector on Another 


Let u = 2i + 3j and v = і + j. Find compu. 


Solution We first form a unit vector in the direction of v: 


— 


у 
М = Ч/2 SO lv Іт” 


Then from (20) we һауе 


4/2 


comp,u = (2i + 3)):---(і--і)- 


[ Projection of и onto v The projection of a vector и in any of the 


directions determined by i and j, is the vector formed by multiplying the 
component of u = aii + аз) in the specified direction with a unit vector in that 


direction; for example, 


projju = (сотри)і = (u:i)i = ай, 


and so on. FIGURE 5.5.22 shows the general case of the projection of u onto v: 
scalar unit vector 


v 
proj,u = (comp,u)-— (21) 


М 


Unit vector 1, pe 
M' 


V7 projyu 
FIGURE 5.5.22 Projection of vector u onto vector v 
That is, 


To find the projection of vector u onto a vector v, multiply a unit vector in the 


direction of v by the component of u on v. 


If desired, the result in (21) can be expressed in terms of two dot products. 
Using (20) 


scalar unit vector 
in (e) (8) 
projyu = { u: = у 
? мж МУГ 


: ЧУ қ 
ог proj,u = үзү У. — |v|? = v- v by (vi) of Theorem 5.5.2 


Projection of u onto v 


Find the projection of u = 4i + j onto the vector v = 2i 3j. Graph. 


Solution First, we find the component of u on v. A unit vector in the direction 


of v is 


and so the component of u on у is the number 


comp,u = (4i + j)- (2i + 3j) = 


13 | 


„ә 


Thus, from (21) 


componentofu unit vector in 
inthedirection the direction 
of v of v 


ac REG ете” 


11 | 22 
proj,u = (5) Ci + 3) = Bi + 8). 


FIGURE 5.5.23 Projection of u onto v in Example 15 


The graph of this vector is shown in gold color in FIGURE 5.5.23. 


[ Physical Interpretation of the Dot Product When a constant force of 


magnitude F moves an object a distance d in the same direction of the force, 
the work done is defined to be 


W = Fd. (22) 


However, if a constant force F applied to a body acts at an angle 0 to the 
direction of motion, then the work done by F is defined to be the product of 
the component of F in the direction of the displacement and the distance |d| 
that the body moves: 


W= (|F 


cos8)|d| = |F||d 


cosé. 


See FIGURE 5.5.24. It follows from Theorem 5.5.3 that if F causes a 
displacement d of a body, then the work done is 


Note that (23) reduces to (22) when 0 = 0. 


FIGURE 5.5.24 Work done by a force acting at an angle 0 to the 
direction of motion 


Work Done by a Force at an Angle 


Find the work done by а constant force Е = 2i + 4] оп a block that moves 
from Pi(1, 1) to P2(4, 6). Assume that |Е| is measured in pounds and |d| is 


measured in feet. 


Solution The displacement vector of the block is given by 


It follows from (23) that the work done is 


W=F-d = Qi + 4j : (3i + Sj) = 26 ft-lb. Eg 


NOTES FROM THE CLASSROOM 


You should not draw the conclusion from the preceding 
discussion that all vector quantities can be pictured as arrows. 
Many applications of vectors in advanced mathematics do not 
lend themselves to this interpretation. However, for purposes in 
this text, we find this interpretation both convenient and useful. 


© Elnur/ShutterStock, Inc. 


Exercises 5.5 Answers to selected odd-numbered 
problems begin on page ANS-19. 


In Problems 1-8, sketch the given vector. Find the magnitude and the smallest 


positive direction angle of each vector. 


(МЭ, -1 


2. (4, —4) 


bb (9,0) 


(-2,2У/3) 


—41 + 44/31 


6. i-j 
7. —10i + 10j 
8) 


In Problems 9-14, find u + v, u — v, —3u, and Зи - 4v. 
9. u= (2, 3), v = (1, -1) 

10. и = (4, —2), у = (10, 2) 

11. u=(-4, 2), v = (4, 1) 


12. u = (-1, -5), v = (8, 7) 


14. о = (0.1, 0.2), v = (-0.3, 0.4) 
In Problems 15-20, find u — 4v and 2u + 5 v. 
15. u=i-2j,v=8i+3j 


16. u=j,v=4i-j 


ba | 


a 3 "EE 
Qu 71 31» V — 
18. uz 2i - 3j, v = 3i - 2j 
19. u = 02i + 0.1j, v= -1.4i - 2.1) 
20. u = 5i – 10], v= -10i 


In Problems 21-24, sketch the vectors u + v and и - v. 


21. u - 2i + 3j, v=-i+ 2j 


22. u=—4i+j, у= 2i - 2j 


23. u - 5i - jj, v - 4i - 3j 


24. u - 2i - 7j, у= -Ti - 3j 


In Problems 25-28, sketch the vectors 2v and - 2v. 


25. у= (-2, 1) 
26. у= (4, 7) 
27. у= 31 – 5j 


14 3. 
У = -21 t 2) 


In Problems 29-32, if u = 3i - j and v = 2i + 4j, find the horizontal and the 


vertical components of the indicated vector. 
29. 2u- v 

30. 3(u + v) 

31. v- 4u 

32. 4(u + 3v) 


In Problems 33-36, express the given vector (а) in trigonometric form and (b) 


as a linear combination of the unit vectors i and j. 


-у2, V2 
7,753) 


3 


—3V3, 3) 


36. (-4,-4) 


353 


In Problems 37—40, find a unit vector (а) іп the same direction as у, and (b) іп 


the opposite direction of v. 


27 Е. 2) 
38. у = (-3, 4) 
39. у= (0, –5) 


у = 1, — V3} 


In Problems 41 and 42, normalize the given vector when v = (2, 8) and w = 
(3, 4). 


41. v+w 
42. 2v - 3w 


43. Two forces Fi and F2 of magnitudes 4 М and 7 М, respectively, act on a 
point. If the angle between the forces is 47°, find the magnitude of the 


resultant force F and the angle between Ей and F. 


44. The resultant F of two forces Fi and F2 has a magnitude of 100 Ib and 
direction as shown in FIGURE 5.5.25. If Е! = —200i, find the horizontal and the 


vertical components of F2. 


FIGURE 5.5.25 Resultant in Problem 44 
In Problems 45-48, find the dot product и + v. 
45. uz (4, 2), v = (3, -1) 
46. u= (1, —2), у = (4, 0) 
47. u=3i-2j, v =i+j 
48. u= 4i, v = -3j 


In Problems 49-62, u = (2, -3), v = (—1, 5), and w = (3, -2). Find the 


indicated scalar or vector. 
49. u-v 

50. у-у 

51. и. w 

52. v.v 

53. м. w 

54. и. (v +w) 

55. u- (4v) 


56. у. и- w) 


(=v): (бм) 


58. Qv) - Gw) 


57. 


59. u-(u- v + w) 


60. (2u) - (u - 2v) 


и-У 
V 
vov 


61. 


62. (w° v)u 


In Problems 63 and 64, find the dot product о + v if the smaller angle between 


u and v is as given. 
63. |u| = 10, |v| = 5, 0 = 7/4 
64. |u| = 6, |v| = 12, 0 = 2/6 


In Problems 65-68, find the angle between the given pair of vectors. Round 


your answer to two decimal places. 

65. (1, 4), 2, -1) 

66. (3, 5), (-4,-2) 

67. i- j. 3i+j 

68. 2i - j, 1+] 

In Problems 69—72, determine whether the given vectors are orthogonal. 
69. u= (-5, 4), v = (-6, 8) 


70. и = (3, 22, v = (-6,-9) 


2] P 4 
| * аж FA | 4 - 
„21 + 3J, 751 + 5] 
In Problems 73 and 74, find a scalar c so that the given vectors are orthogonal. 
73. uz 2i - cj, v = 3i + 2j 


74. и = 4d – 8j, у= ci + 2j 


75. Verify that the vector 


w= y — —cu 
о | 


is orthogonal to the vector и. 


76. Find a scalar c so that the angle between the vectors u = i + cj and v =i + 
118 45°. 


In Problems 77-80, и = (1, —1) and у = (2, 6). Find the indicated number. 
77. сотру и 

78. compuv 

79. compw(v — и) 

80. comp2v(u + v) 

In Problems 81 and 82, find (a) projvu, and (b) projuv. 

81. uz —5i + 5j, v = –3і + 4j 


82. u=4i+2j, v 2 2i « j 


In Problems 83 and 84, u = 4i + 3j and у = —i + j. Find the indicated vector. 
83. proju+vu 
84. proju-v v 


85. A sled is pulled horizontally over ice by a rope attached to its front. A 20- 
Ib force acting at an angle of 60? with the horizontal moves the sled 100 ft. 
Find the work done. 


86. А block with weight w is pulled along a frictionless horizontal surface by 
a constant force F of magnitude 30 Ib in the direction by the vector d. See 
FIGURE 5.5.26. 


(a) What is the work done by the weight w? 


(b) What is the work done by the force Е if d = 4i + 3j? 


FIGURE 5.5.26 Block in Problem 86 


87. A constant force F of magnitude 3 Ib is applied to the block shown in 
FIGURE 5.5.27. The force F has the same direction as the vector u = 3i + 4j. 
Find the work done in the direction of motion if the block moves from Р!(3, 


1) to Px(9, 3). Assume distance is measured in feet. 


FIGURE 5.5.27 Block in Problem 87 
Applications 


88. Resultant Force A small boat is pulled along a canal by two tow ropes 
on opposite sides of the canal. The angle between the ropes is 50°. If one rope 
is pulled with a force of 250 Ib and the other with a force of 400 Ib, find the 
magnitude of the resultant force and the angle it makes with the 250-16 force. 


89. Resultant Force A mass weighing 10 Ib is hanging from a rope. A 2-Ib 
force is applied horizontally to the weight, moving the rope from its 
horizontal position. See FIGURE 5.5.28. Find the resultant of this force and the 
force due to gravity. 


10 


FIGURE 5.5.28 Hanging mass іп Problem 89 


90. In What Direction? As a freight train, traveling at 10 mi/h, passes a 
landing, a mail sack is tossed out perpendicular to the train with a velocity of 


15 feet per second. In what direction does the mail sack slide on the landing? 


91. Actual Direction The current in a river that is 0.5 mi across is 6 mi/h. A 
swimmer heads out from shore perpendicular to the current at 2 mi/h. In what 


direction is the swimmer actually going? 


92. Getting One's Bearings A hiker walks 1.0 mi to the northeast, then 1.5 
mi to the east, and then 2.0 mi to the southeast. What are the hiker's distance 
and bearing from the starting point? [ Hint: Each part of the journey can be 


represented by a vector. Find the vector sum.] 


93. What Is the Speed? In order for an airplane to fly due north at 300 mi/h, 
it must set a course 10° west of north (N10°W) because of a strong wind 


blowing due east. What is the speed of the wind? 


For Discussion 


94. А 200-16 traffic light supported by two cables hangs in static equilibrium. 
A condition of static equilibrium is that the object is at rest and that the sum of 
forces acting on the object is the zero vector 0. As shown in FIGURE 5.5.29(b), 
let the weight of the light be represented by w and forces in the two cables by 
Е: апа №. From the Figure 5.5.29(b) we then have 


w + F, + F, = 0, (24) 


where the vectors on the left-hand side of the equality in trigonometric form 


are 


w = 200(cos270"1 + sin 270^j) 
Е, = |F,|(cos20°i + sin20°j) 
Е, = |F,|(cos 165°i + sin 165°j). 


Use (24) to determine the magnitude of F and Р. | НИ: Use (5) of Definition 
5.5.2 and let v = 0 = (0, 0).] 


(a) (b) 


FIGURE 5.5.29 Hanging mass in Problem 94 


Chapter 5 Review Exercises Answers to 
selected odd-numbered Problems begin on page 
ANS-19. 


A. Fill in the Blanks 


In Problems 1—12, fill in the blanks. 


1. To solve a triangle in which you know two angles and a side of opposite 


one of these angles, you would use the Law of first. 
2. The ambiguous case refers to solving a triangle when are given. 


3. To solve a triangle in which you know two sides and the included angle, 


you would use the Law of first. 
4. In an isosceles triangle, if a is the length of one of the two equal sides and 
0 is one of the two equal angles, then the area of the triangle in terms of a and 


0 18 


5. Тһе largest angle in the triangle whose sides аге 5.3,4.4, and 4.1 is 


6. If 0 is one of the acute angles in a right triangle and 
* б 1 
sin Е 


7. А 6-ft-tall man walking along a level beach climbs onto а 4-ft-tall tree 


,then tan 0 = 


stump and looks over the water to the horizon. Assuming that the Earth is a 
perfect sphere of radius г = 3963 mi, then the distance measured along the 


surface of the Earth from the man to the horizon is miles. 
8. The difference between a scalar and vector is 

9. A unit vector in the opposite direction of v = (12, — 5) is 

10. If u = 4i – 6j and v = —3i + 10}, then Su — бу = 

11. The angle between the vectors и = 5i and v = —2j is 


12. If |u| = 4, |v| = 3 and the angle between u and v is 0 = 27/3, then u - v= 


B. True/False 


In Problems 1-12, answer true or false. 


tang — 


1. In a right triangle, if 4 then sin 6 =3 апа cos 0 
-4. 


2. In aright triangle. if ` sin 0 — ZI then 

СО 0- ("ж 
opp 
hyp. 


3. For an acute angle біп a right triangle, 


4. The Pythagorean theorem is a special case of the Law of Cosines. 


5. In a right triangle, the hypotenuse is always the longest side. 


6. If a and р аге the acute angles in а right triangle, then sin a = cos р. 


7 tan 0 = V | 5 г an acute angle 0 in a 
cosh = 2 


8. А rowboat departs from a point on а straight beach that coincides with a 


right triangle, then 


north-south line. If the rowboat travels at a rate of 2.5 mi/h with a bearing of 
N35?W, then after 4 h the rowboat is 10 mi from the beach. 


9. A 20 ft extension ladder rests against the side of a vertical wall. If the base 
of the ladder is on flat ground 5.2 ft from the wall, then the angle the ladder 
makes with the ground is 66.32. 


v = (V3, V5 


10. The vector is twice as 
long as (һе vector и = (—1, 1). 


11. If u is a unit vector, then u -u = 1. 
12. If u and v are unit vectors, then u + v and и — v are orthogonal. 


C. Exercises 


In Problems 1-4, solve the triangle satisfying the given conditions. 
1. а- 302% 8 = 70°, b= 10 

2. y= 145°, а-25,с-20 

Sb а= ӘЗ, b= 2107 ce es 10 

4. а=4,Б=б,с=3 


5. А surveyor 100 m from the base of an overhanging cliff measures а 28° 
angle of elevation from that point to the top of the cliff. See FIGURE 5.К.1. If the 


cliff makes an angle of 65? with the horizontal ground, determine its height Л. 


меш 
л 
ә” 


же 
2 Л 
ж 
же 
=~ 
JP оо 
5 28 
e ad 


15-1 т----> 


| 
| 
| 
| 
| 
165% 
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FIGURE 5.R.1 Cliff іп Problem 5 


6. A rocket is launched from ground level at an angle of elevation of 43°. If 
the rocket hits a drone target plane flying at 20,000 ft, find the horizontal 


distance between the rocket launch site and the point directly beneath the 


plane. What is the straight-line distance between the rocket launch site and the 


target plane? 


7. А competition water skier leaves a ramp at point Ё and lands at point S. 
See FIGURE 5.R.2. A judge at point J measures an 2. RJS as 47°. If the distance 
from the ramp to the judge is 110 ft, find the length of the jump. Assume that 
2. SRJ is 90°. 


FIGURE 5.R.2 Water skier in Problem 7 


8. The angle between two sides of a parallelogram is 40°. If the lengths of the 
sides are 5 and 10 cm, find the lengths of the two diagonals. 


9. A weather satellite orbiting the equator of the Earth at a height of H = 
36,000 km spots a thunderstorm to the north at P at an angle of 0 = 6.5? from 
its vertical. See FIGURE 5.R.3. 


(a) Given that the Earth's radius is approximately R - 6370 km, find the 
latitude ф of the thunderstorm. 


(b) Show that angles 0 and are related by 
К зїп œ 


tang = ————— —. 
B Н + R(l — cos) 


FIGURE 5.8.3 Satellite in Problem 9 


10. It can be shown that a basketball of diameter d approaching the basket 
from an angle 9 to the horizontal will pass through a hoop of diameter D if D 
sin 0 > d, where 0° < 0 < 90°. See FIGURE 5.R.4. If the basketball has 
diameter 24.6 cm and the hoop has diameter 45 cm, what range of approach 


angles 0 will result in a basket? 


FIGURE 5.R.4 Basketball in Problem 10 


11. Each of the 24 NAVSTAR Global Positioning System (GPS) satellites 
orbits the Earth at an altitude of = 20,200 km. Using this network of 
satellites, an inexpensive handheld GPS receiver can determine its position on 
the surface of the Earth to within 10 m. Find the greatest distance s (in km) on 
the surface of the Earth that can be observed from a single GPS satellite. See 
FIGURE 5.R.5. Take the radius of the Earth to be 6370 km. [Hint: Find the 
central angle 0 subtended by 5.] 


12. An airplane flying horizontally at a speed of 400 miles per hour is 


climbing at an angle of 6? from the horizontal. When the airplane passes 
directly over a car traveling 60 miles per hour, it is 2 miles above the car. 
Assuming that the airplane and the car remain in the same vertical plane, find 


the angle of elevation from the car to the airplane after 30 minutes. 


GPS Satellite 


FIGURE 5.R.5 GPS satellite in Problem 11 


13. A house measures 45 ft from front to back. The roof measures 32 ft from 
the front of the house to the peak and 18 ft from the peak to the back of the 
house. See FIGURE 5.R.6. Find the angles of elevation of the front and back 
parts of the roof. 


14. The angle between two sides of a parallelogram is 40°. If the lengths of 
the sides are 5 and 10 cm, find the lengths of the two diagonals. 


15. Help is Coming From two lifeguard towers A and B, a swimmer in 
distress is sighted on bearings of N46°E and N27°W, respectively. If tower В 
is 250 ft due east of tower A, what is the distance from each tower to the 


swimmer? 


FIGURE 5.R.6 House іп Problem 13 


16. Navigator's Error An airplane is supposed to fly 500 mi due west to a 
refueling rendezvous point. If a 5? error is made in the heading, how far is the 
plane from the rendezvous point after flying 400 mi? Through what angle 
must the airplane turn in order to correct its course at that point? 


17. National Historic Landmark Completed in 1902 on a triangular city 
block, the Flatiron Building in New York City was declared a National 
Historic Landmark in 1989. See FIGURE 5.R.7. The original 21 story stone clad 
steel-frame building is considered to be one of the first skyscrapers built in the 
city. The sides of the building measure 173 ft along Fifth Avenue, 87 ft along 
East 22а Street, and 190 ft along Broadway. 


Flatiron Building 


© бопсалап Deng/ShutterStock, Inc. 


FIGURE 5.R.7 Triangular block in Problem 7 
(a) Show that the base of the building is approximately a right triangle. 


(b) Assuming that the base of the building is a right triangle, find the two 
acute angles in it. 


18. Volcanic Cones Viewed from the side, a volcanic cinder cone usually 
looks like an isosceles trapezoid. See FIGURE 5.R.8. Studies of cinder cones that 
are less than 50,000 years old indicate that cone height Heo and crater width 
Wa are related to the cone width Weo by the equations Heo = 0.18Weo and Wer = 
0.409. If Weo = 1.00, use these equations to determine the base angle f of the 
trapezoid in Figure 5.R.8. 


Volcanic cinder cones іп Haleakala Crater, Maui, Hawaii 
© Greg Vaughn/Alamy Images. 
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FIGURE 5.8.8 Volcanic cinder cone іп Problem 18 


19. Angels Flight Claimed to be the world's shortest railway, Angels Flight 
is a funicular railway consisting of two cars (named Olivet and Sinai) that 
transports people up and down the steep hill between Hill Street and 
California Plaza in downtown Los Angeles, CA. The original railway dates 
back to 1901 and, in its present form, is only 298 ft long. If the angle of 
elevation of the tracks at its base on Hill Street is 33%, then how high is the 
hill? 


Angels Flight in downtown Los Angeles 
€ Joe Ferrer/Shutterstock, Inc. 


20. Distance Across a Canyon From the floor of a canyon it takes 62 ft of 
rope to reach the top of one canyon wall and 86 ft to reach the top of the 
opposite wall. See FIGURE 5.R.9. If the two ropes make an angle of 1239, what 


is the distance d from the top of one canyon wall to the other? 


FIGURE 5.R.9 Canyon in Problem 20 


21. How Fast? An observer at a horizontal distance of 1 mile (5280 ft) 
watches an F-15E Strike Eagle fighter jet go into a vertical climb. See FIGURE 
5.R.10. If the angle of elevation of the jet at the observer changes from the 
initial measurement of43.44? to 75.21? in 30 seconds, then how fast (in feet 


per minute) is its rate of climb? 


US Air Force Е-15Е Strike Eagle 


Courtesy of Master Sgt. Lance Cheung, U.S. Air Force 


Observer 


FIGURE 5.R.10 Climbing F-15E in Problem 21 


22. Building Height Two buildings were constructed on a inclined lot as 
shown in FIGURE 5.R.11. The angle of elevation from the right side of the roof 
of the brown building to the left side of the roof of the gray building is 23°. 
From the same spot on the roof of the brown building, the angle of depression 
to the base of the gray building is 48?. Use the additional information in the 
figure to determine the heights of the facing sides of the buildings relative to 


the inclined lot. 


23. Estimating Tree Height There are many sophisticated instruments, such 
as range finders and inclinometers (or clinometer), that are invaluable in 
determining an accurate measurement of the height of an object. A 
nontechnical method for determining the height of, say, a tree was to climb 
the tree and then drop the weighted end of a measuring-tape line to the 


ground. Assuming that you have no measuring devices and that the foregoing 


method is not practical (or even legal), explain why the following method 
gives an approximation to the height of a tree: 


Find a patch of level ground containing the tree. Guess the distance from the 
ground to your eye level and the length of your walking stride. Find two 
straight sticks, back away from the tree (counting your strides) holding the 
sticks at eye level like this 2. (one parallel to the ground and the other 
adjusted by following the top of the tree). Stop when you think the angle 
between the sticks is 459, The height of the tree is approximately: 


(number of strides) X (stride length) + eye level height. 


FIGURE 5.R.11 Buildings in Problem 22 


One way of determining the height of a tree: climb it 
€ ableimages/Alamy 


24. Gate of Europe The Puerta de Europa towers are twin office buildings in 
Madrid, Spain. To accommodate a required setback from the wide Paseo de la 
Castellana, the towers were built in 1996 at an angle of 15? from the vertical. 
In the photo, note the vertical line on the side of each building. The sides of 
the buildings shown in FIGURE 5.R.12 are congruent parallelograms. Use the 
information in the figure to find the lengths 51 and 52 of the sides of the 


parallelogram and the distance d between the roofs of the towers. 


Puerta de Europa towers and the Paseo de la Castellana in Madrid, 
Spain 


€ Glyn Thomas Photography/Alamy Images 


< d — 


FIGURE 5.R.12 Towers in Problem 24 


25. Stairs in Homes In home construction, stairs are usually constructed 
using two stringers which are boards that have been notched to accommodate 
the treads (steps) and the risers. Suppose the stairs consists of 9 risers, the 
riser height is 7.75 inches, and the tread depth is 10 inches. See FIGURE 5.R.13. 
Use two different methods to find the approximate length L of a stringer. 


Stairs showing a stringer 


€ Robert Ranson/ShutterStock, Inc. 
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FIGURE 5.8.13 Stringer іп Problem 25 


26. El Castillo The most prominent feature іп the archaeological site of 
Chichén Itzá is a step pyramid on whose flat top rests a temple to the Mayan 
feathered-serpent god Kukulkán. The Kukulkán pyramid, more commonly 
known by the Spanish name El Castillo, was built around 900 С.Е. and 18 
located in the Mexican state of Yucátan. On each of the four faces of the 
pyramid there is a protruding stone-block stairway rising to the 79ft high 
temple level, although only two of the staircases have been completely 
restored. The angle of inclination a stairway relative to the ground is 45? 
whereas the angle of inclination of a face is 53.39, Prior to 2006, tourists were 
allowed to climb one of the steep stairways aided by a rope positioned in the 
middle of the stairway and anchored at the base of the pyramid and at the 
temple level. Find the approximate length L of the rope. See FIGURE 5.R.14. 


Tourists are no longer allowed to climb El Castillo 


€ agustavop/iStock/Thinkstock 
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FIGURE 5.R.14 Pyramid in Problem 26 


In Problems 27-36, translate the words into an appropriate function. 


27. А 20-ft-long water trough has ends in the form of isosceles triangles with 
sides that are 4 ft long. See Figure 2.8.21 in Exercises 2.8. As shown in FIGURE 
5.R.15, let 0 denote the angle between the vertical and one of the sides of a 


triangular end. Express the volume of the trough as a function of 20. 


FIGURE 5.R.15 End of water trough in Problem 27 


28. A person driving a car approaches a freeway sign as shown in FIGURE 
5.R.16 on page 348. Let 0 be her viewing angle of the sign and let x represent 
her horizontal distance (measured in feet) to that sign. Express 0 as a function 


ОША 


29. As shown in FIGURE 5.R.17 оп page 348, а plank is supported by a 
sawhorse so that one end rests on the ground and the other end rests against a 
building. Express the length of the plank as a function of the indicated angle 
0. 


HOLLYWOOD 


FIGURE 5.R.16 Freeway sign in Problem 28 


FIGURE 5.R.17 Plank in Problem 29 


30. A farmer wishes to enclose a pasture in the form of a right triangle using 
2000 ft of fencing on hand. See FIGURE 5.8.18. Show that the area of the pasture 
as a function of the indicated angle 0 is 


N 


1 2000 
2 1 + cot@ + csc 


FIGURE 5.8.18 Pasture іп Problem 30 


31. Express the volume of the box shown in FIGURE 5.R.19 as a function of the 
indicated angle 0. 


32. A corner of an 8.5-in. x 11-in. piece of paper is folded over to the other 
edge of the paper as shown in FIGURE 5.R.20. Express the length L of the crease 
as a function of the angle 0 shown in the figure. 


FIGURE 5.R.19 Box in Problem 31 


FIGURE 5.8.20 Folded paper in Problem 32 


33. A gutter is to be made from a sheet of metal 30 cm wide by turning up the 
edges of width 10 cm along each side so that the sides make equal angles ф 
with the vertical. See FIGURE 5.R.21. Express the cross-sectional area of the 


gutter as a function of the angle ф. 


34. A metal pipe is to be carried horizontally around a right-angled corner 
from a hallway 8 feet wide into a hallway that is 6 feet wide. See FIGURE 
5.R.22. Express the length L of the pipe as a function of the angle 0 shown in 
the figure. 


10 cm 10 cm 


10 cm 


FIGURE 5.R.21 Gutter in Problem 33 


8 ft—» 


FIGURE 5.R.22 Pipe in Problem 34 


35. In FIGURE 5.R.23 the blue, green, and red circles are of radii 3, 4, and 6, 


respectively. The dots represent the centers of the circles. 


(a) Express the distance d between the centers of the blue and red circles as a 


function of the angle 0 shown in the figure. 


(b) Use the function is part (a) to determine the value of 0 corresponding to d 
= 14, 


36. The container shown in FIGURE 5.R.24 consists of ап inverted cone (open at 
its top) attached to the bottom of a right circular cylinder (open at its top and 
bottom) of fixed radius R. The container has a fixed volume V. Express the 
total surface area 8 of the container as a function of the indicated angle 0. 


[Hint: See Appendix C for the lateral surface area of a cone.] 


ЖЭ 


FIGURE 5.R.23 Circle іп Problem 35 


open — 


h 


FIGURE 5.R.24 Container in Problem 36 


37. Circle of Latitude A circle of latitude is circle that connects all locations 
оп the Earth that have the same latitude ф. А circle of latitude is also referred 
to as a line of latitude, or a parallel, because if the Earth is represented as a 
circle in a two-dimensional coordinate system, then the circles of latitude 


appear as (parallel) horizontal lines. See FIGURE 5.R.25. 


(a) If the radius R of the Earth is taken to be 3959 miles, express the radius r 
of a circle of latitude as а function of ф. 


(b) Find the radius of the Artic Circle if its latitude is 66?33'44"N. 


(c) A line of longitude, or meridian, is one half of a great circle whose center 
is the center of the Earth. Longitudes are measured east/west from the prime 
meridian that runs through the Royal Observatory at Greenwich, England. See 
Figure 4.2.14 in Exercises 4.2. The longitudes of Boston, Massachusetts and 


Detroit, Michigan аге, respectively, 71?3'37"W апа 83?2'44"W but the 
latitude of both cities is approximately the same. What is the distance between 


Boston and Detroit measured on the circle of latitude at 42°20'N? 


(d) Measured on a meridian, what is the distance between two points that 


differ by one degree of latitude? 


УА 


Circle of Line of 
latitude latitude 
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Line of 
longitude 


FIGURE 5.R.25 Planet Earth in Problem 37 


38. More Latitude (a) Use Problem 37 to show that is the circumference of a 
circle of latitude as a function of the latitude angle is given by Co = Ce cos 
Фф, where Сг is the circumference of the Earth at the equator. Find C. 


(b) Use part (a), to find the circumference of the Arctic Circle. 


(c) Use part (a), to find the distance “around the world" at the latitude 
52 ASN. 


39. High Dive A diver jumps from a high platform with an initial downward 
velocity of 1 ft/s toward the center of a large circular tank of water. See FIGURE 
5.R.26. From physics, the height of the diver above ground level is given by 
s(t) = — 16t — t 200, where s is measured in feet and t > 0 15 time in 


seconds. See (5) in Section 2.4. 
(a) Express the angle 0 shown in the figure as a function of s. 


(b) For the function in part (a), what value does 0 approach as s > 15? 


200 ft 


FIGURE 5.R.26 Diver in Problem 39 


40. Equilateral Arch An equilateral arch is obtained by constructing circular 


arcs on two sides of an equilateral triangle. Let ABC be an equilateral triangle 


with sides of length s as shown in red in FIGURE 5.R.27. A circular arc CB 
is drawn from vertex C to vertex B using a circle of radius s centered at A. In 


like manner, CA is an arc of the circle of radius s centered at B. 
Equilateral arches were used extensively in Gothic architecture in the design 


of church windows and doorways. Use the concept of a circular segment 
discussed in Problem 37 in Exercises 5.2 to express the area of an equilateral 


arch as a function of the length s. 


The equilateral arch is found throughout the Doumo di Milano, 
the largest Gothic cathedral in the world. 


€ Aristodis/ShutterStock, Inc. 
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FIGURE 5.8.27 Equilateral arch in Problem 40 


41. Express the perimeter of the equilateral arch in Problem 40 as a function 


of s. 


42. In FIGURE 5.R.28 the line segment AB is a diameter of a circle of radius r. 


Express the area of the red shaded region as a function of the central angle 0. 


FIGURE 5.R.28 Region in Problem 42 


In Problems 43-58, и =—2i + 3j, v = i + j, and w =i — 4j. Find the indicated 


vector or scalar. 

43. —5и + 3v 

44. и – 10v 

45. u + (2v + 3w) 

46. 40 — (3v + w) 

47. (u- ум + (w- v)u 
48. (u- v) (у+ w) 


49. compsv 


50. compw(-v) 

51. ргој» Qu) 

52. projw (u + v) 

53. |u| + [2v| 

54. ји +v] 

55. trigonometric form of 2v 

56. horizontal component of —2(u + w) 

57. aunit vector in the opposite direction of w 
58. the angle between v and w 


59. Two forces Fi and F: act at a point such that the resultant force F has а 
magnitude of 5 Ib and is orthogonal to Ез. If Fi = 5 Ib then find the magnitude 


of the vector F2 and the angle between Е! and F>? in degrees. 


60. A baby elephant weighing 315 16 is standing still on a loading ramp 
shown in FIGURE 5.R.29. Assume that the origin of the rectangular coordinate 


system is at O and that the ramp makes an angle of 20? with the horizontal. 


(a) Express the мин = () 


= 041 А апа V — оС С in trigonometric 


u In each case use a direction angle that is positive and measured from the 


positive x-axis. The unknown quantities |u| and |v| are the magnitudes of the 


y I 
components of the weight vector ү ( in the direction 
parallel to the ramp and perpendicular to the ramp, respectively. 


(b) Determine the magnitudes |ц and |v| by using (20) of Section 5.5 to find 


compu уу and сотр» W. 


FIGURE 5.8.29 Elephant in Problem 60 


*The drawbridge shown in Figure 5.2.12, where the span is continuously balanced by a 
counterweight, is called a bascule bridge. 
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Chapter 6 Review Exercises 


6.1 Exponential Functions 


INTRODUCTION In the preceding chapters we considered functions such as 
f(x) = x2, that is, a function with a variable base x and constant power ог 
exponent 2. We now examine functions having a constant base b and a 


variable exponent x. 


DEFINITION 6.1.1 Exponential Function 


If > O and b = 1, then an exponential function у = f(x) isa 
function of the form 


The number b is called the base and x is called the exponent. 


The domain of an exponential function f defined in (1) of Definition 6.1.1 is 


the set of all real numbers (- со, ce). 


In (1) the base b is restricted to positive numbers in order to guarantee that Р. 
is always a real number. For example, with this restriction we avoid complex 
numbers such as (—4)12. Also, the base b = 1 is of little interest to us since it 
can be shown that fis the constant function f(x) = 1: = 1. Moreover, for b > 0, 
we have f(0) = bo = 1. 


[ Exponents As just mentioned, the domain of an exponential function (1) is 


the set of all real numbers. This means that the exponent x can be either a 


rational or an irrational number. For example, if the base b = 3 and the 


| 


exponent x is a rational number, say, ub 5 апа х- 1.4, Шеп 


815 — 4/3 and 314 — 314/10 — 47/5 — 3/37. 


For an exponent x that is an irrational number, bx is defined, but its precise 


definition is beyond the scope of this text. We can, however, suggest a 
procedure for 2 number such as = . From the decimal 
representation мы |. | 4 142 | 32 62 … + + 
we see that the rational numbers 


1, 1.4, 1.41, 1.414, 1.4142, 1.41421,... 


are successively better approximations to V2 By using these rational 


numbers as exponents, we would expect that the numbers 


31 31.4 11.41 31414 314142 21.41421 


... 


are then successively better approximations to 3 . In fact, this can be 
shown to be true with a precise definition of b» for an irrational value of x. But 


on a practical level, we can use the y« key on a calculator to obtain the 
2 v2 


approximation 4.728804388 to 


[ Laws of Exponents In most algebra texts the laws of exponents are stated 
first for integer exponents and then for rational exponents. Since bx can be 
defined for all real numbers x when b > 0, it can be proved that these same 


laws of exponents hold for all real number exponents. 


THEOREM 6.1.1 Laws of Exponents 


If > 0, Ь > 0 and x, хі, and x2 denote real numbers, then 


(i) bx: 5 bx. = Dx x: 


b^ 


(i) b ^2 


| 


(iii) b* 


(iv) (bx) x = bux 


— b^ Шар. 


—p* 


(v) (ab)x = axbx 


Rewriting a Function 


At times, we will use the laws of exponents to rewrite a function in a different 
form. For example, neither f(x) = 23x nor g(x) = 4-» has the precise form of the 
exponential function defined in (1). However, by the laws of exponents given 


in Theorem 6.1.1, f can be rewritten as f(x) = 8: (b = 8 іп (1)), and g can be 


g(x) = (16) (b = т 


(1)). The details are shown below: 


by (iv) formis now р” 
үр у 
преотео 
Бу (іу) by (iii) form is now b* 
{ { 


p B B 
х) = 4" = (45) = (| = | — |. 
ы ey = (ш) = Ge) 


[ Graphs We distinguish two types of graphs for (1) depending on whether 


the base b satisfies b > 1 or < b < 1. The next two examples illustrate, in 


| е: 
f (x ) — 8 = 
turn, the graphs of f(x) = 3x апа Y 3 


Before graphing, we can make some intuitive observations about both 


b FR 
functions. Since the (Тү = 3) ain 2 аге роѕійуе, (һе 


values of 3: and are positive for every real number x. As a 
consequence, there аге no real numbers хі and x» for which З. and 


(i)? 
уо) = 
(1 =] 


= 1 апа х 3 ? and so ХО) = 1 in each case. This 
means that the graphs of Ж) = 3x and 


are zero. Graphicallv. |" means that the graphs of f(x) = 3: 


and have no x-intercepts. Also, 3o 


Graph for b > 1 


have the same y-intercept (0, 1). 


Graph the function f(x) = 3.. 


Solution We first construct a table of some function values corresponding to 
preselected values of x. As shown in FIGURE 6.1.1, we plot the corresponding 
points obtained from the table and connect them with a continuous curve. The 


graph shows that fis an increasing function on the interval (- со, со). 


FIGURE 6.1.1 Graph of function in Example 2 


Graph for0 < b < 1 


То) = (à 


Solution Proceeding as in Example 2, we construct a table of some function 


Graph the function 


values corresponding to preselected values of x. Note, for example, by the 


laws of exponents 


Пас {у =з Yar = 


As shown in FIGURE 6.1.2, we plot the corresponding points obtained from the 
table and connect them with a continuous curve. In this case the graph shows 


that fis a decreasing function on the interval (— «e, о). 


FIGURE 6.1.2 Graph of function іп Example 3 


[ Reflections Exponential functions with bases satisfying 0 < b < 1, such as 


' аге ТУХ іп an alternative manner. We 


у = (5 


note that =” — is the same аз у = 3-х. From this last 
result we see that the graph of y = 35. is simply the graph of y = 3. reflected in 


the y-axis. 


Review Theorem 2.2.3 in Section 2.2 for reflections in the x- and y-axes. 


[ Horizontal Asymptote FIGURE 6.1.3 illustrates the two general shapes that 


the graph of an exponential function f(x) = bx сап have; but there is one more 


important aspect of all such graphs. Observe in Figure 6.1.3 that for b > 1, 


f(x) —p-—0 а Хх — 90, < blue graph 


whereas for 0 < b < 1, 


7 (х) = Б 0 as х оо, < red graph 


In other words, the line y - 0 (the x-axis) is a horizontal asymptote for both 


types of exponential graphs. 


y=b*,0<b<1 yzb*b»l 


у-0 у-0 
horizontal horizontal 
asymptote asymptote 


FIGURE 6.1.3 f increasing for b > 1; f decreasing for 0 < b < 1 


[ Properties The following list summarizes some of the important 


properties of the exponential function f(x) 2 b.. Reexamine the graphs in 
Figures 6.1.1—6.1.3 as you read this list. 


Properties of the Exponential Function 


* The domain of f is the set of real numbers, that is, ( — о, >). 
• The range of f is the set of positive real numbers, that is, (0, >). 
+ The y-intercept of f is (0, 1). The graph of f has no x-intercepts. 


+ The function f is increasing for b > 1 and decreasing for 0 < b < 
1. 


* The x-axis, that is, у = 0, is a horizontal asymptote for the graph 


of f. 
+ The function f is continuous оп (— о, оо). 


* The function f is one-to-one. 


Although the graphs y = bx in the case, say, when b > 1, all share the same 
basic shape and all pass through the same point (0, 1), there are subtle 
differences. The larger the base b the more steeply the graph rises as x 
increases. In FIGURE 6.1.4 we compare the graphs of y = 5x, y = 3x, y = 2x, and y 
= (1.2) in green, blue, gold, and red, respectively, on the same coordinate 
axes. We see from its graph that the values of y = (1.2): increase slowly as x 
increases. For example, for у = (1.2), КЗ) = (1.2); = 1.728, whereas, for y = 
55 ПӘЛЕ Sor 125. 


y - gs 


FIGURE 6.1.4 Graphs of y = bx for b = 1.2, 2, 3, 5 


The fact that (1) is a one-to-one function, follows from the horizontal line test 
discussed in Section 2.8. Note in Figures 6.1.1-6.1.4 that a horizontal line can 


cross or intersect an exponential graph in at most one point. 


Of course, we can obtain other kinds of graphs by rigid and nonrigid 


transformations, or when an exponential function is combined with other 


functions by either an arithmetic operation or by function composition. In the 


next several examples we examine variations of the exponential graph. 


Horizontally Shifted Graph 


Graph the function f(x) = 3.2. 


Solution From the discussion in Section 2.2 you should recognize that the 
graph of f(x) = 3» is the graph of y = 3: shifted 2 units to the left. Recall, 
since the shift is a rigid transformation to the left, the points on the graph of 
f(x) = 3» are the points on the graph of y = 3. moved horizontally 2 units to 
the left. This means that the y-coordinates of points (x, y) on the graph of y = 
3. remain unchanged but 2 is subtracted from all the x-coordinates of the 
points. Thus we see from FIGURE 6.1.5 that the points (0, 1) and (2, 9) on the 
graph of y = 3x are moved, in turn, to the points (-2, 1) and (0, 9) on the graph 


of f(x) = Зоо, 


FIGURE 6.1.5 Shifted graph in Example 4 


The function f(x) = 3«» in Example 4 can be rewritten, if desired, as f(x) = 9 - 
3x. By (i) of the laws of exponents, 3-2 = 323; = 9. 3x. In this manner we can 
reinterpret the graph of f(x) = 3.2 as a vertical stretch of the graph of y = 3. by 
a factor of 9. For example, (1, 3) is on the graph of y = 3x, whereas (1, 9 · 3) = 
(1, 27) is on the graph of f(x) = 3:2. 


[ The Number e Most every student of mathematics has heard of, and has 


likely worked with, the famous irrational number 7 = 3.141592654.... Recall, 
that an irrational number is a nonrepeating and nonterminating decimal. In 


calculus and applied mathematics the irrational number 
e = 2.118281828459... 


arguably plays a role more important than the number zr. The usual definition 
of the number e is the number that the function f(x) = (1 + 1/x): approaches as 
we let x become large without bound in the positive direction, that is, f(x) > e 


as x > о, Using the limit notation introduced in Sections 1.5 and 2.10, we 


Ге 
е = me + 1) . (3) 


See Problems 53 and 55 in Exercises 6.1. You will often see an alternative 


write 


definition of the number e. If we let h = 1/x in (3), then as x > œ we have 


simultaneously Л > 0. Hence an equivalent form of (3) is 


е = lim( 1+)”. (4) 


See Problems 54 and 56 in Exercises 6.1. ОҒ course, advancing (3) and (4) as 
definitions of the number e raises the obvious question: Where do these 
strange limits come from? An unsatisfying partial answer is: Definitions (3) 
and (4) come from calculus. While we cannot prove in this course that the 
limits in (3) and (4) exist, we will, however, discuss the origins of e in Section 
6.5. 


[ The Natural Exponential Function When the base in (1) is chosen to 


be b = e, the function 


Па) == (5) 


is called the natural exponential function. Since b = e > 1 and b= 1/е < 1, 
the graphs of y = ex and y = e-x (or y = (1/е)х = 1/ег) are given in FIGURE 6.1.6. 
Alternatively, because f(—x) = e- the graph of y = e- is the graph of f(x) = e: 


reflected in the y-axis. 


(a) (b) 


FIGURE 6.1.6 Graphs of the natural exponential function (in (a)) 
and its reciprocal (in (b)) 


On the face of it, the natural exponential function (5) possesses no noticeable 
graphical characteristic that distinguishes it from, say, the function f(x) = 3», 
and has no special properties other than the ones given in (2), above. 
Questions as to why (5) is a "natural" and frankly, the most important 
exponential function, can only be answered fully in courses in calculus and 
beyond. We will explore some of the importance of the number e in Sections 
6.4 and 6.5. 


Reflection and Vertical Shift 


Graph the function f(x) = 2 — e-x. State the range. 


Solution We first draw the graph of y - e- as shown in FIGURE 6.1.7(А). Then 
we reflect the first graph in the x-axis to obtain the graph of y = —e- in Figure 
6.1.7(b). Finally, the graph in Figure 6.1.7(c) is obtained by shifting the graph 


in part (b) upward 2 units. 


The y-intercept (0, —1) of y = —e- when shifted upward 2 units returns us to 
the original y-intercept in Figure 6.1.7(a). Finally, because of the vertical shift 
the horizontal asymptote, which was y - 0 in parts (a) and (b) of the figure, 
becomes у- 2 in Figure 6.1.7(c). 


(a) Start with graph of y = e= (b) Graph in (a) reflected in x-axis (е) Graph in (b) shifted upward 2 units 


FIGURE 6.1.7 Graph of function in Example 5 


From the last graph we can conclude that the range of the function f(x) = 2 — e 
-x is the set of real numbers defined by y < 2, that is, the interval (— се, 2) on 


the y-axis. 


In the next example we graph the function composition of the natural 
exponential function y = ex with the simple quadratic polynomial function у = 


--Х2, 
А Function Composition 


Graph the function f(x) = е-х. 
Solution Because f(0) = e-o = eo = 1, the y-intercept of the graph is (0, 1). 


Also, f(x) # 0 since ex ж 0 for every real number x. This means that the 


graph of f has no x-intercepts. Then from 
3 i-r ЭЭЖ ч 
ERE Жын үү) 


we conclude that f is ап even function and so its graph is symmetric with 


respect to the y-axis. Lastly, observe that 


f(x) = — ә 0 as х ә. 
X 
e 


By symmetry we can also conclude that f(x) > 0 as x > – œ. This shows that у 
= 0 is a horizontal asymptote for the graph of f. The graph of f is given in 
FIGURE 6.1.8. 


УА 


(0, 1) 


FIGURE 6.1.8 Graph of function in Example 6 


Bell-shaped graphs such as that given in Figure 6.1.8 are very important in the 
study of probability and statistics. 


Exercises 6.1 Answers to selected odd-numbered 
problems begin on page ANS-20. 


In Problems 1-6, graph the given functions on the same rectangular 


coordinate system. 
1. у= 3x, y= 3 


2. yz-24y 2-25 


5. у= 3x-1, y= 3-x+1 
6. у= 2x2, у= -2x2 


In Problems 7-12, sketch the graph of the given function f. Find the y- 
intercept and the horizontal asymptote of the graph. State whether the function 


is increasing or decreasing. 
7. fix) = -5 + 3x 


8. fe») -2-2- 


f(x) =3- 6 


10. fix) =9-ex 
П. f(x) = —1 + ex3 
12. f(x) = -3 – exs 


In Problems 13-18, find an exponential function f(x) = b» such that the graph 
of f passes through the given point. 


13. (3,216) 
14: (СІ 2) 
15. (-1, e2) 
16. (2,е) 


17. (-2,9) 


== 
(56 


In Problems 19-22, determine the range of the given function. 


18. 


19. f(x) 2 5 + ex 
20. f(x) 24 - 24 
21. f(x) 2 3-2 

22. f(x) = =ex— 3 


In Problems 23—28, find the x- and y-intercepts of the graph of the given 


function. Do not graph. 

23. (х)-2,.-4 

24. f(x) = 32549 

25. f(x) = хех + 10e. 

26. f(x) = x22x — 2 

27. f(x) = хз8х + 5208 + 6Х8, 

28. f(x) = 4х4 — Аы 

In Problems 29-32, use a graph to solve the given inequality. 
29. 2.5 16 

30. ex < 1 


31. ex2< 1 


In Problems 33-36, use the graph іп Figure 6.1.8 to sketch the graph of the 


function f. 

33. f(x) = е-а-з» 

34. f(x) --е-оз2» 

35. f(x) = 3 — e-o) 
36. f(x) = —1 + e-o-2: 


In Problems 37 and 38, use f(—x) = f(x) to demonstrate that the given function 
is even. Sketch the graph of f. 


37. f(x) = ex 
38. f(x) = e- 


In Problems 39-42, use the graphs obtained in Problems 37 and 38 as an aid 
in sketching the graph of the given function f. 


39. f(x) = 1 — ex 
40. f(x) = 2 + Зең 
41. f(x) = -ei-4 
42. f(x) = ew» 


ааа х) = 507 + 377) 


is an even function. Sketch the graph of f. 

(x) = 30" — 377) 
44. Show that S 25, 2 Эн ~ ; 
is an odd function. Sketch the graph of g. 


45. For the functions f and g in Problems 43 апа 44, show that [f(x)]» — [g(x)]» 
= il. 


46. For f(x) = bx, show that: 


РЕ - fd 
h i h 


(b) Дх + хә) = fr) foe). 


(a) 


47. Show that the function f(x) = esi is periodic. Find the amplitude A of the 
graph of f. 


48. The graphs of the exponential functions у = ет and y = —e-w7 are called 
envelope curves for the graph of y = e-x7 sin x. As shown in FIGURE 6.1.9 the 
red envelope curves are tangent to the blue curve at certain points. Find the 


coordinates of the first four points of tangency for x > 0. 


FIGURE 6.1.9 Graph for Problem 48 


In Problems 49 and 50, sketch the graph of the given piecewise-defined 


function f. 


—e. х<0 


NEM. 2 
49. € , X = 0 


4 2 


FIGURE 6.1.10 Graph for Problem 51 


52. Find the total area of the shaded region in FIGURE 6.1.11. 


FIGURE 6.1.11 Graph for Problem 52 
Calculator Problems 


In Problems 53 and 54, use a calculator to fill out the given table. 


x 10 100 1000 10,000 100,000 1,000,000 
1+ 1/х)* 
c MEA 
h 0.1 0.01 0.001 0.0001 0.00001 0.000001 
FERT! 
54. (1 h) 


55. (a) Use a graphing utility to graph the functions f(x) = (1 + 1/x) and g(x) 
- e on the same set of coordinate axes. Use the intervals (0, 10], (0, 100], (0, 
1000]. Describe the behavior of f for large values of x. In graphical terms, 


what is g(x) = e? 


(b) Graph the function f in part (a) on the interval [-10, 0). Superimpose that 
graph with the graph of fon (0, 10] obtained in part (а). Is fa continuous 


function? 


56. Use a graphing utility to graph the function f(x) = (1 + х): on the 
intervals [0.1, 1], [0.01, 1], and [0.001, 1]. Describe the behavior of f near x = 


In Problems 57 and 58, use а graphing utility as an aid іп approximating the х- 


coordinates of the points of intersection of the graphs of the functions f and g. 
5 TAGS) mae ACs) e 2 

Beh (0) Я) = 28 

For Discussion 


In Problems 59-64, assume that 2; = а and 6; = b. Use the laws of exponents 
given in this section to express the value of the given expression in terms of a 
апа b. 


SU 1% 
60. 3; 
61. 6- 
62. 63: 
63. 2-327 
64. 18; 


65. Discuss: What does the graph of y = ег. look like? Do not use a graphing 
utility. 


6.2 Logarithmic Functions 


INTRODUCTION Since an exponential function y = bx is one-to-one, we 
know that it has an inverse function. To find this inverse, we interchange the 
variables x and y to obtain x = by. This last formula defines y implicitly as a 


function of x: 


y is that exponent of the base b that produces x. 


By replacing the word exponent with the word logarithm, we can rephrase the 


preceding line: 
y is that logarithm of the base b that produces x. 


This last line is abbreviated by the notation y = logsx and is called the 


logarithmic function. 


DEFINITION 6.2.1 Logarithmic Function 


The logarithmic function with base b > 0, b = 1, is defined by 


y = log,x if and only if x = bY 


For b > 0 there is no real number у for which by can be either 0 or negative. It 
then follows from x = Ру that x > 0. In other words, the domain of a 


logarithmic function у = logsx is the set of positive real numbers (0, о). 
For emphasis, all that is being said in the preceding sentences is: 


The logarithmic expression y = logex and the exponential expression x = by 


are equivalent. 


That is, both symbols mean the same thing. As a consequence, within a 
specific context such as solving a problem, we can use whichever form 
happens to be more convenient. The following table lists several examples of 


equivalent logarithmic and exponential statements. 


[ Graphs Recall from Section 2.8 that the graph of ап inverse function can 
be obtained by reflecting the graph of the original function in the line y = x. 
This technique was used to obtain the red graphs from the blue graphs in 
FIGURE 6.2.1. As you inspect the two graphs in Figure 6.2.1(a) and in Figure 
6.2.1(b), remember that the domain (– =, œ) and range (0, +) of y = bx 


become, in turn, the range (->, <<) and domain (0, +) of у = logs x. Also 


note that the y-intercept (0, 1) for the exponential function (blue graphs) 


becomes the x-intercept (1, 0) for the logarithmic function (red graphs). 


х-0 х-0 
vertical vertical 
asymptote asymptote 


(a) Base b> 1 (b) BaseO<b<1 


FIGURE 6.2.1 Graphs of logarithmic functions 
[ Vertical Asymptote When the exponential function is reflected in the 
line y = x, the horizontal asymptote у = 0 for the graph of y = bx becomes а 


vertical asymptote for the graph of y = logsx. In Figure 6.2.1 we see that for b 
> il, 


ES 
loggx > —9» as х->0”, «red graph in (а) 
whereas for 0 < b< 1, 
c 
log, x — 9 as х Э 0. «red graph in (b) 


From (7) of Section 3.6 we conclude that x = 0, which is the equation of the y- 


axis, is a vertical asymptote for the graph of y = logrx. 


[ Properties The following list summarizes some of the important 


properties of the logarithmic function f(x) = logox. 


Properties of the Logarithmic Function 


* The domain of f is the set of positive real numbers, that is, (0, >). 
+ The range of f is the set of real numbers, that is, (- «e, >). 
* The x-intercept of f is (1, 0). The graph of f has no y-intercept. 


+ The function f is increasing for b > 1 and decreasing for 0 < b < 
1. (2 


* The y-axis, that is, x - 0, is a vertical asymptote for the graph of 


+ The function f is continuous on (0, >). 


* The function f is one-to-one. 


We would like to call attention to the third entry in the foregoing list (2) for 


special emphasis: 


log;] = 0 since P= (3) 


Also, 


log,b = 1 since b! = b. (4) 


Thus, in addition to (1, 0) the graph of any logarithmic function (1) with base 
b also contains the point (b, 1). The equivalence of у = logsx and x = Ру also 
yields two sometimes-useful identities. By substituting у = logsx into x = by, 


and then x = by into y = logsx gives 


log,x 


х=Ь and у = 108,5”. (5) 


Using Properties 


Simplify 


(а) 10561 

lo | ES 
NH v3 
(с) 8109 


(d) 10210105. 


Solution (a) With b = 6, property (3) gives loge! = 0. 


(b) n T property (4) gives 


(c) With b = 8 and x = 7, the first property іп (5) gives 81087 = 7. 


(d) With b= 10 and y = 5, the second property in (5) gives logiol05 = 5. 


Logarithmic Graph for b > 1 


Graph f(x) = log10(x = 10). 


Solution This is the graph of y - logiox, which has the shape shown in Figure 
6.2.1(a), shifted 10 units to the left. To reinforce the fact that the domain of a 
logarithmic function y = logiox is the set of positive real numbers, that is, x > 
0, we can obtain the domain of f(x) = logio(x + 10) by replacing x by x + 10 
and requiring that x + 10 > 0 or > —10. In interval notation, the domain of f 
15 (-10, œ). In the short accompanying table, we have chosen convenient 


values of x in order to plot a few points. 


7-9) = log;ol — 0 < by (3) 
Хо) = 106 (010 -- 1. < by (4) 


Тһе vertical asymptote x = 0 for the graph of у = logiox becomes x = —10 for 


the shifted graph. This asymptote is the red dashed vertical line in FIGURE 6.2.2. 


y 


y = log;o(x + 10) 


(-9, 0) 


FIGURE 6.2.2 Graph of function in Example 1 


[ Natural Logarithm Logarithms with base b = 10 are called common 


logarithms and logarithms with base b = e are called natural logarithms. 


Furthermore, it is customary to write the natural logarithm 


logex as [n x. 


The symbol “Іп x" is usually read phonetically as “еП-еп of x.” Since b = е > 
1, the graph of y = In x has the characteristic logarithmic shape shown in 
Figure 6.2.1(а). See FIGURE 6.2.3. For base b = e, (1) of Definition 6.2.1 


becomes 


y= lnx if and only if x= e. (6) 


FIGURE 6.2.3 Graph of the natural logarithm is shown in red 


The analogs of properties (3) and (4) for the natural logarithm are 


Inl — 0 since ё = 1; (7) 


ше = 1 since e =e. (8) 


х= е" апа у = Ine. (9) 


For example, from the first equation іп (9), епіз- 13. 


Common and natural logarithms can be found on all calculators. Often the 
symbol for the common logarithm is written without a subscript, that is, logiox 
is simply written logx. But in this text we will continue to use logiox. See (v) 


in Notes from the Classroom. 


[ Laws of Logarithms The laws of exponents given in Theorem 6.1.1 can 
be restated in an equivalent manner as the laws of logarithms. To see this, 


suppose we write M = bx and М = bx. Then by (1), хі = logs M and x2 = log» М. 


Product: By (i) of Theorem 6.1.1, MN = bx+x». Expressed as a logarithm this is 
хи + x2 = log» MN. Substituting for xi and x» gives 


log,M + log g,N = log,MN. 


Quotient: By (ii) of Theorem 6.1.1, M/N = b... Expressed as a logarithm this 
is xi — x2 = logi(M/N). Substituting for хі and x» gives 


log,M — log,N = log,(M/N). 


Power: Ву (iv) of Theorem 6.1.1, Mc = рел. Expressed as a logarithm this is 


cxi = log» Ме. Substituting for хі gives 
qc 
clog,M = log; M'. 
> 


For convenience and future reference, we summarize these product, quotient, 


and power laws of logarithms next. 


THEOREM 6.2.1 Laws of Logarithms 


For any base b > 0, b = 1, and positive numbers М апа М: 


(1) loge MN = log»M + logoN 


M 
log,| — | = log; M — log,N 
(0) 


(iii) log» М: = c log»M, for c any real number 


Using the Laws of Logarithms 


Simplify and write as a single logarithm 
| | j ; 
5136 + 214 — №4. 


Solution There are several ways to approach this problem. Note, for example, 


that the second and third terms can be combined arithmetically as 


214 — In4 = In4. — analogous to 2x — x — x 


Alternatively, we can use (iii) followed by (ii) of Theorem 6.2.1 to combine 


these terms: 


2In4 — In4 = In 4? — In4 
= In 16 — In4 
- In? 


= 04. 


Непсе, 


136 + 214 — ш4 = In(36)!? + In 4e уйй of Theorem 6.2.1 
= |n6 + In4 


= In 24. = by (i) of Theorem 6.2.1 


Rewriting Logarithmic Expressions 


Use the laws of logarithms to rewrite each expression and evaluate. 


,In Ve 


(b) In 5e 


(c) е 


Ve = еі 
Solution (a) Since е EE е we һауе from (iii) of 


Theorem 6.2.1: 


3 
In Ve = ше! = ше = 


= from (8), ше = 1 


вэ|- 


(b) From (i) of Theorem 6.2.1 and а calculator: 


In5e = In5 + Ine = 115 + 1 == 2.6094. 


(с) From (її) of (һе Theorem 6.2.1: 


In— = In] — Ine = 0 — 1 = —1. кот (7) and (8) 
е 


Note that (iii) of the Theorem 6.2.1 can also be used here: 
In— = ае! = (-Dne = -1. <ine=1 
е 


Value of a Logarithm 


Ш G = 1/1 and 1092 = 0.6826, Шеп find 


log, V 18 


/ 18 
Solution We begin by rewriting as (18)/3. Then by the laws 
of logarithms 


7 


Іос,( 18)3- = 3102,18 = by (iii) of Theorem 6.2.1 
— zlog,(2 «3?) 
= 3llog,2 + 102,32 1 < by (i) of Theorem 6.2.1 
- 3llog,2 + 205,3] < by (iii) of Theorem 6.2.1 
= 110.4307 + 2(0.6826)] 
— 0.5986. 


NOTES FROM THE CLASSROOM 


© Stock4B GmbH/Alamy Images 


(i) Students often struggle with the concept of a logarithm. It 
may help if you repeat to yourself a few dozen times, “А 
logarithm is an exponent." It may also help if you begin reading 
a statement such as 3 = 102101000 as “3 is the exponent of 10 
that...." 


(ü) Be very careful applying the laws of logarithms. The 
logarithm does not distribute over addition, 


log, (M + N) > log, M + log; N. 


In other words, the exponent of a sum is not the sum of the 
exponents. Also, 


log; M 


+ log,M — log, N. 
log, № a 


In general, there is no property of real numbers that enables us 
to rewrite either 


log,M 
log, N 


log,(M + N) or 


(üi) Also be careful when rewriting logarithmic functions using 
the laws of logarithms. For example, because x» > 0 for all 
nonzero real numbers the domain of the function у = logsx2 is 
the set real numbers satisfying x » 0 but the domain of y = 2 
logsx is the set of real numbers satisfying x > 0. See Problem 83 
in Exercises 6.2. 


Gv) Іп calculus, the first step іп a procedure known as 
logarithmic differentiation requires the student to take the natural 


logarithm of both sides of a complicated function such as 


- 
x9 V + 5 


У x 3 / 3 
y бХ Ч 2 . The idea is to use 


the laws of logarithms to transform powers into constant 
multiples, products into sums, and quotients into differences. See 
Problems 69-72 in Exercises 6.2. 


(v) You may see different notations for the natural exponential 
function and for the natural logarithm. For example, on some 
calculators you may see y — exp x instead of y - е. In the 
computer algebra system Mathematica the natural exponential 
function is written Exp[x] and the natural logarithm is written 
Log[x]. 


Exercises 6.2 Answers to selected odd-numbered 
problems begin on page ANS-20. 


In Problems 1—6, rewrite the given exponential expression as an equivalent 


logarithmic expression. 


4717 = i 


1. 

2^; Goes 1 

3. 104 = 10,000 
4. 100.3010 = 2 
50 27-02 


6. (а+ Б) = 2 + 2ар + b» 


In Problems 7-12, rewrite the given logarithmic expression as an equivalent 


exponential expression. 


7. 1082 128 2 7 


11. logsu =v 

12. 105502 = 2 

In Problems 13-18, find the exact value of the given logarithm. 
13. logio(0.0000001) 

14. 1024 64 


15. 1052(22 + 22) 


17. In e 

18. In(eze») 

In Problems 19—22, find the exact value of the given expression. 
19. 10109162 


20. 251028 


21. е-пт 


| 
710 7 
22: е: 


In Problems 23 and 24, find а logarithmic function f(x) = logsx such that the 
graph of f passes through the given point. 


23. (49, 2) 
TN 


In Problems 25-32, find the domain of the given function f. Find the x- 


intercept and the vertical asymptote of the graph. Use transformations to 


24. 


graph the given function f. 
25. f(x) = —1022х 

26. f(x) = -logx(x + 1) 

27. f(x) -1082(-х) 

28. f(x) = 1022 (3 — x) 

29. Кх)= 3 = logxx-t 3) 
30. f(x) =1- 2log4(x — 4) 
31. Дх)=-1+Шх 

32. f(x) =1+ In(x — 2) 

In Problems 33 and 34, use a graph to solve the given inequality. 
33. In(x+ 1) 50 


34. logio(x - 3) > 1 


35. Show that f(x) = шр is an even function. Rewrite Газ а piecewise-defined 
function and sketch its graph. Find the x-intercepts and the vertical asymptote 


of the graph. 


36. Use the graph obtained in Problem 35 to sketch the graph of y = In |х- 2]. 
Find the x-intercept and the vertical asymptote of the graph. 


In Problems 37 and 38, sketch the graph of the given function f. 
37. f(x) = [In x| 

38. f(x) = [In(x  1)| 

In Problems 39-44, find the domain of the given function f. 

39. fix) = nx- 3) 

40. f(x) = In(3 - x) 

41. f(x) = In(9 — x2) 


42. f(x) = ln(x — 2x) 


f(x) = Vinx 
| 
f(x) = 


Р Inx 


In Problems 45 and 46, graph the given equations on the same rectangular 


coordinate system. 
45. у= 3x, х= 3, 
46. yz Sis. X= 35, 


In Problems 47-50, the given function / is one-to-one. Find f-1 and give its 


domain апа range. 
47. fix) = 2 +4. 
48. f(x) = 105 — 10 


49. fix) 2 1 + In(x - 2) 


f(x) 5 + log,— 
50. Х 
In Problems 51-56, use (һе laws of logarithms in Theorem 6.2.1 (о rewrite the 


given expression as one logarithm. 


51. 05102 + 2logio5 


Ян 5105549 — 510258 + 131021 
53. In(xi — 4) - In( + 2) 
X 3 
In z^ 2 шх’- 4Iny 


54. 


55. In5 + 152 + 153 — 1056 
56. 5112 + 2113 - 3104 


Іп Problems 57-68, use 10254 = 0.6021 апа 10895 = 0.6990 to evaluate the 


given logarithm. Round your answer to four decimal places. 
57. 10552 
58. 10220 


59. 105564 


60. 10525625 


_log,V5 


„1093 


log, V4 


64. 10280 
65. log;0.8 
66. 1093.2 
67. 1004 

68. 100550 


Іп Problems 69-72, use the laws of logarithms in Theorem 6.2.1 so that In y 


contains no products, quotients, or powers. 


2. Мас +2 


(Ax DOE T 2) 
4х + 3 


70. 


71. 


72. 3 


у = 


(х — 3y (x* + 3х2 + 1) 
Мх(х + 5)? 


‚ = 64х°\/х + IN + 2 


In Problems 73-76, verify the given identity. 


73. In 


74. In 


75. ln 


76. In 


sec x| = —In|cos x| 

cot x| = -In|tan х] 

sec x — tan x| = — In|sec x + tan | 

1 + cos x| + Ш — cos x| = 2 In [sin х] 


77. What is the domain of the function f(x) - In|sin x|? 


78. For f(x) = logix, show that f(xixz) = f(x1) + f(x). 


For Discussion 


79. Іп science it is sometimes useful to display data using logarithmic 


coordinates. Which of the following equations determines the graph shown in 


FIGURE 6.2.4? 


(i) y 


=2х+1 


(п) y=e +x 


(iii) y 


= ех? 


(iv) xy=e 


In y 


In x 


FIGURE 6.2.4 Graph for Problem 79 


80. (a) Use a graphing utility to obtain the graph of the function 
9 
f(x) = (х - Vx? + 1) 


(b) Show that fis an odd function, that is, f(—x) = —f(x). 


81. If a» O and > 0, а ғ b, then loga x is a constant multiple of log» x. That 
is, loga x = klog» x. Find k. 


82. Show that (logice)(loge 10) = 1. Can you generalize this result? 


83. The following question appeared on an examination: 


x c3 
Find the domain of the function f(x) — m( 2 ) 


One student reasoned that using the laws of logarithms the function f could be 


rewritten as 


f(x) = In(x — 3) — Inx. 


Because the domain of In(x — 3) is the interval (3, —) and the domain of In x 
is the interval (0, се), the domain of fis the intersection (0, œ) n (3, e) = 


(3, œ). Discuss: Is the student's reasoning valid? 


84. Find the vertical asymptotes for the graph of 


f(x) = In 


graph of f. Do not use a graphing utility. 


ей 


X 


. Sketch the 


In Problems 85-88, discuss how the graph of the given function can be 
obtained from the graph of f(x) 2 In x by means of a rigid transformation (a 


shift or a reflection)? 
85. у= 0 5x 
| = [n— 


я 4 


87. у= а xa 
88. y = ш(-х) 


In Problems 89 and 90, discuss how the graph of the given function сап be 
obtained from the graph of f(x) - In x by means of a rigid or nonrigid 


transformation. 
89. у-10205х 


90. y = 10935 x 


6.3 Exponential and Logarithmic 
Equations 


INTRODUCTION Since exponential and logarithmic functions appear in the 
context of many different applications, we are often called upon to solve 
equations that involve these functions. While we postpone applications until 
Section 6.4, we examine in the present section some of the ways that can be 


used to solve a variety of exponential and logarithmic equations. 


[ Solving Equations Here is a brief list of equation-solving strategies. 


Solving Exponential and Logarithmic Equations 


* Rewrite an exponential expression as a logarithmic expression. 
* Rewrite a logarithmic expression as an exponential expression. 
+ Use the one-to-one properties of bx and log» x. 


* For equations for the form а» = bx, where а » b, take the 
natural logarithm of both sides of the equality and simplify using 
(iii) of the laws of logarithms given in Theorem 6.2.1 of Section 6.2. 


Of course, this list is not comprehensive and does not reflect the fact that in 
solving equations involving exponential and logarithmic functions we may 
also have to employ standard algebraic procedures such as factoring and using 


the quadratic formula. 


In the first two examples we use the equivalence 


y = log,x if and only if х= р? (1) 


to toggle between logarithmic and exponential expressions. 


Rewriting ап Exponential Expression 


Solve eio. = 7 for k. 


Solution We use (1), with b = e, to rewrite the given exponential expression 


as a logarithmic expression: 


е!% = 7 means 10k = In7. 


Therefore, with the i calculator 


К = 107 = Y? 1946. 
Fm 


Rewriting a Logarithmic Expression 


Solve log x = 5 for x. 


Solution We use (1), with b = 2, to rewrite the logarithmic expression in its 


equivalent exponential form: 


EL a YA 
E 


[ One-to-One Properties Recall from (1) of Section 2.8 that a one-to-one 
function f possesses the property that if f(xi) = f(x2), then necessarily хі = x2. 
We have seen in Sections 6.1 and 6.2 that both the exponential function y = bx, 
b > 0, b = 1, and the logarithmic function y = log» x are one-to-one. As a 


consequence we have: 


If b" = b°, then x, = x». (2) 


If log; x, = log, Хэ, then x, = Хо. (3) 


Using the One-to-One Property (2) 


Solve 2,-3 = 8x41 for x. 


Solution Observe on the right-hand side of the given equality that 8 can be 
written as a power of 2, that is, 8 = 23. Furthermore, by (iv) of the laws of 


exponents given in Theorem 6.1.1, 


multiply exponents 


Thus, the equation is the same as 


2Х-5 = 23х+3 


From the one-to-one property (2) it follows that the exponents are equal, that 
is, x — 3 = 3x + 3. Solving for x then gives 2x = —6 or x = —3. You are 
encouraged to check this answer by substituting —3 for x in the original 


equation. 
Using the One-to-One Property (2) 


Solve 72+) = 343 for x. 


Solution By noting that 343 - 75, we have the same base on both sides of the 
equality: 


72+ 1) — = 75 


Thus by (2) we can equate exponents and solve for x: 
2(х + 1) = 


х = 


3 
3 
| 
| 
2 


Using the One-to-One Property (3) 


Solve In 2 + In(4x — 1) = In(2x + 5) for x. 


Solution By (7) of the laws of logarithms in Theorem 6.2.1, the left-hand side 


of the equation can be written 


In2 + In(4x — 1) = In2(4x — 1) = In(&x — 2). 


The original equation is then 
In(8x — 2) = In(2x + 5). 


Since two logarithms with the same base are equal, it follows immediately 


from the one-to-one property (3) that 8x — 2 = 2x + 5 or бх = 7 or 


[ Extraneous Solutions For logarithmic equations, especially of the kind 


in Example 5, you should get accustomed to checking your answer by 
substituting it back into the original equation. It is possible for a logarithmic 
equation to have an extraneous solution. 

An Extraneous Solution 


Solve 1022 x + log» (x - 2) = 3. 


Solution We start using again that the sum of logarithms on the left-hand side 


of the equation is the logarithm of a product: 
log;x(x — 2) = 3 
Og» x(x ) = 3. 


With b = 2 we use (1) to rewrite the last equation in the equivalent 


exponential form 
ОЙ е0 


By ordinary algebra we then have 


“ы 
| 

°ч 
[ 

С© 


x-—-2x-8- 
(x — 4)(х - 2) 


| 
= = 


From the last equation we conclude that either x = 4 or x = -2. However, we 
must rule out x = —2 as a solution. In other words, the number x = —2 is an 
extraneous solution because, when substituted into the original equation, the 
very first term, 1002(-2), is not defined. Thus the only solution of the given 


equation is x — 4. 


Check: 
108:4 + 109,2 = log;2? + 109,2 
= log,27 = 3log,2 А ЕЕ 


When we use the phrase “take the logarithm of both sides of an equality” we 
are actually using the property that if M and N are two positive numbers such 
that M = N, then log» М = log» N. 

Taking the Natural Logarithm of Both Sides 
Solve ex = 3x. 
Solution Since the bases of the exponential expression on each side of the 


equality are different, one way to proceed is to take the natural logarithm (the 


common logarithm could also be used) of both sides. From the equality 
Ine? = In3* 4 
and (iii) of the laws of logarithms in Theorem 6.2.1, we get 


2хше = (x — 4)In3. 


Now using In e = 1 and the distributive law, the last equation becomes 


2x = xin 5 — 45. 


Gathering the terms involving the symbol x to one side of the equality then 


gives 
factor x out 
of these terms 
— -41һ3 
2х — xln3 = —4103 ог (2 — ш3З)х = -4ln3 or x= J 
2= 103 
You are encouraged to verify the calculation that x = —4.8752. 


Using the Quadratic Formula 


Solve 5. - 5 = 2. 


Solution Because 5-х = 1/5., the equation is 


ЖЕЛІ 


==? 


Multiplying both sides of the foregoing equation by 5. then gives 


(59:- 1-25) or (5%)? -2(5) - 1 = 0. 


If we let X = 5x, then the last equation can be interpreted as a quadratic 


equation X» — 2X — 1 = 0. Using the quadratic formula to solve for X yields 


2+ ү4+4 


X 2—————-21zw2 ог 5*=1+ V2. 


N 


Because | 17) is a negative number and 5х is positive 


for every real number x there are no real solutions of 


5 = 1 — 32H 


5" = 1 + V2. (4) 


Now by taking the natural logarithm of both sides of the equality we obtain 


In5* = In(1 + V2) 
xln5 = In(1 + V2) 
_ In(1 + V2) 
n In 5 | 


Using the In key of a calculator, the division yields x = 0.5476. 


[ Change of Base In ир of Example 8 it follows from (1) that a iow 


valid solution he equation 5. 18 


= log. gs(l + v2)... 


computational viewpoint (that is, expressing x as a number), the last answer is 


not desirable since no calculator has a logarithmic function with base 5. But 


by equating — log ES | + v2) 


with the result in (5) we have discovered that logarithm with base 5 can be 


expressed in terms of the natural logarithm: 


logs(1 + V2) = пча (6) 


Іа 5 


Тһе result given in (6) is just а special case of a more general result known as 
the change-of-base formula. 


THEOREM 6.3.1 Change-of-Base Formula 


If a 1, b = 1, and М are positive numbers, then 


log, M 


log,a 


log,M = 


oa 


PROOF: If we let у = logaM, then from (1), ay = M. Then 


оса? = log, M 
ylog,a = log,M < by (iii) of Theorem 62.1 


log,M 
b DES < by assumption y = log, M 
log,a 
log, M 
log,M = TA 
08,4 


In order to obtain the numerical value of а logarithm using a calculator, we 


usually choose b = 10 or b = e in (7): 


. logioM _ InM 
log, M = — ог log,M= 
са los а са 
210 


; (8) 
Ina 


Changing the Base 


Find the numerical value of log» 50. 


Solution We can use either formula in (8). If we choose the first formula in 


(8) with М = 50 and а = 2, we һауе 


Using the log key to calculate the two common logarithms and then dividing 


yields the approximation 
102,50 = 5.6439. 


Alternatively, the second formula in (8) gives the same result: 


In 50 
108550 = —— == 5.6439. 
Іп 2 


We can check the answer іп Example 9 оп a calculator by using the ух key. 


You are urged to verify that 256439 = 50. 
Changing the Base 


Find the number x in the domain of f(x) = 6х for which f(x) = 73. 


Solution We must find a solution of the equation 6. - 73. One way of 


proceeding is to rewrite the exponential expression as an equivalent 


= log, /3. 


logarithmic expression: 


Then with the identification а = 6 it follows from the second equation in (8) 


and the aid of a calculator that 


You should verify that (2.3946) = 623046 = 73. 


Exercises 6.3 Answers to selected odd-numbered 
problems begin on page ANS-21. 


In Problems 1—20, solve the given exponential equation. 


қар | 
| — 10,000 


7h, Dee Sy ка 36 
4 9 
.3* 16 
0) Дене 
(107%) = 25(10*) 
UL Se 10. 0 
17% We 9) 
ІЗ: Зее 


к = 8(25-1ү 
— (2-2 Е TE 
К) —9gl- 


ІЙ, 5р = 25 
2 х2 | 
DU E м = 
(е?) ЕТЕК 9 
18. С 
19. 4x = 52х+1 
20. 344 = 2х—16 


In Problems 21-40, solve the given logarithmic equation. 


21. 


22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


log; 5x = logs 160 
In(10 + x) = In(3 + 4x) 
Inx=In5+In9 


3 logsx = 100836 + 105812 - logs2 


| 
109105 = 2 
X 


log; V x + 17 = 2 


1082 (logs x) 2 2 
logs |1 - 3| 2 1 


logs 81x — logs 32x = 3 


30. 


32. 1052(х — 3) – 1052(2х + 1) = -1022 4 

33. log x + 1092(10 — x) = 4 

34. logs x + logs хә = 1 

35. loge2x – logs(x 1) 20 

36. 1021054 — 108102 = 2logi9x — logio Vx 


1 
logo V 10x + 5 — 2 = logg Vx + 1 


37. 


38. logiox2 + 10610 хз + logio x4 — 10910 xs = 1021016 
39. п3--Іш2х- 1) = In 4 + In@ + 1) 
40. In(x + 3) + Inx - 4) -Inxz1n3 


In Problems 41—50, either use factoring or the quadratic formula to solve the 


given equation. 

41. (Sx)2 - 26(5:) + 25 =0 
42. 64: — 10(8:) + 1620 
43. logs x2 = (logs x) 


44. (logio x)? + logio x = 2 


45. (5:)2 - 2(5х)— 1-0 

46. 2.- — 122:) + 35 = 0 

47. (п х): + Inx 2 

48. (logio 2x)» = log10(2x)2 

49. 2.4 254 22 

50. 102. — 103(10,) + 300 = 0 

In Problems 51—56, find the x-intercepts of the graph of the given function. 


51. Кх) = em-e 


mf(x) = 1 — (0.1) 


53. Дх) 24.4 -3 


54. (х) = 3» 4 5 
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ШЕРТСЕ 


F(x) 2%--6--22-: 
x) = _—_ 
zl нэ X + 2 


In Problems 57 and 58, find the x- and y-intercepts of the given graphs. 


ӘЛЕ 


Graph for Problem 57 


58. 


у=-3 +1һ (x43) 


Graph for Problem 58 
In Problems 59 and 60, find the zeros of the given function. 


59. f(x) = 5 — log|x + 4] 


JN MEE 3-51-2 
(х) 5-14е7 2 


In Problems 61-66, graph the given functions. Determine the approximate х- 


coordinates of the points of intersection of their graphs. 
61. f(x) = 4e» g(x) = 35 
62. f(x) = 22, g(x) = 3 — 2x 


63. fx) = 3x, g(x) = 2(3.) 


| > 2 
“2, pix)—2 —1 


64. fe) B 3 


| 10 
f(x) = logo g(x) = logiox 


А X 
f(x) = 1081077 g(x) = І05,Х 


In Problems 67-70, solve the given equation. 


66. 


67. Xinx = €9 


... 1000 
X ©10 — EN | 
68. b a 


69. log. 81 =2 
70. logs 125x = -2 


In Problems 71-76, find the points on the graph of the given function that 


have the indicated y-coordinate. 


71. Дх) = 6551 


f(x) = 05 7 


73. f(x) = logs(x + 2); 2 


74. f(x) 25 — 2 lnx; 4 


TEUA. 
[5+ \ / “ 

76. fix) = 25x = 5m1; —6 

In Problems 77 and 78, find the numerical value of the given logarithm. 
TT. logz4 

78. logse 


For Discussion 


In Problems 79 and 80, discuss how to solve the given equation. Carry out 


your ideas. 
79. logox + logax = 6 
80. logsx – logex - 2 = 0 


81. Use a graphing utility to obtain the graph of the function f(x) = log»2(3 — 


x). Give the domain of the function f. 


82. Discuss: Are the given two equations equivalent, that is, do they have the 


same solution set? 
(a) logs(x — 2)2 = 2; 2 logs(x - 2) =2 


(b) logs(x — 2): = 3; 3 logs(x - 2) 23 


In Problems 83 апа 84, give (һе domain of the function f. Find all zeros of the 
function of f. Use a graphing utility to obtain the graph of f. 


83. f(x) 2 sin(Inx) 


84. f(x) 2 In(sin x) 


6.4 Exponential and Logarithmic 
Models 


INTRODUCTION In this section we consider some mathematical models 
utilizing exponential or logarithmic functions. Roughly speaking, a 
mathematical model is a mathematical description of something that we will 
call a system. To construct a mathematical model we start with a set of 
reasonable assumptions about the system that we are trying to describe. These 
assumptions include any empirical laws that are applicable to the system. The 


end result could be a description as simple as a single function. 


[ Exponential Models In the physical sciences, the exponential expression 
Cex, where C and К are constants, frequently appears in mathematical models 
of systems that change with time 1. Аз a consequence, mathematical models 
are often used to predict a future state of a system. For example, extremely 
complicated mathematical models are used to predict the weather over various 


regions of the country for, say, the next week. 


[ Population Growth In one model of a growing population, it is assumed 


that the rate of growth of the population is proportional to the number present 
at time т. If P(t) denotes the population or number present at time 7, then with 


the aid of calculus it can be shown that this assumption gives rise to 


P(t) = Pye", К> 0, (1) 


where 1 is time, and Ро and k are constants. The function (1) is used to 


describe the growth of populations of bacteria, small animals, and, in some 


rare circumstances, humans. Setting t = 0 gives P(0) = Po, and so Ро is called 
the initial population. The constant k > 0 is called the growth constant or 
growth rate. Since ex, К > 0, is an increasing function on the interval (0, со), 


the model in (1) describes uninhibited growth. 


Bacterial Growth 


It is known that the doubling time* of E. Coli bacteria, which reside in the 
large intestine (colon) of healthy people, is just 20 minutes. Use the 
exponential growth model (1) to find the number of E. Coli bacteria in a 


culture after 6 hours. 


Solution Let us use hours unit of time, so that 


аз ош 
) Е __ | 
20 min — 7h 

mf . Because the initial number of 


E. Coli in the culture is not specified, we will simply denote the initial size of 


the culture as Po. Now using (1), a function interpretation of the first sentence 


P(i) = 2P, 


in this example is -— =. This means 
Poeus = 2Po or eus = 2. Solving this last equation for k gives the growth 


constant 


= In2 Or k = 3102 = 2.0794. 


E. Coli bacteria 
© Eraxion/iStock/Thinkstock 


A model for the size of the culture after t hours is then P(t) = Poe2.0794. Setting 
t = 6 gives P(6) = Poe207946) = 262,144Ро. Put another way, if the culture 
consists of only one bacterium at f = 0, then (with Po = 1) the model predicts 


that there will be 262,144 cells 6 hours later. 


When working problems such as this, be sure to store the value of k in the memory of 


your calculator. 


In the early nineteenth century the English clergyman and economist Thomas 
R. Malthus used the growth model (1) to predict the world population. For 
specific values of Po and k, the function values P(t) were actually reasonable 
approximations to the world population for a period of time during the 


nineteenth century. Since P(f) is an increasing function, Malthus predicted 


that the future population growth would surpass the world's ability to produce 
food. As a consequence he also predicted wars and worldwide famine. More a 
doomsayer than a seer, Malthus failed to foresee that the food supply would 
keep pace with the increased population through simultaneous advances in 


science and technology. 


Thomas R. Malthus (1776-1834) 
€ National Library of Medicine 


In 1840, a more realistic model for predicting human populations in small 
countries was advanced by the Belgian mathematician/biologist P. F. 
Verhulst (1804-1849). The so-called logistic function 


P(t) — г< 0, (2) 


1 + се” 


where К, c, and ғ are constants, has over (һе years proved to be ап accurate 


growth model for populations of protozoa, bacteria, fruit flies, water fleas, 


fish, and animals confined to limited spaces. In contrast (о uninhibited growth 
of the Malthusian model (1), (2) exhibits bounded growth. More specifically, 
the population predicted by (2) will not increase beyond the number K, called 
the carrying capacity of the ecosystem. For ғ < 0, e > 0 and P(t) > K as t > 
eo. You are asked to graph a special case of (2) in Problem 7 in Exercises 6.4. 


[ Radioactive Decay Element 88, better known as radium, was discovered 


by Pierre and Marie Curie in 1898. Radium is a radioactive element, which 
means that a radium atom spontaneously decays, or disintegrates, by emitting 
radiation in the form of alpha particles, beta particles, and gamma rays. When 
an atom disintegrates in this manner, its nucleus is transmuted into a nucleus 
of another element. For example, the nucleus of an atom of the most stable 
isotope of radium, Ra-226, is transmuted into the nucleus of a radon atom 
Rn-222. Radon is a heavy, odorless, colorless, and highly dangerous 
radioactive gas that usually originates in the ground. Because it can penetrate 
a sealed concrete floor, radon frequently accumulates in the basements of 
some new and highly insulated homes. Some medical organizations have 
claimed that after cigarette smoking, exposure to radon gas is the second 


leading cause of lung cancer. 


Pierre and Marie Curie 
© Photos.com/Thinkstock 


If it is assumed that the rate of decay of a radioactive substance is proportional 


to the amount remaining or present at time f, then we arrive at basically the 


same model as in (1). The important difference is that k < 0. If А(/) represents 


the amount of the decaying substance that remains at time 7, then 


Wi = Ape", К<0, (3) 


where Ao is the initial amount of the substance present, that is, A(0) = Ао. Тһе 


constant k < От (3) is called the decay constant or decay rate. 


Decay of Radium 


Suppose there are 20 grams of radium on hand initially. After 1 years the 
amount remaining is modeled by the function A(t) = 206-0000418 Find the 
amount of radium remaining after 100 years. What percent of the original 20 


grams has decayed after 100 years? 


Solution Using a calculator, we find that after 100 years there remains 


A(100) = 20e 999418100 — 19,18 g. 


Thus, only 


20 — 19.18 
— — — — X 100% = 4.1% 


of the initial 20 grams has decayed. 


[ Half-Life The half-life of a radioactive substance is the time T it takes for 
one-half of a given amount of that element to disintegrate and change into a 
new element. See FIGURE 6.4.1. Half-life is a measure of the stability of an 
element; that is, the shorter the half-life, the more unstable the element. For 


example, the half-life of the highly radioactive strontium-90, Sr-90, produced 


in nuclear explosions, is 29 days, whereas the half-life of the uranium isotope 
U-238 is 4,560,000 years. The half-life of californium, Cf-244, first 
discovered in 1950, is only 45 minutes. Polonium, Po-213, has a half-life of 
0.000004 seconds. 


Amount remaining 


A(t) = Age 


FIGURE 6.4.1 Time T is the half-life 


Half-Life of Radium 


Use the exponential model in Example 2 to determine the half-life of radium. 


Solution If A(r) = 206-0.00041:, then we must find the time T for which 


one-half the initial amount 


l 
A(T) = 5(20) = 10. 


2,-000048T 1“ 
e = 5 


By rewriting the last 


expression in the logarithmic form -0.000418 
we can solve for T: 


l 
Їйл 


T = 0.000418 


== 1660 years. 


A careful reading of Example 3 reveals that the initial amount present plays 


no part in the actual calculation of the half-life. Since the solution of 
" ыы Q 
ACT) = Ave 0.0004187 — ТА 
Ж, 0 2-uU 


,-0.000418Т — I 
е — 9 | 
FA 52 — cs іші Л o 
independent of Ао. Іп other words, the half-life of 1 gram, 20 grams, or 10,000 


leads to 


grams of radium is the same. It takes about 1660 years for one-half of any 


given quantity of radium to transmute into radon. 


Medications also have half-lives. In this case, the half-life of a drug is the time 
T that it takes for the body to eliminate, by metabolism or excretion, one-half 
of the amount of the drug taken. For example, the most popular NSAIDs 
(nonsteroidal anti-inflammatory drugs such as aspirin and ibuprofen) taken for 
the relief of continuing pain, have relatively short half-lives of a few hours 
and as a consequence must be taken several times a day. The NSAID 
naproxen has a longer half-life and is usually taken once every 12 hours. See 


Problem 33 in Exercises 6.4. 


Ibuprofen is an NSAID 


© Jones & Bartlett Learning. Photographed by Kimberly Potvin. 


[ Carbon Dating The approximate age of fossils of once-living matter can 


sometimes be determined by a method known as carbon dating. The 
radioactive isotope of carbon, carbon-14 or C-14, is formed presumably at a 
constant rate in the atmosphere by the interaction of cosmic rays on 
nitrogen-14. The carbon-dating method, invented by the chemist Willard 
Libby around 1950, is based on the fact that a plant or an animal absorbs C-14 
through the process of breathing and eating, and ceases to absorb C-14 when 
it dies. As the next example shows, the carbon-dating procedure is based on 
the knowledge that the half-life of C-14 is about 5730 years. Carbon-14 


decays back to the original nitrogen-14. 


Willard Libby (1908-1980) 


€ Emilio Segre Visual Archives/American Institute of Physics/Science 
Source 


Libby won the 1960 Nobel Prize in chemistry for his work. Libby's method 
has been used to date wooden furniture found in Egyptian tombs, the Dead 
Sea Scrolls written on papyrus and animal skin, the famous linen Shroud of 
Turin, and a recently discovered copy of the Gnostic Gospel of Judas written 


The Psalms Scroll 


on papyrus. 


© Zev Radovan/ 
www.BibleLandPictures.com/ 


Alamy Images 


Carbon Dating a Fossil 


A fossilized bone is found to contain 1 000 of the initial amount of 
C-14 that the organism contained while it was alive. Determine the 


approximate age of the fossil. 


Solution If Ao denotes an initial amount Ao, measured in grams, of C-14 in the 


organism, then / years after its death there are A(t) = Аоёи grams remaining. 


When t = 5730 А(5730) юэ 7 Ао, 
ГА — 57307 — 
> Аб == Age . 


and so 2- 
equation for the decay constant К gives 


Solving this last 


Ini 
< Ч E — -- > — 2 
апа 5о К 5730 0.00012097. 


5730К 
е5730к — 


wile 


Hence a model for the amount of C-14 remaining is А(/) = Аое-0.00012097и. Using 


A(t) = du Ао 


this model, we now solve 
for t: 


1 
Їйт000 


1 
Ае 090012097! — A бе —— 
0° 0 —0.00012097 


= 57, ars. 
1000 57,100 years 


implies t 


The age determined in the last example is actually beyond the border of 
accuracy for the carbon-14-dating method. After 9 half-lives of the isotope, or 
about 52,000 years, about 99.7% of carbon-14 has decayed making its 


measurement in a fossil nearly impossible. 


[ Newton's Law of Cooling/Warming Suppose ап object or body is 


placed in a medium (air, water, etc.) that is held at constant temperature 7», 
called the ambient temperature. If the initial temperature To of the body or 
object at the moment it is placed into the medium is greater than the ambient 
temperature Tm, then the body will cool. On the other hand, if To is less than 
Тп, then it will warm up. For example, in an office kept at, say, 70?F, a 
steaming cup of coffee will cool off, whereas a glass of ice water will warm 
up. The usual cooling/warming assumption is that the rate at which an object 
cools/warms is proportional to the difference 7(/) - T», where T(t) represents 
the temperature of the object at time f. In either case, cooling or warming, this 
assumption leads to 7() — T» = (To — Tm)e, where К is a negative constant. 
Observe that since ex 0 for k < 0, the last expression is consistent with one's 
intuitive expectation that T(t) — T» > 0, or equivalently T(t) > T», as t > со 
(the coffee cools to room temperature; the ice water warms to room 
temperature). Solving for 7(f) we obtain a function for the temperature of the 


object, 


T(t) = Т, + (T, T), k<0. (4) 


m 


The mathematical model in (4), named after its discoverer, is called Newton's 


law of cooling/warming. Note that 7(0) - To. 
We take this moment to correspond to the time t = 0. 


Cooling of a Cake 


A cake is removed from an oven where the temperature was 350?F into a 
kitchen where the temperature is 75?F. One minute later the temperature of 
the cake is measured to be 300°F. Assume that the temperature of the cake in 
the kitchen is given by (4). 


(a) What is the temperature of the cake after 6 minutes? 
(b) At what time is the temperature of the cake 80°F? 


(c) Graph ТО. 


Cake will cool off to room temperature 
€ Johanna Goodyear/ShutterStock, Inc. 


Solution (a) When the cake is removed from the oven its temperature is also 
350?F, that is, To - 350. The ambient temperature is the temperature of the 
kitchen Т» = 75. Thus (4) becomes 7(1) = 75 + 275ек. The measurement that 
Та) = 300 is the condition that determines the value of k. From 7(1) = 75 + 
275ек = 300 we find 


225 9 


275 11 


9 
ог k= шт == —0.2007. 


The mathematical model 7(t) = 75 + 275e-02007 then predicts that the 


temperature of the cake 6 minutes after it is removed from the oven will be 


T(6) = 75 + 275e 9999 xs 157 50, (5) 


(b) To determine when the temperature of the cake will be 80°F, we solve the 
equation T(t) = 80 for t. Rewriting T(t) = 75 + 275e-0.2007 = 80 as 


find _ Ings 
215 55 NF 02007 


5 І 
=? - 1 
е—02001 — oll = 20 шіп. 


(c) With the aid of a graphing utility we obtain the graph of 7(7) shown in blue 


in FIGURE 6.4.2. Since T(t) = 75 + 275е-о2007: > 75 as t ^ œ, T = 75, shown as a 
red dashed line in Figure 6.4.2, is a horizontal asymptote for the graph of Т(7) 


= 75 + 2/15e-o2007. 


5 10 15 20 
Minutes 


FIGURE 6.4.2 Graph of T(t) in Example 5 


[ Compound Interest Investments such as savings accounts pay an annual 
rate of interest that can be compounded annually, quarterly, monthly, weekly, 
daily, and so on. In general, if a principal of P dollars is invested at an annual 
rate г of interest that is compounded n times a year, then the amount 5 accrued 


at the end of г years is given by 


r nt 


5 is called the future value of the principal P. If the number 7 is increased 
without bound, then interest is said to be compounded continuously. To find 


the future value of P in this case, we let m = n/r. Then n = mr and 


r nt 1 mrt 1 Ү? rt 
(i) (ira) (>) 
n m m 


Since n > co implies that m > «e, we see from page 356 of Section 6.1 that (1 
+ Шт)» > e. The right-hand side of (6) becomes 


m |rt 
P bp > Р[е|" as m>. 


Thus, if an annual rate г of interest is compounded continuously, the future 


value S of a principal P in 1 years is 


S = Ре". (7) 


Comparison of Future Values 


Suppose that $1000 is deposited in a savings account whose annual rate of 
interest is 3%. Compare the future value of this principal in 10 years (a) if 
interest is compounded monthly and (b) if interest is compounded 


continuously. 


Solution (a) Since there are 12 months in a year, we identify n = 12. 
Furthermore, with P = 1000, r = 0.03, and t = 10, (6) becomes 


0.03 12(10) А 
: ) = 1000(1.0025)? = $1,349.35. 


2 


5 = Ш + 


(b) From (7), 


5 = 1000e099919 = 1000693 = $1,349.86. 


Thus over 10 years we have gained only $0.51 by compounding continuously 


rather than monthly. 


[ Logarithmic Models Probably the most famous application of the base 
10 logarithm, or common logarithm, is the Richter scale. Іп 1935, the 
American seismologist Charles F. Richter devised a logarithmic scale for 
comparing the energies of different earthquakes. The magnitude M of an 


earthquake is defined by 


A 
М- 108102, (8) 


ғ 


where А is the amplitude of the largest seismic wave of the earthquake and Ао 
is a reference amplitude that corresponds to the magnitude М = 0. The number 
M is calculated to one decimal place. Earthquakes of magnitude 6 or greater 


are considered potentially destructive. 


Charles F. Richter (1900-1985) 


© АР Photos 


Since 1979 the USGS has used the moment magnitude scale to assign a 
magnitude to earthquakes that range from strong to massive. This scale 
devised by the seismologists Thomas C. Hanks and Hiroo Kanamori corrects 
certain deficiencies in the Richter scale at that level. The moment magnitude 
Mw is defined by 


М, = оо Мо — 10.7, 


where Mo denotes the magnitude of the seismic moment. For moderate 
earthquakes the magnitudes given by moment magnitude scale and Richter 
scale are about the same. Using the moment magnitude scale the USGS 


assigned a magnitude of My = 9.0 to the Japan earthquake on March 11, 2011. 


Comparing Intensities 


The earthquake оп December 26, 2004, off the west coast of Northern 
Sumatra, which spawned a tsunami causing over 200,000 deaths, was initially 
classified as a 9.3 on the Richter scale. On March 28, 2005, an aftershock in 
the same area was classified as an 8.7 on the Richter scale. How many times 


more intense was the 2004 earthquake? 


Solution From (8) we have 


A A 
9.3 = logio A. and 8.7 = logio A : 
0/ 2004 0/ 2005 


This means, in turn, that 


A A 
—] =10 and |>}  -107. 
Ay 2004 Ao 2005 


Now, since 9.3 = 0.6 + 8.7, it follows from the laws of exponents that 


А А А 
(4) = 1093 = 10951087 = TA ~ sos(Ż) @| 
Ao 2004 Ao 2005 Ao 2005 


Thus the original earthquake in 2004 was approximately 4 times as intense as 


the aftershock in 2005. 


You can see from Example 7 that if, say, one earthquake is a 6.0 and another 
is a 4.0 on the Richter scale, then the 6.0 earthquake is 102 = 100 times more 
intense than the 4.0 earthquake. 


[ pH of а Solution In chemistry, the hydrogen potential, ог pH, of а 


solution is defined as 


pH = -logjo[H 1, (9) 


where the symbol [H.] denotes the concentration of hydrogen ions in a 
solution measured in moles per liter. The pH scale was invented in 1909 by 
the Danish biochemist Søren Sørensen. Solutions are classified according to 
their pH value as acidic, base, or neutral. А solution with a pH in the range 0 
< pH < 7 is said to be acidic; when pH > 7, the solution is base (or alkaline). 
In the case when pH - 7, the solution is neutral. Water, if uncontaminated by 
other solutions or by acid rain, is an example of a neutral solution, whereas 
undiluted lemon juice is highly acidic and has a pH in the range pH < 3. A 
solution with pH - 6 is ten times more acidic than a neutral solution. See 
Problems 49—52 in Exercises 6.4. 


Søren Sørensen (1868-1939) 
Courtesy of The Carlsberg Group 


Ав the next example illustrates, pH values are usually calculated to one 


decimal place. 


pH of Human Blood 


The concentration of hydrogen ions in the blood of a healthy person is found 
to be [H+] = 3.98 x 10-s moles/liter. Find the pH of blood. 


Solution From (9) and the laws of logarithms (Theorem 6.2.1), 


pH = -1оғ,/3.8 x 10 5] 

= — [10913.98 + 109110 5] 
— [105103.98 — 8102010] < 10810 = 1 
— 02103.98 — 8]. 


With the help of the base 10 log key on a calculator, we find that 


pH = —[0.5999 — 8] = 7.4. 


Human blood in usually a base solution. The pH values of blood usually fall 
within the rather narrow range 7.2 < pH < 7.6. A person with a blood pH 


outside these limits can suffer illness and even death. 


Exercises 6.4 Answers to selected odd-numbered 
problems begin on page ANS-21. 


Population Growth 


1. After 2 hours the number of bacteria in a culture is observed to have 
doubled. 


(a) Find an exponential model (1) for the number of bacteria in the culture at 


time f. 
(b) Find the number of bacteria present in the culture after 5 hours. 
(c) Find the time that it takes the culture to grow to 20 times its initial size. 


2. A model for the number of bacteria in a culture after / hours is given by 


(1). 


(a) Find the growth constant k if it is known that after 1 hour the colony has 


expanded to 1.5 times its initial population. 
(b) Find the time that it takes for the culture to quadruple in size. 


3. A model for the population in a small community is given by P(t) = 


1500ен. If the initial population increases by 25% іп 10 years, what will the 


population be in 20 years? 


4. A model for the population in a small community after / years is given by 


(1). 


(a) If the initial population has doubled in 5 years, how long will it take to 
triple? To quadruple? 


(b) If the population of the community in part (a) is 10,000 after 3 years, 


what was the initial population? 


5. A model for the number of bacteria in a culture after / hours is given by 
P(t) = Poeu. After 3 hours it is observed that 400 bacteria are present. After 10 


hours 2000 bacteria are present. What was the initial number of bacteria? 


6. In genetic research a small colony of drosophila (small two-winged fruit 
flies) is grown in a laboratory environment. After 2 days it is observed that the 
population of flies in the colony has increased to 200. After 5 days the colony 
has 400 flies. 


(a) Find a model P(t) = Роек for the population of the fruit-fly colony after t 
days. 


(b) What will be the population of the colony in 10 days? 


(c) When will the population of the colony be 5000 fruit flies? 


Fruit fly in Problem 6 


© Liew Weng Keong/Shutterstock 


7. А student sick with a flu virus returns to an isolated college campus of 
2000 students. А model for the number of students infected with the flu ¢ days 


after the student's return is given by the logistic function 


2000 


PO = TE 19990 ДЫ 


(a) According to this model, how many students will be infected with the flu 


after 5 days? 


(b) How long will it take for one-half of the student population to become 


infected? 


(c) How many students does the model predict will become infected after a 


very long period of time? 
(d) Sketch a graph of Р(0). 


8. In 1920, Raymond Pearl and Lowell Reed proposed a logistic model for 
the population of the United States based on the years 1790, 1850, and 1910. 


The logistic function they proposed was 


2930.3009 


ГО = 05014854 + e 998135997 


where Р is measured in thousands and f represents the number of years past 
1780. 


(a) The model agrees quite well with the census figures between 1790 and 
1910. Determine the population figures for 1790, 1850, and 1910. 


(b) What does this model predict for the population of the United States after 
a very long time? How does this prediction compare with the 2000 census 


population of 281 million? 


Radioactive Decay and Half-Life 


9. Initially 200 milligrams of a radioactive substance was present. After 6 
hours the mass had decreased by 3%. Construct an exponential model A(f) = 
Асен for the amount remaining of the decaying substance after t hours. Find 


the amount remaining after 24 hours. 
10. Determine the half-life of the substance in Problem 9. 


11. Do this problem without using the exponential model (3). Initially there 
are 400 grams of a radioactive substance on hand. If the half-life of the 
substance is 8 hours, give an educated guess of how much remains 


(approximately) after 17 hours. After 23 hours. After 33 hours. 


12. Construct an exponential model A(t) = Аоек for the amount remaining of 
the decaying substance in Problem 11. Compare the predicted values A(17), 
A(23), and А(33) with your guesses. 


13. Iodine-131, used in nuclear medicine procedures, is radioactive and has а 
half-life of 8 days. Find the decay constant К for iodine-131. If the amount 
remaining of an initial sample after t days is given by the exponential model 
A(t) = Avex, how long will it take for 95% of the sample to decay? 


14. The amount remaining of a radioactive substance after 1 hours is given by 
A(t) = 100eu. After 12 hours, the initial amount has decreased by 7%. How 


much remains after 48 hours? What is the half-life of the substance? 


15. The half-life of polonium-210, Po-210, is 140 days. If A(t) = Avex 
represents the amount of Po-210 remaining after t days, what is the amount 


remaining after 80 days? After 300 days? 


16. Strontium-90 is a dangerous radioactive substance found in acid rain. As 
such it can make its way into the food chain by polluting the grass in a pasture 


on which milk cows graze. The half-life of strontium-90 is 29 years. 
(a) Find an exponential model (3) for the amount remaining after t years. 


(b) Suppose a pasture is found to contain Str-90 that is 3 times a safe level Ao. 


How long will it be before the pasture can be used again for grazing cows? 


Charcoal drawing in Problem 17 


© siloto/ShutterStock, Inc. 


Carbon Dating 


17. Charcoal drawings were discovered on walls and ceilings in a cave in 
Lascaux, France. Determine the approximate age of the drawings, if it was 
found that 8696 of C-14 in a piece of charcoal found in the cave had decayed 


through radioactivity. 


18. Analysis on an animal bone fossil at an archeological site reveals that the 
bone has lost between 90% and 9596 of C-14. Give an interval for the possible 
ages of the bone. 


19. The Shroud of Turin shows the negative image of the body of a man who 
appears to have been crucified. It is believed by many to be the burial shroud 
of Jesus of Nazareth. In 1988 the Vatican granted permission to have the 
shroud carbon dated. Several independent scientific laboratories analyzed the 
cloth and the consensus opinion was that the shroud is approximately 660 
years old, an age consistent with its historical appearance. This age has been 
disputed by many scholars. Using this age, determine what percentage of the 


original amount of C-14 remained in the cloth as of 1988. 


Shroud image іп Problem 19 
© Targa/age fotostock 


20. In 1991 hikers found a preserved body of a man partially frozen in a 
glacier in the Austrian Alps. Through carbon-dating techniques it was found 
that the body of Otzi—the iceman, as he came to be called—contained 53% 
as much С-14 as found in a living person. What is the approximate date of his 
death? 


Тһе iceman іп Problem 20 
© dpa/Corbis 


Newton's Law of Cooling/Warming 


21. Suppose a pizza is removed from an oven at 400?F into a kitchen whose 
temperature is a constant 80?F. Three minutes later the temperature of the 
pizza is found to be 275°F. 


(a) What is the temperature T(t) of the pizza after 5 minutes? 
(b) Determine the time when the temperature of the pizza is 150?F. 


(c) After a very long period of time, what is the approximate temperature of 


the pizza? 


22. А glass of cold water is removed from a refrigerator whose interior 
temperature is 39°F into a room maintained at 72°F. One minute later the 
temperature of the water is 43?F. What is the temperature of the water after 10 


minutes? After 25 minutes? 


23. Athermometer is brought from the outside, where the air temperature is 
—20°Е, into a room where the air temperature is a constant 70?F. After 1 
minute inside the room the thermometer reads 0°Е. How long will it take for 
the thermometer to read 60°F? 


24. A thermometer is taken from inside a house to the outside, where the air 


temperature is 5?F. After 1 minute outside the thermometer reads 59?F, and 


after 5 minutes it reads 32°F. What is the temperature inside the house? 


Thermometer in Problem 24 
© Ron Hilton/ShutterStock, Inc. 


25. A dead body was found within a closed room of a house where the 
temperature was a constant 70°F. At the time of discovery, the core 
temperature of the body was determined to be 85°F. One hour later a second 
measurement showed that the core temperature of the body was 80°F. Assume 
that the time of death corresponds to ¢ = 0 and that the core temperature at that 
time was 98.6°F. Determine how many hours elapsed before the body was 
found. 


26. Repeat Problem 25 if evidence indicated that the dead person was running 
a fever of 102°F at the time of death. 


Compound Interest 


27. Suppose that 1¢ is deposited in a savings account paying 1% annual 
interest compounded continuously. How much money will have accrued in 
the account after 2000 years? What is the future value of 1¢ in 2000 years if 


the account pays 2% annual interest compounded continuously? 


28. Suppose that $100,000 is invested at an annual interest rate of 5%. Use 
(6) and (7) to compare the future values of that amount in 1 year by 


completing the following table. 


© Thomas Weifenfels/ShutterStock, Inc. 


29. Suppose that $5000 is deposited in a savings account paying 696 annual 
interest compounded continuously. How much interest will be earned in 8 
years? 


30. If (7) is solved for Р, that is, P = 5е-н, we obtain the amount that should 
be invested now at an annual rate r of interest in order to be worth S dollars 
after t years. We say that P is the present value of the amount S. What is the 
present value of $100,000 at an annual rate of 3% compounded continuously 
for 30 years? 


Additional Exponential Models 


31. Potassium-40 Decay Potassium is one of the most abundant metals found 
throughout the Earth's crust and oceans. Although potassium occurs naturally 
in the form of three isotopes, only the isotope potassium-40 (K-40) is 
radioactive. This isotope is unusual in that it decays by two different nuclear 
reactions. By emitting a beta particle a great percentage of an initial amount of 
K-40 decays over time into the stable isotope calcium-40 (Ca-40), whereas by 
electron capture a smaller percentage of K-40 decays into the stable isotope 
argon-40 (Ar-40). If it is assumed that rates at which the amounts С(7) of 
Ca-40 and A(t) of Ar-40 increase are proportional to the amount P(t) of 


potassium present at time f, and that the rate at which P(t) decays is also 


proportional to P(t), then it can be shown that 


Co Риге v 
да y ol | 


A(t) = "maru id E e bat kot) 
P(t) = Pye” fat kot, 


where Р(0) = Ро, kc = 4.962 x 10-10, and ka = 0.581 x 10-10. 
(a) Find the half-life of K-40. 


(b) Determine the percentage of an initial amount Po of K-40 that decays into 
Ca-40 and the percentage that decays into Ar-40 over a very long period of 


time, that is, as f> со. 


32. Potassium-Argon Dating The potassium-argon dating method can be 
used to find the ages of igneous rocks, that is, rocks formed in the cooling of 


magma or lava. 


(a) Use the functions А(/) and P(t) in Problem 31 to show that 


A(t) _ К, 


= еба Kor — 
P(t) ky + 1 Ч 


(b) Solve the equation in part (a) for t in terms А), P(t), ka, and kc. Explain 
the significance of the value of t found from this equation when A(0) - 0 and 
Р(О) por 


(c) Suppose it is found that each gram of a rock sample contains 8.6 x 10-7 
grams of Ar-40 and 5.3 x 10-6 grams of K-40. Use the equation obtained in 
part (b) to determine the approximate age Т of the rock. 


(d) Use the answer іп part (с) and the function P(t) in Problem 31 to 


determine the initial amount Po of potassium in the rock sample. 


] 


=— 
==. 


Lava flow оп the island of Hawaii 
€ Claudio Rossol/ShutterStock, Inc. 


33. Effective Half-life Radioactive substances are removed from living 
organisms by two processes: natural physical decay and biological 


metabolism. Each process contributes to an effective half-life E that is defined 


1/Е = 1/Р + 1/B, 


where P is the physical half-life of the radioactive substance and В is the 


biological half-life. 


(a) Radioactive iodine, 1-131, is used to treat hyperthyroidism (overactive 
thyroid). It is known that for human thyroids, P = 8 days and В = 24 days. 
Find the effective half-life of I-131 in the thyroid. 


(b) Suppose the amount of I-131 in the human thyroid after t days is modeled 
by A(t) = Аоек, К < 0. Use the effective half-life found in part (a) to determine 
the percentage of radioactive iodine remaining in the human thyroid gland 


two weeks after its ingestion. 


34. Newton's Law of Cooling Revisited The rate at which a body cools also 


depends оп its exposed surface area S. If S is a constant, then a modification 
of (4) is 


HET SITE ke 


Suppose two cups А and В are filled with coffee at the same time. Initially the 
temperature of the coffee is 150°F. The exposed surface area of the coffee in 
cup Z is twice the surface area of the coffee in cup A. After 30 min, the 
temperature of the coffee іп cup A is 100°F. If Tm = 70°F, what is the 


temperature of the coffee in cup В after 30 min? 


35. Series Circuit In a simple series circuit consisting of a constant voltage 
E, an inductance of L henries, and a resistance of R ohms, it can be shown that 


the current /(7) is given by 
| E _ 
I(t) = pl l—e (RIDH), 


Solve for t in terms of the other symbols. 


36. Drug Concentration Under some conditions the concentration of a drug 


at time f after injection is given by 


| _ а а =” 
C(t) = — + Co — E А 
р b 


Here а and b are positive constants and Co is the concentration of the drug at t 
- 0. Determine the steady-state concentration of a drug, that is, the limiting 
value of C(t) as t > ог. Determine the time г at which C(f) is one-half the 


steady-state concentration. 


Richter Scale 


37. Two of the most devastating earthquakes in the San Francisco Bay area 
occurred in 1906 along the San Andreas fault and in 1989 in the Santa Cruz 
Mountains near Loma Prieta peak. The 1906 and 1989 earthquakes measured 
8.5 and 7.1 on the Richter scale, respectively. How much greater was the 
intensity of the 1906 earthquake compared to the 1989 earthquake? 


Marina district in San Francisco, 1989 
Courtesy of USGS 


38. How much greater was the intensity of the 2004 Northern Sumatra 
earthquake (Example 7) compared to the 1964 Alaskan earthquake of 
magnitude 8.9? 


39. If an earthquake has a magnitude 4.2 on the Richter scale, what is the 
magnitude on the Richter scale of an earthquake that has an intensity 20 times 


greater? [Hint: First solve the equation 10x = 20.] 


40. Show that the Richter scale defined in (8) of this section can be written 


pH of a Solution 


In Problems 41-44, determine the pH of a solution with the given hydrogen- 


ion concentration [H.]. 
41. 10-6 

42. 4x 104 

43. 2.8 x 10-s 

44. 5.1 x 10-5 


In Problems 45-48, determine the hydrogen-ion concentration [Н+] of a 


solution with the given pH. 
45. 3.3 
46. 7.3 
47. 6.6 
48. 8.1 


In Problems 49—52, determine how many more times acidic the first substance 


is compared to the second substance. 

49. lemon juice, pH = 2.3; vinegar, pH = 3.3 
50. battery acid, pH = 1; lye, pH = 13 

51. acidic rain, pH - 3.8; clean rain, pH - 5.6 
52. HCL, [H+] = 10-15; NaOH, [H+] = 10-14 


Additional Logarithmic Models 


53. Richter Scale and Energy (a) Charles Richter working with Beno 
Gutenberg developed the model 


М = 2{logiE — 11.8] 


that relates the Richter magnitude M of an earthquake and its seismic energy 
E (measured in ergs). Calculate the seismic energy £ of the 2004 Northern 
Sumatra earthquake where M = 9.3. 


(b) Show that the proportional energy difference faz = ЕЕ between two 
different earthquakes of Richter magnitudes Mı and M2 is given by 


fag = ЕЕ, = 10396 №. 


м 


(c) Use part (b) to show that М! is опе unit more than M» then the seismic 
energy Ei of an earthquake of magnitude Mi is approximately 32 times the 
seismic energy E» of the earthquake of magnitude M». Repeat the calculation 


if Mi is two units more than M». 


54. Intensity Level The intensity level b of a sound measured in decibels 
(dB) is defined by 


1 
р = 10108107> (10) 
0 


where I is the intensity of the sound measured in watts/cm» and Jo = 10-16 
watts/cmo is the intensity of the faintest sound that can be heard (0 dB). Use 
(10) and complete the following table. 


Andreas Gradin/ShutterStock, Inc. 


55. Threshold of Pain The threshold of pain is generally taken to be around 
140 dB. Find the intensity of sound / corresponding to 140 dB. 


56. Intensity Levels The intensity of sound /15 inversely proportional to the 


square of the distance d from its source, that is, 


Г= — (11) 


where К is the constant of proportionality. Suppose di and d» are distances 
from a source of sound, and that the corresponding intensity levels of the 
sounds аге bi and b2. Use (11) in (10) to show that b: and bz are related by 


| 
b, = by + 20 logio 7 (12) 
5 


57. Intensity Level As part of a 4.76 billion dollar upgrade of Los Angeles 
International Airport (LAX), the Los Angeles City Council recently gave its 
final approval to lengthen and move the northernmost runway (24R) 260 to 


350 ft closer to the bordering residential communities of Westchester and 
Playa del Rey. Spokespersons for these communities say that such a move 
will, amongst other things, increase the noise level there. Suppose that the 
sound intensity level bı of a jet airplane taking off from runway 24R is 100 dB 
when measured at a distance of 1000 ft. Use (12) in Problem 56 to find the 
intensity level b2 of the same plane at a point that is 350 ft closer to the 


runway. 


Los Angeles International Airport (LAX) in Problem 57 


О spirit of america/ShutterStock, Inc. 


The shortest runway (24R) handles most of the A380 landings at 
LAX 


€ Christopher Halloran/ShutterStock, Inc. 


58. Use (12) іп Problem 56 (о compare the intensity levels bı and b» of a 
sound if d» = 1041. 


59. Pupil of the Eye An empirical model published in 1952 by S. G. De 
Groot and J. W. Gebhard in the Journal of the Optical Society of America 
relates the diameter d of the pupil of the eye (measured in millimeters, mm) to 


the luminance В of light source (measured іп millilambert’s, mL): 


logod = 0.8558 — 0.000401 (8.1 + logy)B)*. (13) 


See FIGURE 6.4.3. 


(a) The average luminance of clear sky is approximately B - 255 mL. Use 
(13) to find the corresponding pupil diameter. 


(b) The luminance of the Sun varies from approximately B - 190,000 mL at 
sunrise to В = 51,000,000 mL at noon. Find the corresponding pupil 


diameters. 


(c) Find the luminance B corresponding to a pupil diameter of 7 mm. 


FIGURE 6.4.3 Pupil diameter in Problem 59 


60. Body Surface Area A mathematical model for estimating body surface 


area S (in square meters) is given by 


10105 = —0.69364 + (0.425 юм’ + (0.725)logigh, (14) 


where w and Л аге а person's weight (in kilograms) and height (in meters), 
respectively. This empirical formula, due to D. Dubois and E. F. Dubois, first 
published in the Archives of Internal Medicine in 1916, is still used today by 


medical researchers. 


(a) Use (14) to estimate the body surface area of a person whose weight is w 
= 70 kg and who is л = 1.75 m tall. 


(b) Determine your weight and height and estimate your own body surface 


area. 


61. Eliminate the logarithms in the surface area formula (14) and express S as 


a function of two variables w and Л. 


62. Intensity of Light According to the Beer-Lambert law, the intensity / 
(measured in lumens) of a vertical beam of light passing through a transparent 
substance decreases according to the exponential function /(x) = ек, k < 0, 
where /о is the intensity of the incident beam and x is the depth measured in 
meters. Suppose the intensity of light 1 meter below the surface of water is 
30% of Io. 


(a) What is the intensity 3 meters below the surface? 


(b) At what depth is the intensity 5096 of that incident on the surface? 


6.5 The Hyperbolic Functions 


Calculus 
PREVIEW 


INTRODUCTION Logarithms were invented in the late sixteenth century by 
the Scottish lord—and nonmathematician—John Napier (1550-1617). It was 
he who coined the word “logarithm” from the two Greek words logos, 
meaning ratio, and arithmos, meaning number or power. But it took almost 
two centuries and the genius of the Swiss mathematician Leonhard Euler 
(1707—1783) before the mathematical community became fully aware of the 
irrational number e and its importance. It is his work that we emulate below in 
showing why the number e is the natural choice of base for the exponential 


and logarithmic functions. 


Leonhard Euler 


€ The Print Collector/Heritage Images/Getty Images 


[ Difference Quotient Revisited We return to the difference quotient 


concept first introduced in Section 2.10. Recall that we compute 


f(x +h) — f(x) 
h 


(1) 


in three steps. For the exponential function f(x) = bx, we have 


(i) fox +1) = pr = b*p^ = laws of exponents 
кё of exponents, 


(ii) f(x + h) — f(x) = b**^ — p* 
= pp — b* = bb" — 1) 


and factoring 


… F(x +h) — f(x) ы-і) bi — 1 
iii) = = р 
h h h 


( 


In the fourth step, the calculus step, we let Л > 0 but, unlike all the problems 
given in Exercises 2.10, there is no apparent way of canceling the Л ш (iii). 


Nonetheless, the derivative of f(x) = bx 15 


| | b'— 1 
(f(x) = lim b* -——_. (2) 
h0 
Since b» does not depend on the variable Л, we can rewrite (2) as 
-1 


(x) = BF lim 7] 3 
f(x) = b- lim К (3) 


Now here are the amazing results. The limit іп (3), 


. b — 1 
lim —, (4) 


һ->0 h 


сап be shown to exist for every positive base b. However, as one might 


expect, we will get a different answer for each base b. So let's denote the 


expression in (4) by the symbol m(b). The derivative of f(x) 2 Әсіп (3) is then 


Го) = b'm(b). (5) 


You аге asked to approximate the value of m(b) in the four cases b = 1.5, 2, 3, 
апа 5 in Problems 39-42 of Exercises 6.5. For example, it can be shown that 
m(10) = 2.302585 ..., and as a consequence the derivative of f(x) = 10:18 


fx) = (2.302585... ) 10". (6) 


We can get a better understanding of what m(b) is by evaluating (5) at x = 0. 
Since bo = 1, we have /(0) = m(b). In other words, т(Ь) is the slope of the 
tangent line to the graph of f(x) = bx at x = 0, that is, at the y-intercept (0, 1). 
See FIGURE 6.5.1. Given that we have to calculate a different m(b) for each base 
b, and that m(b) is likely to be an "ugly" number as in (6), over time the 


following question arose naturally: 


Is there a base b for which m(b) — 1? (7) 


уд у=" 


\ Slope at (0, 1) 


i b 
(0, 1) is m(b) 


FIGURE 6.5.1 Find a base b so that the slope m(b) of tangent line at 
(0, 1) is 1 


[ The Answer To answer the question posed in (7), we must return to the 


definitions of e given in Section 6.1. Specifically, (4) of Section 6.1, 


е = lim (1 + h), (8) 


provides the means for answering the question posed in (7). If you have 
studied Sections 1.5, 2.10, and 4.11 you should have an intuitive 
understanding that the equality in (8) means that as h gets closer and closer to 
0 then (1 + Л) can be made arbitrarily close to the number e. Thus for values 
of Л near 0, we have the approximation (1 + Л) = e, and so it follows that 1 


+h = en. By rewriting the last expression in the form 


= we] (9) 


we can conclude that 


1 = lim ———. (10) 


Since the right-hand side of (10) is m(e), we have the answer to the question 
in (7): 


The base b for which m(b) = 1 is b = e. (11) 


In addition, from (3) we have discovered a wonderfully simple result: The 


derivative of f(x) = ex is 


fU = её. (12) 


The result in (12) is the same as 


Pit — Е 


Moreover, the only other nonzero function f in calculus whose derivative is 


equal to itself is f(x) = се», where с # 01$ a constant. 


[ What's Next? Because the functions у = 1055х and у = bx аге inverses of 


each other, one would expect that since the simplest derivative of y = bx is 
obtained when b = e that the simplest derivative of y = Іорьх also occurs for 
that base. That is indeed the case. You are encouraged to reexamine (3) of 


Section 6.1 and then work Problems 1—4 in Exercises 6.5. 


[ Hyperbolic Functions We have already seen in Section 6.4 the 


usefulness of the exponential function e: in various mathematical models. As 
a further application, consider a long rope or a flexible wire, such as a 
telephone wire hanging only under its own weight between two fixed 
supports. It can be shown that under certain conditions the hanging wire 


assumes the shape of the graph of the function 


ec +e m 


f(x) = c— 7 ——. (13) 


The symbol c stands for a positive constant that depends on the physical 
characteristics of the wire. Functions such as (13), consisting of certain 
combinations of e: and e+, appear in so many applications that 


mathematicians have given them names. 


Telephone wires 


О Tad Denson/ShutterStock, Inc. 


[ Hyperbolic Functions In particular, when c = 1 in (13), the resulting 


даа 
[v] = 
function | | 2 1$ опе 


of six hyperbolic functions. 


DEFINITION 6.5.1 Hyperbolic Functions 


For any real number x, the hyperbolic sine of x, denoted sinh x 


1S 


е-е 


2 


x 


sinhx = 


and the hyperbolic cosine of x, denoted cosh x, is 


Analogous to the trigonometric functions tan x, cot x, sec x, and csc x that are 
defined in terms of sin x and cos x, there are four additional hyperbolic 
functions tanh x, coth x, sech x, and csch x that are defined in terms of sinh x 


and cosh x: 


snhx 6-е re 
tanhx = EMI coth x — mr m (16) 
coshx е-е tanhx е-е 


1 2 1 2 
sechx = == ЕЕ" eschx = — шиг o (17) 
coshx г-ге sinhx е-е 


[ Graphs Тһе graph of the hyperbolic cosine, shown in FIGURE 6.5.2 on page 
392, is called a catenary. The word catenary derives from the Latin word for 
a chain, catena. The shape of the famous Gateway Arch in St. Louis, 


Missouri, is an inverted catenary. Compare the shape in Figure 6.5.2 with that 


іп the accompanying photo. The graph of у = sinh x is given in 


See Problem 35 in Exercises 6.5. 


y 


Graph of y — cosh x 


Gateway Arch in St. Louis, МО 
Courtesy of NPS. 


The graphs of the hyperbolic tangent, cotangent, secant, and cosecant are 
given in FIGURE 6.5.4. Observe that y = 1 and y = —1 are horizontal asymptotes 
for the graphs of у = tanh x and y = coth x and that x = 0 is a vertical 
asymptote for the graphs of y = coth x and y = csch x. 


B! 


(a) у= tanh x (b) y= coth x (c) y=sech x (d) y= csch x 


FIGURE 6.5.4 Graphs of the hyperbolic tangent (a), cotangent (b), 
secant (c), and cosecant (d) 


[ Identities Although the hyperbolic functions аге not periodic, they possess 


identities that are very similar to trigonometric identities. Analogous to the 
basic Pythagorean identity of trigonometry соѕох + sino = 1, for the 


hyperbolic sine and cosine we have 


cosh?x — sinh?x = 1. (18) 


See Problems 9-14 in Exercises 6.5. 


Exercises 6.5 Answers to selected odd-numbered 
problems begin on page ANS-22. 


1. Use the laws of logarithms to show that for f(x) = logox, 


f(x + h) — f(x) 1 юү 1 h x/h 
h ЕЕ” log, 1-- p = E log, 1 + р 4 


2. From Problem 1, the derivative of f(x) = log» x is 


+h) — | ny 
f(x) = lim: pcm Вэв 172 1989 -lim ІІ + 3i | 
h> h x х 


Let us assume that the limiting process сап be taken inside the logarithm: 


1 ) х/п 
f(x) = 110% lim be 


h0 X 


Rewrite the foregoing result using the substitution n = x/h. Notice that since x 


is held fixed, as Л > 0 we must have n > оо. Give the precise value of f (x). 


In Problems 3 апа 4, use the result of Problem 2 to find /(х) for the given 


function. 
3. f(x) = logiox 


4. Кх) = lnx 


In Problems 5 апа 6, use the result of Problems 1 and 2 to find /(х) for the 


given function. Before using the difference quotient, use the laws of 


logarithms to rewrite the function. 


Å 
(x) = In— 
70) по 


6. Хх) = logio6x 


Problems 7 


h 


function. 
7. foc) ез 
8. f(x) = e» 


compute 


for the given 


In Problems 9-14, use the definitions of sinh x and cosh x in (14) and (15) to 


verify the given identity. 
9, coshox - sinh: x = 1 
10. 1 — tanh: x = sech x. 
11. cosh(-x) - cosh x 


12. sinh(—x) = -sinh x 


13. sinh 2x = 2 sinh x cosh x 


14. cosh 2x = cosh? x + sinh» x 


sinhx = —5 2 
15. (a) If 2, use the identity given in 
Problem 9 to find the value of cosh x. 


(b) Use the result of part (a) to find the numerical values of tanh x, coth x, 


sech x, and csch x. 


|а 


tanhx = 
16. (а) If =, use the identity given in 
Problem 10 to find the value of sech x. 


> 


[ 


(b) Use the result of part (a) to find the numerical values of cosh x, sinh x, 


coth x, and csch x. 

In Problems 17—20, find the exact numerical value of the given quantity. 
17. cosh(In 4) 

18. sinh(In 0.5) 

19. sinh(In 4 — In 3) 

20. cosh(-In 3) 


In Problems 21—24, express the given composition of functions as a rational 


function of x, where x > 0. 
21. sinh(In x) 

22. tanh(3 In x) 

23. coth(In 2x) 


24. sech(In x) 


25. Аз сап be seen in Figure 6.5.3, the hyperbolic sine function у = sinh x is 
one-to-one. By interchanging x and y in the definition of the hyperbolic sine in 
(14) the equation ey — 2x — е- = 0 defines implicitly the inverse hyperbolic 
sine sinh-: x. Show that sinh-i x can be expressed in terms of the natural 


logarithm: 


sinh !x = (х + Мл? + 1). (19) 


26. (a) Use the graph of y = sinh x in Figure 6.5.3 to sketch the graph of the 


inverse hyperbolic sine у = sinh-: x defined in Problem 25. 
(b) Give the domain and range of y = sinh-ix. 


27. The function y = cosh x is one-to-one on the restricted domain |0, ee). 
Proceed as in Problem 25 to show that the inverse hyperbolic cosine cosh-1 x 


can be expressed in terms of the natural logarithm: 


cosh !x = In(x + Мл? — 1). (20) 


28. (а) Use the graph of y = cosh x in Figure 6.5.2 to sketch the graph of the 


inverse hyperbolic cosine y = cosh-i x defined in Problem 27. 

(b) Give the domain and range of y = cosh-ix. 

In Problems 29 and 30, use (19) to approximate the given quantity. 
29. sinh-1(—2) 

30. sinh-i4 

In Problems 31 and 32, use (20) to approximate the given quantity. 
31. cosh-i(1.5) 


32. совһ-110 


33. Аз сап Бе seen from its graph in Figure 6.5.4(a) the function у = tanh x is 
one-to-one. Proceed as in Problem 25 to show that the inverse hyperbolic 


tangent tanh-: x can be expressed in terms of the natural logarithm: 


1 1+х 
= FA Г — — 9 
tanh x TN = 3 (21) 


34. (a) Use the graph of y = tanh x in Figure 6.5.4(a) to sketch the graph of 
the inverse hyperbolic tangent y = tanh-i x defined in (21). 


(b) Give the domain and range of y = tanh-: x. 
Applications 


35. Gateway Arch The stainless steel Gateway Arch built on the west bank 
of the Mississippi River is a monument to the fact the area around St. Louis, 
Missouri, where the Mississippi and Missouri Rivers merge, was the staging 
point for much of the westward population migration in the years following 
the Louisiana Purchase in 1803. The arch, designed by the Finish-American 
architect Eero Saarinen (1910-1961), was completed in 1965. А 
mathematical model for the shape of the Gateway Arch is given by 


X 


x) = 694 — 69 cosh—. 
f(x) COS 100 


Тһе graph of f, the red curve shown in FIGURE 6.5.5, is called the centroid 
curve of the arch because it passes through the centroids of the equilateral 


triangular cross-sections of the arch. 
(a) Use the model to find the approximate height of the arch. 


(b) Use the model and the logarithmic identity for the inverse hyperbolic 
cosine given in (20) to find the x-intercept (b, 0) of the red graph on the 


positive x-axis. What is the approximate width of the base of the arch? 


У 
y = 694 — 69 cosh(x/100) 


FIGURE 6.5.5 Gateway Arch in Problem 35 


A triangular cross-section of The Gateway Arch 


Courtesy of the National Park Service/Jefferson National Expansion 
Memorial. 


36. Terminal Velocity When air resistance is ignored, the velocity v of a 
body of mass m dropped from a specified height is given by the simple 
function у(0 = gt, where g = 32 ft/s2 is the acceleration due to gravity and t is 
measured in seconds. The model у(/) = 81, predicts over time that the velocity 
of the body increases until it eventually hits the ground. But if it is assumed 
that air resistance is proportional to the square of the velocity v, then it can be 


shown that 


where k is a positive constant of proportionality. The model (22) predicts that 
the velocity of a body falling from a great height will now attain a terminal, or 
limiting, velocity vies. Determine verm using the end behavior of the graph of 


the hyperbolic tangent given in Figure 6.5.4(a) for t> со. 
Calculator Problems 
37. Use a calculator to investigate 


‚ f(x h) — f(x) 
lim Se 


һ->0 h 


in Problem 7. Determine f (x). 


for the function 


38. Машин to investigate | 2 Е 
… f(x th) — f(x) 
lim ————— 


h—0 h 


in Problem 8. Determine f (x). 


for the function 


In Problems 39-42, use a calculator to approximate the value 


|.T^—1 
m(b) — lim | 
p- 1 


11037 i2 ex I, (055 
2, b =3, and b = 5 by filling out the given table. 
h0 0.1 0.01 0.001 0.0001 0.00001 0.000001 
(L5) - 1 
[ 
39. : 
һ->0 0.1 0.01 0.001 0.0001 0.00001 0.000001 
2-1 
һ 
40. 
һ->0 0.1 0.01 0.001 0.0001 0.00001 0.000001 
38-1 
һ 
41. 
һ->0 0.1 0.01 0.001 0.0001 0.00001 0.000001 
58-1 
1 
42. : 


43. Fill out a table of the kind in Problems 39-42, but this time use 


e — 1 
h 


44. Historical Curiosity The logarithm developed by John Napier (see page 
389) was actually 


ЕЗ 
107 


Use (8) of Section 6.3 (о express this logarithm in terms of the natural 


10'log;,, 


logarithm. 


For Discussion 


45. Atthe beginning of this section we saw that the derivative of f(x) = exis f 
'(x) = ex. Use this information to find all tangent lines to the graph of f(x) = ех 
that pass through the origin. 


46. Show that the x-intercept of the tangent line to the graph of f(x) = ex at x = 


xo is one unit to the left of (хо, 0). 


Chapter 6 Review Exercises Answers to 


selected odd-numbered Problems begin on page 


ANS-22. 
A. Fill in the Blanks 


In Problems 1—25, fill in the blanks. 


1. The graph of y = 6 — e-x has the y-intercept and horizontal 


asymptote y — 
2. The x-intercept of the graph of y = —10 + 10sx is 


3. The graph of y = In (x + 4) has the x-intercept and vertical 


asymptote x — 
4. The y-intercept of the graph of y = logs(x + 2) is 


5. 10952 – 102510 = 


| 1 
біле + Зш- = 
е 


7. езто= 
8. 10о:49- 2 


9. logs (4 - 42-43) = 


log 95625 
105 2.125 | 


11. If logsN = 22, then N = 


| 
10856 = „Ж 


13. IfInesz y, then y= 


10. 


12. If 


14. If In3+In(x-1)=In2+4+I1nx, thenx=_ — . 

15. If-1+In(@-3)=0,thenx=_ 

ЛО Ш (о) = 10 шеп е-е. 

17. If 100 — 20е-015: = 35, then to four rounded decimalst=_ 
18, If 3.=5,then32= 2, 

19. fx) 24«2( | X) 

20. fo) = (ев = (__): 

21. If the graph of = ex-2 + C passes through (2, 9),thenC=  — 


22. By rigid transformations, the point (0, 1) on the graph of y - exis moved 
to the point on the graph of y = 4 + e. 


23. log2(log3(logs 64)) = 
24. If f(x) = 8 + log2(x + 5), then f(11) = 
25. The function f(x) = 2 — In x is one-to-one, so its inverse is f-1(x) = 


B. True/False 


In Problems 1-25, answer true or false. 

1. у= In x and = ex are inverse functions. 

2. The point (b, 1) is on the graph of f(x) 2logox. — —— 
3. у= 10 and y = (0.1): are the same function. 

4. If f(x) = ex – 1, then f(x) = 1 when 


x = +1 V2. 


5. 4x2 = 2x 


7. 2424 = (2 ар 2-1) 


22-02 22222 
22 1 
2-102-10()---- 
еч 
In —a-—b 
10. e 


11. In (Ine) =1 


InV43 = 


13. In (e e) 2 1 -1n2 


In 43 


14. 10g6(36)-1 --2 


| 
In— = —1 
е 


dnlO — 
« In2 


17. The range of the function f(x) = 4-х — 5 is the interval (—5, о) on the y- 


1 


In5 


axis. 

18. The point (—5, 40) is on the graph of 
1\* 

f(x) = (6) +8. 


19. If f(x) = bx, then f(nx) = Кх)». 2 
20. f(x) = logox, then fm) = afa). 20 

21. Iny=2 шх-+ Ш 5, theny=2x4+5._ 0 

22. Ine-Ine»--Ine;n! . |. 

23. If a» О and > O,thenloge. a»-logea. — 

24. The domain of the function f(x) 2In(In x) is (0, оо). — 1. 
25. The function f(x) = 3 + x + 5ex-1 is one-to-one, so f-ı (9) = 1. 


C. Review Exercises 


In Problems 1 and 2, rewrite the given exponential expression as an 


equivalent logarithmic expression. 


1 Sa =O 


In Problems 3 and 4, rewrite the given logarithmic expression as an equivalent 


exponential expression. 

3. 05927 = 1.5 

4. 1056(36)- = -4 

In Problems 5-12, solve for x. 
Gb Zee 

6. 35,2 81 

7. ei2x = ea 

8. e«— бе-і- 0 

Ob 2m 

10. 3.2 7х1 

11. емг-6 

12. Зех = 4e-x 

In Problems 13 and 14, solve for the indicated variable. 


gb Ps Se-m; for т 


7 | + ce". 


In Problems 15 and 16, graph the given functions on the same coordinate 


ахев. 


15. y Z4, y=logs x 


E] 


16. = 2 ‚у =logux 
17. Match the letter of the graph in FIGURE 6.8.1 with the appropriate function. 


(i) fü) = b. b> 2 


(i) х) 2b, 1« b «2 


Их) = 65 <6< 1 
 /(х) = b,0<b<>; 


FIGURE 6.R.1 Graph for Problem 17 


18. In FIGURE 6.R.2, fill in the blanks for the coordinates of the points on each 
graph. 


Graph for Problem 18 


In Problems 19 and 20, find the slope of the red line L given in each figure. 


19. 


f(x) = 2-< +1) у 


| 


-1--41--1-4- Х 
= Л 
-2 + ћ 


Graph for Problem 19 


20. 


FIGURE 6.R.4 Graph for Problem 20 


In Problems 21-26, match each of the following functions with one of the 
given graphs. 


(i) у= Ina - 2) 

(ii) y2 2 - lnx 

(iii) y=2 + In(x +2) 
(iv) у= -2 - In(x 42) 
(v) у= -Inx) 

(vi) y 22 + In(-x + 2) 


21. 


FIGURE 6.R.5 Graph for Problem 21 


22. 


23. 


24. 


Graph for Problem 22 


Graph for Problem 24 


25. 


FIGURE 6.R.9 Graph for Problem 25 


26. 


FIGURE 6.R.10 Graph for Problem 26 


In Problems 27-36, eliminate the logarithms in the given expression. Express 


your answer in the form y = f(x). 
27. In y Z (х - 3) 

28. In y  2In(x + 5) 

29. Iny=Inx+31n2 


30. Inyz4Inx- In 5 


31. In(y - 6) = In(x = 1) + Inx + 2102 
32. In y - ln(x - 1) = In(x + 4) – In2 


33. In(y - 3) = шу - Inc + 1) + 21пх 


34. In(y/4) = а(х? 1) 4 Tne 


35. шу--3х-115 


м (у = x) = x? + 2х — > 
In Problems 37 and 38, find f- for the given one-to-one function /. 
37. fx) = 5 + e 

38. f(x) = -3 + In(x + 10) 


In Problems 39 and 40, rewrite the given function f as a piecewise-defined 


function. 
39. f(x) = 2 - x| 
40. f(x) = In |x» — 1| 


In Problems 41 and 42, in words describe the graph of the function fin terms 


of a transformation of the graph of y = In x. 

41. f(x) = In ex 

42. f(x) 2In xs 

43. Find a function f(x) = Aex if (0, 5) and (6, 1) are points on the graph of f. 


44. Find a function f(x) = A10% if f(3) = 8 and 


f(0) 23 


= 


45. Find a function f(x) = a + b, 0 < b < 1,1Ё](1) = 5.5 and the graph of f has 


a horizontal asymptote y = 5. 


46. Find a function f(x) = а + logs(x — c) if f(11) = 10 and the graph of f has a 


vertical asymptote x = 2. 


47. Doubling Time Model In (1) of Section 6.4 we saw that a model for a 
growing population is given by P(t) = Роёи, К > 0, where Po is the initial 
population. If 4 is the time it takes for the initial population to double, show 


that the growth model can be written as P(t) = Родим. 


48. Doubling Time If the initial number of bacteria present in a culture 
doubles after 9 hours, how long will it take for the number of bacteria in the 


culture to double again? 


49. Got Bait? A commercial fishing lake is stocked with 10,000 fingerlings. 
Find a model P(t) = Роек, К < 0, for the declining fish population of the lake at 
time ft if the owner of the lake estimates that there will be 5,000 fish left after 
six months. After how many months does the model predict that there will be 
1000 fish left? 


50. Radioactive Decay Tritium, an isotope of hydrogen, has a half-life of 
approximately 12.5 years. How much of an initial quantity of this element 


remains after 50 years? 


51. Old Bones It is found that 97% of C-14 has been lost in a human skeleton 


found at an archeological site. What is the approximate age of the skeleton? 


52. Half-Life Suppose that A(t) = Avex, К < 0, represents the amount of a 
decaying radioactive substance remaining at time 1. If the amounts А(11) = Ai 
and А(р)- A», 0 < ti < Р, are known, then show that the half-life T of the 


o (1, m t, )In 2 
In (А(/А,) 


53. Wishful Thinking A person facing retirement invests $650,000 іп а 
savings account. She wants the account to be worth $1,000,000 in 10 years. 
What annual rate r of interest compounded continuously will achieve this 


dream? 


54. Photic Zone The photic zone (also called the euphotic zone) is the depth 
of water in a lake or an ocean which is exposed to sufficient sunlight to allow 
photosynthesis to take place. The photic zone extends from surface of the 
water to a depth where the light intensity is 1% of the intensity of light 10 
incident on the surface. According to the Beer-Lambert Law the intensity of 
light at a depth of x meters is (х) = Ioexx, where k < 0. See FIGURE 6.R.11 and 
Problem 62 in Exercises 6.4. 


(a) Find the depth of the photic zone in the Atlantic ocean near Cape Cod, 
Massachusetts where k = —0.28782. 


(b) Using calculus and the depth found in part (a) it can be shown that the 
average intensity over the entire photic zone is 21.5% of Jo. At what depth 


does this average intensity occur? 


Light intensity 
10 at surface 


| 


= __ zone 


FIGURE 6.В.11 Photic zone in Problem 54 


55. Gompertz Function The Gompertz function y = ae-be«, where а, b, and c 


are positive constants, is named after the self-educated mathematician 


Benjamin Gompertz (1779-1865) апа was used initially in the study of 
population demographics. Today Gompertz's function is used as a 
mathematical model in diverse areas such as economics, statistics, and 
oncological studies of the growth of tumors. Solve for t in terms of the other 


symbols. 


56. Gompertz Curves The graph of a Gompertz function, defined in Problem 
55, is naturally called a Gompertz curve. Sketch the Gompertz curve in the 
following cases. Sketch the three graphs on the same rectangular coordinate 


system. 

y-ae*,a-5a-71,a-2 

у=е = 
2 


= E 1 
уе? ,b-5b-Lb- 


graph has two horizontal asymptotes.] 


[ Hint: The 


57. Seriously Saving An annuity is a savings plan where the same amount of 
money P is deposited into an account at n equally spaced periods (say, years) 
of time. If the annual rate r of interest is compounded continuously, then the 


amount 5 accrued in the account immediately after the nth deposit is given by 
2 — 
5 — Р T Ре’ + Ре“ + eee -- Ре“ 1 г 


What is the value of such an annuity in 15 years if P = $3000 and the annual 


rate of interest is 2%, 


58. Curve Fitting Logarithms can be used to find a function that 
approximately fits a set of numerical data. For example, a relationship 
between length L and weight W of yellowfin tuna (or ahi, as it is called in 


most restaurants) in a mid-Pacific fishery is given in the following table. 


(a) If x 2 In L and y = In W, then use Table 6.R.1 to fill out the remaining 
entries in Table 6.R.2. 


(b) Use the first and last points (x, y) defined by Table 6.R.2 to show that the 
slope of a line through these points is approximately m = 3.074. Find ап 
equation of the line through the first and last points. 


(c) Use a graphing utility to plot the points defined in Table 6.R.2 and the line 


in part (b) on the same rectangular coordinate system. 


(d) Use the equation of the line obtained in part (b) to write W as an explicit 
function of L. Use this function and the lengths L in Table 6.R.1 to compute 
the corresponding weights. Compare these weights with those given in Table 
6.В.1. 


(e) Use а graphing utility to plot the points defined by Table 6.R.1 and the 


function W in part (d) on the same rectangular coordinate system. 


TABLE 6.R.1 


Length L (cm) | 70 80 90. 100 | 110 | 120 | 130 | 140 | 160 | 180 
Weight W(Ib) | 14.3 | 246 | 29.3 | 425 | 568 | 74.1 | 94.7 | 103.6 | 179 | 256 


TABLE 6.R.2 


x 425 


Yellowfin tuna in the Pacific Ocean near Hawaii 
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Chapter 7 Review Exercises 


7.1 The Parabola 


INTRODUCTION Hypatia is the first woman in the history of mathematics 


about whom we have considerable knowledge. Born in 370 С.Е. in 


Alexandria, she was renowned as a mathematician and philosopher. Among 


her writings is On the Conics of Apollonius, which popularized Apollonius' 


(200 B CES work on curves that can be obtained by intersecting a double- 


napped cone with a plane: the circle, parabola, ellipse, and hyperbola. Note in 
FIGURE 7.1.1(a) that the plane does not pass through the vertex of the cone. 
When the plane passes through the vertex, the resulting figures: a single point, 
a single line, or two intersecting lines are commonly called degenerate 
conics. See Figure 7.1.1(b). With the close of the Greek period, interest in 
conic sections waned; after Hypatia the study of these curves was neglected 


for over 1000 years. 


Нурайа 


УЗ 


circle ellipse parabola hyperbola point line two intersecting 
M i lines 
(a) Conic sections (b) Degenerate conics 


FIGURE 7.1.1 Conic sections 


In the seventeenth century, the Italian physicist and mathematician Galileo 
Galilei (1564—1642) showed that in the absence of air resistance the path of a 
projectile follows a parabolic arc. At about the same time, the German 
mathematician, astronomer, and astrologist Johannes Kepler (1571—1630) 
hypothesized that the orbits of planets around the Sun are ellipses with the 
Sun at one focus. This was later verified by the English mathematician Sir 
Isaac Newton (1642—1726), using the methods of the newly developed 
calculus. Kepler also experimented with the reflecting properties of parabolic 
mirrors; these investigations sped the development of the reflecting telescope. 
Тһе Greeks had known little of these practical applications. They had studied 
the conics for their beauty and fascinating properties. In the first three sections 
of this chapter, we will examine both the ancient properties and the modern 
applications of these curves. Rather than using a cone, we shall see how the 
parabola, ellipse, and hyperbola are defined by means of distance. Using a 
rectangular coordinate system and the distance formula, we obtain equations 
for the conics. Each of these equations will be in the form of a quadratic 


equation in variables x and y: 


Ax + Вху + Су? + Dx + Ey + F=0, 


where А, В, C, D, E, апа Е are constants. We have already studied the special 


case y = ax2 + bx + c of the foregoing equation in Section 2.4. 


Solar System 


Courtesy of NASA/JPL. 


DEFINITION 7.1.1 Parabola 


A parabola is the set of points P(x, y) in the plane that are 
equidistant from a fixed line L, called the directrix, and a fixed 
point F, called the focus. 


A parabola is shown in FIGURE 7.1.2. The line through the focus perpendicular 
to the directrix is called the axis of the parabola. The point of intersection of 


the parabola and the axis is called the vertex, denoted by V in Figure 7.1.2. 


Directrix 
/ 
/ E 


FIGURE 7.1.2 A parabola 


[ Parabola with Vertex (0, 0) To describe a parabola analytically, we use 
a rectangular coordinate system where the directrix is a horizontal line y --с, 
where c > 0, and the focus is the point F(0, c). Then we see that the axis of the 
parabola is along the y-axis, as FIGURE 7.1.3 shows. The origin is necessarily 
the vertex, since it lies on the axis c units from both the focus and the 


directrix. The distance from a point P(x, y) to the directrix is 


= (-с) = у + с. 


FIGURE 7.1.3 Parabola with vertex (0, 0) and focus on the y-axis 


Using the distance formula, the distance from P to the focus F is 


d(P, F) = V(x — 0)? + (у — с)?. 


E 


From the definition of the parabola it follows that d(P, F) = y + с, or 


Ус — 0)? + (у – с)? = у + с. 


By squaring both sides and simplifying, we obtain 


^+ (у- с)? = (у + cy 
№ + y = 2cy + с? = y + 2су + с? 


ог = Асу. (1) 


Equation (1) is referred to as the standard form of the equation of a parabola 
with focus (0, c), directrix y 2 -с, с > 0, and vertex (0, 0). The graph of any 


parabola with standard form (1) is symmetric with respect to the y-axis. 


Equation (1) does not depend on the assumption that c > 0. However, the 
direction in which the parabola opens does depend on the sign of c. 
Specifically, if c > 0 the parabola opens upward as in Figure 7.1.3; if c « 0, 


the parabola opens downward. 


If the focus of a parabola is assumed to lie on the x-axis at F(c, 0) and the 
directrix is x 2 —c, then the x-axis is the axis of the parabola and the vertex is 
(0, 0). If c > 0 the parabola opens to the right; if c < 0, it opens to the left. In 


either case, the standard form of the equation is 


N 
— 


^ 
y" = 4сх. ( 


The graph of any parabola with standard form (2) is symmetric with respect to 


the x-axis. 


А summary of all this information for equations (1) and (2) is given in FIGURES 
7.1.4 and 7.1.5, respectively. You may be surprised to see in Figure 7.1.4(b) 
that the directrix above the x-axis is labeled y - —c and the focus on the 
negative y-axis has coordinates F(0, c). Bear in mind that in this case the 


assumption is that c < 0 and so —c > 0. A similar remark holds for Figure 


7.1.5(b). 


Pictorial 
Summary of 
Information у--с Directrix 
for Standard Axis 
Form (1) 
(a) 2 24cy c 20 (b) x? =4cy, c< 0 


FIGURE 7.1.4 Summary of information for standard form (1) 


Pictorial 


Summary of 
Information 
for Standard 
Form (2) 


(a) у2 =4ex,c>0 (b) y? =4сх.с<0 


FIGURE 7.1.5 Summary of information for standard form (2) 


The Simplest Parabola 


We first encountered the graph of y = x» in Section 2.2. By comparing this 


equation with (1) we see 


ъъ = 


and so dc = lor — 4. Therefore the 1 арһ of y = x2 is a 


0,1 


parabola with vertex at 18 origin, focus at ^ , and directrix 
y= ot 

ж 4. These details are indicated in the graph in FIGURE 
7.1.6 


Focus 


Directrix 


FIGURE 7.1.6 Graph of equation in Example 1 


[ Focal Cord Knowing the basic parabolic shape, all we need to know to 


sketch a rough graph of either equations (1) and (2) is the fact that the graph 
passes through its vertex (0, 0) and the direction in which the parabola opens. 
To add more accuracy to the graph it is convenient to use the number c 
determined by the standard form equation to plot two additional points. Note 
that if we choose y = c in (1), then x: = 4c» implies x = + 2c. Thus (-2с, с) and 
(2c, c) lie on the graph of x2 = 4cy. Similarly, the choice x = c in (2) implies y 
= 2c, and so (c, -2с) and (c, 2c) are points on the graph of y» = 4cx. The line 
segment through the focus with endpoints (—2c, c), (2c, c) for equations with 


standard form (1), and (c, —2c), (c, 2c) for equations with standard form (2) is 


called the focal chord. In Example 1 we saw that 4 for the 


BEES i = кн Therefore. if we choose * a then 
a ж — 
1 „ — + 
A 2104 gives A mm 
1 
"E 
aa 


> 
A Fe 4 
horizontal focal chord for y = x2 are 4 and M =~ E : 
. See FIGURE 7.1.7. 


Graphing tip for equations (1) and (2). 


УА 


Focal 
chord 


FIGURE 7.1.7 Focal chord for y = x2 


Equation of a Parabola 


Find the equation in standard form of the parabola with directrix x - 2 and 
focus (-2, 0). Graph. 


Solution In FIGURE 7.1.8 on page 406 we have graphed the directrix and the 
focus. We see from their placement that the equation we seek is of the form y» 


= 4cx. Since c = —2, the parabola opens to the left and so 


уг: 4(—2)x or y = —8x. 


As mentioned in the discussion preceding this example, if we substitute х = с, 
or in this case x = -2, into the equation y» = —8x we сап find two points on its 
graph. From y» = -8(-2) = 16 we get y = +4. As shown in FIGURE 7.1.9, the 
graph passes through (0, 0) as well as through the endpoints (-2, —4) and (-2, 
4) of the focal chord. 


FIGURE 7.1.8 Directrix and focus in Example 2 


FIGURE 7.1.9 Graph of parabola іп Example 2 


[ Parabola with Vertex (h, k) Suppose that a parabola is shifted both 


horizontally and vertically so that its vertex is at the point (Л, k) and its axis is 
the vertical line x = Л. The standard form of the equation of the parabola is 
then 


(x — А)? = 4с(у — k). (3) 


Similarly, if its axis is the horizontal line y = k, the standard form of the 


equation of the parabola with vertex (Л, К) is 


(y — k)* = 4c(x — В). (4) 


[ Shifts The parabolas defined by the foregoing equations are identical in 


shape to the parabolas defined by equations (1) and (2) because (3) and (4) 
represent rigid transformations (shifts up, down, left, and right) of the graphs 


of (1) and (2). For example, the parabola 
(x + 2)" —53(v»—25) 


has vertex (—2, 5). With the identifications Л = —2 < 0 and k = 5 > 0, the graph 
; қ; 
x + 2)? = Қу-5 
of p - 
Ё: 


| ^ is the graph 
x — 35V 


of ¿č shifted horizontally 2 units to the left followed by 
an upward vertical shift of 5 units. See the red graph in FIGURE 7.1.10. 


И 
кор 
= 


up 
5 units 


2 units 


FIGURE 7.1.10 Graphs of (3) and (4) are shifts of the graphs of (1) 
and (2) 


For each of the equations, (1) and (2) or (3) апа (4), the distance from the 
vertex to the focus, as well as the distance from the vertex to the directrix, is | 


c. 
Equation of a Parabola 


Find the equation in standard form of the parabola with vertex (-3, —1) and 


directrix y = 3. 


Solution We begin by graphing the vertex at (—3, —1) and the directrix y = 3. 
From FIGURE 7.1.11 we can see that the parabola must open downward, and so 
its standard form is (3). This fact, plus the observation that the vertex lies 4 
units below the directrix, indicates that the appropriate solution of |c| 2 4 is c 


= —4. Substituting h = —3, k = —1, and c = —4 into (3) gives 


[х= (-3)P = 4(—4)[у = (CD] or  (х+3)? = -16(y + 1). M 


Vertex (—3, —1) 


FIGURE 7.1.11 Vertex and directrix in Example 3 


Find Everything 


Find the vertex, focus, directrix, intercepts, and graph of the parabola 


у’ — 4y — 8х — 28 = 0. (5) 


Solution In order to write the equation in one of the standard forms we 


complete the square in y: 


y! — 4у + 4 = 8x + 28 + 4 < add 4 to both sides 
(y-2) = 8х + 32. 


Thus the standard form of equation (5) is (y —2)2 = 8(x + 4). Comparing this 
equation with (4) we conclude that the vertex is (-4, 2) and that 4c = 8 or c = 
2. Thus the parabola opens to the right. From c = 2 > 0, the focus is 2 units to 
the right of the vertex at (—4 + 2, 2) or (—2, 2). The directrix is the vertical line 
2 units to the left of the vertex, x = —4 — 2 or x = —6. Knowing the parabola 
opens to the right from the point (—4, 2) also tells us that the graph has 
intercepts. To find the x-intercept we set y = 0 in (5) and find immediately that 
"E" — _ 7 
X шин 8 7-7 Э 


: 7 . 4-2 The x-intercept is 
= 2» 0) 


j j . To find the y-intercepts we set x = 0 in (5) and find 
from quadratic formula that 


b um 2 + 4 v2. - 
The v-intercepts are ( 0, 2 I 


БЕРІЛ 


together we get the graph in FIGURE 7.1.12. 


= 7.66а ш ) 66. 


Putting all this information 


(у- 2)? = 8(х +4) 


FIGURE 7.1.12 Graph of equation in Example 4 


[ Functions Equations of the form given in (1), (2), (3) and (4) define 


functions implicitly. 
Review Section 2.7. 


Functions Defined Implicitly 


(a) In Example 3, the final equation (x + 3)2 = —16(y + 1) is easily solved for 
y: 


| 2 
у+1=——(х + 3)2 

16 
1 5 standard form of a 

у = ——(x + 3)" = 1 < 4 quadratic function, 
16 (2) in Section 2.4 
Ly 

= ——(x" + 6x + 9) — 1 

16 
| 2 3 А 25 pores function 

у= х X р + й 2 
16 8 16 f(x) = ах + bx t c 


(b) In Example 4, solving (y — 2); = 8x + 32 for y gives 
у = 2 убх + 32. 


Thus two explicit functions defined implicitly by the original equation are 


у = Их) =2+2\М2х +8 and у= g(x) 22 —2V2x + 8. 


Solving the inequality 2х + 8 > 0 indicates that the domain of f and g is the 
interval 1-4, <). The graphs of f and g сап be interpreted as rigid and 


nonrigid transformations of the graph of the square root function 


y — Р 
у = Vx 
, and are, in turn, the top half and bottom half of 


the parabola in Figure 7.1. 12. See FIGURE 7.1.13 on page 408. 


5 


Ї 


(а) (5) 


FIGURE 7.1.13 Graphs of functions іп (b) of Example 5 


[ Applications of the Parabola The parabola has many interesting 


properties that make it suitable for certain applications. Reflecting surfaces are 
often designed to take advantage of a reflection property of parabolas. Such 
surfaces, called paraboloids, are three-dimensional and are formed by 
rotating a parabola about its axis. As illustrated in FIGURE 7.1.14(a), rays of light 
(or electronic signals) from a point source located at the focus of a parabolic 
reflecting surface will be reflected along lines parallel to the axis. This is the 
idea behind the design of searchlights, some flashlights, and on-location 
satellite dishes. Conversely, if the incoming rays of light are parallel to the 
axis of a parabola, they will be reflected off the surface along lines passing 
through the focus. See Figure 7.1.14(b). Beams of light from a distant object 
such as a galaxy are essentially parallel, and so when these beams enter a 
reflecting telescope they are reflected by the parabolic mirror to the focus, 
where a camera is usually placed to capture the image over time. A parabolic 
home satellite dish operates on the same principle as the reflecting telescope; 
the digital signal from a TV satellite is captured at the focus of the dish 


antenna by a receiver. 


Retlecting surface Reflecting surface 


Outgoing rays of light Incoming rays of light 


Focus Focus 


(a) Rays emitted at (b) Incoming rays 
focus are reflected reflected to focus 
as parallel rays 


FIGURE 7.1.14 Parabolic reflecting surface 


Searchlight tribute to World Trade Center 


TV satellite dish 


© Soundsnaps/ShutterStock, Inc. 


Parabolas are also important in the design of suspension bridges. It can be 
shown that if the weight of the bridge is distributed uniformly along its length, 
then a support cable in the shape of a parabola will bear the load evenly. 


The Brooklyn bridge is a suspension bridge 
€ Songquan Deng/ShutterStock, Inc. 


The trajectory of an obliquely launched projectile—say, a basketball thrown 


from the free throw line—will travel in a parabolic arc. 


Tuna, which prey on smaller fish, have been observed swimming in schools of 
10 to 20 fish arrayed approximately in a parabolic shape. One possible 
explanation for this is that the smaller fish caught in the school of tuna will try 
to escape by "reflecting" off the parabola. As a result, they are concentrated at 
the focus and become easy prey for the tuna. See FIGURE 7.1.15. 


The ball travels іп а parabolic arc 


© Corbis 


FIGURE 7.1.15 Tuna hunting in а parabolic arc 


Exercises 7.1 Answers to selected odd-numbered 
problems begin on page ANS-22. 


In Problems 1—24, find the vertex, focus, directrix, and axis of the given 


parabola. Graph the parabola. 


1. у= 4х 
Ш | 
үг нэн 
Э 
үг = — 


4. y =-10х 
5. х--16у 
4 
X = Ті у 
7. х?=28у 
8. о = –64у 
9. (у= 1» = 16x 
10. (y + 3» = -8(x + 2) 
11. (x - 5» = -4(y + 1) 
12. (х- 2) +у=0 


13. у + 12у - 4x - 16 =0 


14. х + 6x - y - 11 =0 


> 


xX + 5x = 4у+6=0 


16. х-2х-4у-17-0 


15. 


17. y2-8y+2x+10=0 
18. »- 4y-4x+3=0 

19. 4x2 =2y 

20. 3(y- 1» = 9x 

21. -2х2-12х-8у-18-0 
22. 4y2 + 16y- 6x-2=0 
23. бу – 12у- 24x - 42 = 0 
24. 3x2 + 30x - 8у + 75 =0 


In Problems 25-44, find an equation of parabola that satisfies the given 


conditions. 
25. Focus (0, 7), directrix y = —7 
26. Focus (0, —5), directrix y 2 5 


27. Focus (-4, 0), directrix x = 4 


| 5 | 

— E ini 

0) ых = —3 

28. Focus * — ^ , directrix X 2 
(5.0 

29. Focus * = , vertex (0, 0) 


30. Focus (0, —10), vertex (0, 0) 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Focus (2, 3), directrix y 2 — 3 


Focus (1, —7), directrix x 2 —5 


Focus (-1, 4), directrix x = 5 


Г-2 | ai 


Focus (-2, 0), directrix « | 


Focus (1, 5), vertex (1,-3) 
Focus (-2, 3), vertex (-2, 5) 
Focus (8, —3), vertex (0, —3) 


Focus (1, 2), vertex (7, 2) 


4 — 


|= 


Vertex (0, 0), directrix +” | 


Vertex (0, 0), directrix x - 6 

Vertex (5, 1), directrix y 2 7 

Vertex (—1, 4), directrix x 2 0 

Vertex (0, 0), through (—2, 8), axis along the y-axis 


1 . / 
Vertex (0, 0), through % 4 , axis along the x-axis 


In Problems 45-48, find the x- and y-intercepts of the given parabola. 


45. 


46. 


47. 


(у +4) = 404 1) 


(-І;--2у- 1) 


х4-2у- 18-0 


48. у»-8у-х-15-0 


In Problems 49-52, find at least one function defined implicitly by the given 


equation. Give the domain of each function. 


lx — 1)? = z(y + 2) 


50. (х + 3): = 2(у – 4) 
51. (у%1)--5(х- 2) 
52. у-12у-х-1 
Applications 


53. Spotlight A large spotlight is designed so that a cross section through its 
axis is a parabola and the light source is at the focus. Find the position of the 


light source if the spotlight is 4 ft across at the opening and 2 ft deep. 


54. Reflecting Telescope A reflecting telescope has a parabolic mirror that is 
20 ft across at the top and 4 ft deep at the center. Where should the eyepiece 


be located? 


55. Light Ray Suppose that a light ray emanating from the focus of the 
parabola y» - 4x strikes the parabola at (1, -2). What is the equation of the 


reflected ray? 


56. Suspension Bridge Suppose that two towers of a suspension bridge are 
350 ft apart and the vertex of the parabolic cable is tangent to the road 
midway between the towers. If the cable is 1 ft above the road at a point 20 ft 


from the vertex, find the height of the towers above the road. 


57. Another Suspension Bridge Two towers of a suspension bridge are 75 ft 
high (measured from the roadway) and are 250 ft apart. The vertex of the 
parabolic support cable is tangent to the road midway between the towers. 
Find the height of the cable above the roadway at a point 50 ft from one of the 
towers. See FIGURE 7.1.16. 


FIGURE 7.1.16 Suspension bridge in Problem 57 


58. Drainpipe Assume that the water gushing from the end of a horizontal 
pipe follows a parabolic arc with vertex at the end of the pipe. The pipe is 20 
m above the ground. At a point 2 m below the end of the pipe, the horizontal 
distance from the water to a vertical line through the end of the pipe is 4 m. 
See FIGURE 7.1.17. Where does the water strike the ground? 


FIGURE 7.1.17 Pipe in Problem 58 


59. A Bullseye A dart thrower releases a dart 5 ft above the ground. The dart 
is thrown 2 and follows a parabolic path. It hits the ground 


| ( V O ft from the dart thrower. At a distance of 10 ft 


from the dart ‘I how high should a bullseye be placed in order for the 
dart to hit it? 


60. Path of a Projectile The vertical position of a projectile is given by the 
equation у = —16 г and the horizontal position by x = 401 for t > 0. By 


eliminating t between the two equations, show that the path of the projectile is 


a parabolic arc. Graph the path of the projectile. 


61. Focal Width The focal width of a parabola is the length of the focal 
chord, that is, the line segment through the focus perpendicular to the axis, 


with endpoints on the parabola. See FIGURE 7.1.18. 
(a) Find the focal width of the parabola x» - 8y. 


(b) Show that the focal width of the parabola x» = Асу and y» = 4cx is 4|с|, 


— Focal 
width 


FIGURE 7.1.18 Focal width in Problem 61 


62. Parabolic Orbit The orbit of a comet is a parabola with the Sun at the 
focus. When the comet is 50,000,000 km from the Sun, the line from the 
comet to the Sun is perpendicular to the axis of the parabola. Use the result of 
Problem 61(b) to write an equation of the comet's path. (A comet with a 


parabolic path will not return to the Solar System.) 
For Discussion 


63. Suppose that two parabolic reflecting surfaces face one another (with foci 


on а common axis). Any sound emitted at one focus will be reflected off the 
parabolas and concentrated at the other focus. FIGURE 7.1.19 shows the paths of 
two typical sound waves. Using the definition of a parabola on page 403, 
show that all waves will travel the same distance. [Note: This result is 
important for the following reason: If the sound waves traveled paths of 
different lengths, then the waves would arrive at the second focus at different 


times. The result would be interference rather than clear sound.] 


Directrix 1 Directrix 
Path of sound wave 


Common 
axis 


FIGURE 7.1.19 Parabolic reflecting surfaces in Problem 63 


64. The point on a parabola closest to the focus is the vertex. How would you 


го about proving this? Carry out your ideas. 


65. For the comet in Problem 62, use the result of Problem 64 to determine 


the shortest distance between the Sun and the comet. 


66. Tangent Lines In this problem it is necessary that you have studied 
Section 2.10. 


(a) Any two distinct tangent lines to a parabola must intersect. Show that the 
tangent lines to a parabola at the endpoints of its focal chord are 
perpendicular. [Hint: Without loss of generality we may assume that an 


equation of the parabola is given by x2 = 4cy.] 


(b) Show that the tangent lines at the endpoints of the focal chord of a 


parabola intersect on its directrix. 


7.2 The Ellipse 


INTRODUCTION Тһе ellipse occurs frequently in astronomy. For example, 
the paths of the planets around the Sun are elliptical with the Sun located at 
one focus. Similarly, communication satellites, the Hubble Space Telescope, 
and the International Space Station revolve around the Earth in elliptical 
orbits with the Earth at one focus. In this section we define the ellipse and 


study some of its properties and applications. 


DEFINITION 7.2.1 Ellipse 


An ellipse is the set of points P(x, y) in the plane such that the 
sum of the distances between P and two fixed points Fi and F» is 
constant. The fixed points F: and F» are called foci (plural for 
focus). The midpoint of the line segment joining points Fi and F2 


is called the center of the ellipse. 
As shown in FIGURE 7.2.1, if P is a point on the ellipse and if di = d(F1, P) and 


d» = d(F», P) are the distances from the foci to P, then the preceding definition 


asserts that 


d, + d; = k, (1) 


where k > 0 is some constant. 


d, + 45 = constant 
P 


> 


FIGURE 7.2.1 An ellipse 


On а practical level, equation (1) suggests a way of generating ап ellipse. 
FIGURE 7.2.2 shows that if a string of length К 15 attached to a piece of paper by 
two tacks, then an ellipse can be traced out by inserting a pencil against the 


string and moving it in such a manner that the string remains taut. 


FIGURE 7.2.2 А way to draw an ellipse 


[ Ellipse with Center (0, 0) We now derive an equation of the ellipse. For 
algebraic convenience, let us choose К = 2a > 0 and put the foci on the x-axis 
with coordinates Fi(—c, 0) and F»(c, 0) as shown in FIGURE 7.2.3. It follows 
from (1) that 


Vix + с)? + у + Мо = с)? + y = 2a 


or V (x + c + y! 22a – V(x с)? + yl. 


(2) 


FIGURE 7.2.3 Ellipse with center (0, 0) and foci on the x-axis 


We square both sides of the second equation in (2) and simplify, 


(x + c)? + y? = 4а? — 4а№ (х с)? + у + (х= с) y 


av (x = с)? + y = а? — cx. 


Squaring a second time gives, 


2 2 2 2 22 
а((х-с) + ут] а — 2а?сх + cà 


2 2.2 22 2,2 2 
or (a с)х t ау —a(a - c). 


Referring to Figure 7.2.3, we see that the points Fi, F2, and P form a triangle. 
Because the sum of the lengths of any two sides of a triangle is greater than 
the remaining side, we must have 2a > 2c or a > c. Hence, a» — c» > 0. When 
we let b» = a» — c», then (3) becomes box» + azy» = azb2. Dividing this last 
equation by a»b» gives 
2 2 

г ¥ 

Fo dp 1: (4) 

а. D^ 


Equation (4) is called the standard form of the equation of an ellipse 
centered at (0, 0) with foci (-с, 0) and (с, 0), where c is defined by b» = a» — 
с, and a » Б> 0. 


If the foci are placed on the y-axis, then а repetition of Фе above analysis 


leads to 


prd fem. (5) 


Equation (5) is called the standard form of the equation of an ellipse 
centered at (0, 0) with foci (0, —c) and (0, c), where c is defined by b» = a» — c2 
and a » b> 0. 


[ Major and Minor Axes The major axis of an ellipse is the line segment 


through its center, containing the foci, and with endpoints on the ellipse. For 
an ellipse with standard form equation (4) the major axis is horizontal, 
whereas for (5) the major axis is vertical. The line segment through the center, 
perpendicular to the major axis, and with endpoints on the ellipse, is called the 
minor axis. The two endpoints of the major axis are called the vertices of the 
ellipse. For (4) the vertices are the x-intercepts. Setting y = 0 in (4) gives x = € 
а. The vertices are then (-а, 0) апа (а, 0). For (5) the vertices are the y- 
intercepts (0, —a) and (0, a). For equation (4), the endpoints of the minor axis 
аге (0, - b) and (0, D); for (5) the endpoints are (—b, 0) and (b, 0). For either 
(4) or (5), the length of the major axis is a - (-а) - 2a; the length of the 
minor axis is 2b. Since a > b, the major axis of an ellipse is always longer 


than its minor axis. 


A summary of all this information for equations (4) and (5) is given in FIGURE 
7.2.4. 


Pictorial Б s 
ocus ocus 

Summary of 2197 834 со?" 

Information т 

for Standard " 

Forms (4) (0, b) 

and (5) y-intercept 


Ë =1,a>b (95243 =1,а>ь 


FIGURE 7.2.4 Summary of information for standard forms (4) and 


(5) 


Vertices and Foci 


Find the vertices and foci of the ellipse whose equation is 3x» + y» = 9. Graph. 


Solution By dividing both sides of the equality by 9 the standard form of the 


equation is 


We see that 9 > 3 and so we identify the equation with (5). From a» = 9 and b2 


- 3, we see that a - 3 and b V3 The major axis is 


vertical with vertices (0, -3) апа (0, 3). The minor axis is horizontal with 


endpoints ( . 0) and ( ,0) 
Of course, the vertices are also the y-intercepts and the uu of the minor 


axis are the x-intercepts. Now, to find the foci we use b» = a2 — c2 ог с? = a» — 


= уз Si 
(0, — V6) 


] to 2206 


. The graph is given in FIGURE 7.2.5. 


FIGURE 7.2.5 Ellipse іп Example 1 


Equation of an Ellipse 


Find an equation of an ellipse with a focus (2, 0) and an x-intercept (5, 0). 


Solution Since the given focus is on the x-axis, we can find an equation in 
standard form (4). Consequently, с = 2, a = 5, a2 = 25, and b» = а - c2 or b2 = 


52 — 22 = 21. The desired equation is 


+ =] = 
25 21 


[ Ellipse with Center (h, К) When the center is at (Л, К), the standard 
form of the equation of an ellipse is either 
G= (у= Ё° 
5 = =1 (6) 


a р 


(x—hy (y—ky 
SECUN АЙТ s 


or l. (7) 


p а“ 


Тһе ellipses defined by these equations are identical in shape to the еШрзез 
defined by equations (4) and (5) since equations (6) and (7) represent rigid 
transformations of the graphs of (4) and (5). For example, the ellipse 


(х= 1) (y+ 3) 
р | 
9 16 


has center (1, -3). Its graph is the graph of х/9 + у2/16 = 1 shifted 
horizontally one unit to the right followed by a downward vertical shift of 


three units. 


It is not a good idea to memorize formulas for the vertices and foci of an 
ellipse with center (Л, К). Everything is the same as before: а, b, and c are 
positive and а > b, a > c. You can locate vertices, foci, and endpoints of the 
minor axis using the fact that a is the distance from the center to a vertex, b is 
the distance from the center to an endpoint on the minor axis, and c is the 
distance from the center to a focus. Also, the number c is still defined by the 


equation b2 = a» — сэ. 
Ellipse Centered at (h, k) 


Find the center, vertices, and foci of the ellipse 4x» + 16у2 — 8x — 96y + 84 = 
0. Graph. 


Solution To write the given equation in one of the standard forms (6) or (7) 
we must complete the square in x and in y. Recall that in order to complete the 
square we want the coefficients of the quadratic terms x» and y» to be 1. To do 


this we factor 4 from both x» and x and factor 16 from both уг and y: 


AG! —2x ) + 16(y? — бу ) = -84. 


Then from 


4 - Land 16 * 9 are added to both sides 


р T 1 1 
A(x? — 2х + 1) + 16(7 — 6y + 9) = —84 + 4-1 + 16:9 


we obtain 


A(x — 1)? + 16(y — 3)? = 64 
(х= 1)2 (у – 3)? 
о eee 


1. 8 
16 4 (2) 


or 


From (8) we see that the center of the ellipse is (1, 3). Since the last equation 
has the standard form (6), we identify a» = 16 ога = 4 and b; = 4 or b = 2. The 
major axis is horizontal and lies on the horizontal line y - 3 passing through 
(1, 3). This is the red horizontal dashed line segment in FIGURE 7.2.6. By 
measuring a - 4 units to the left and then to the right of the center along the 
line y = 3, we arrive at the vertices (—3, 3) and (5, 3). By measuring 5 = 2 
units both down and up the vertical line x 2 1 through the center, we arrive at 
the endpoints of the minor axis (1, 1) and (1, 5). The minor axis is the black 


dashed vertical line segment in Figure 7.2.6. Because c2 = a» — b = 16-4 = 


с = 21/26 | 
12: й = - Finally, by measuring 


c=2V3 
: — =" units to the left and right of the center along 
. we obtain the foci ^ an 


(1 + 2V3,3 


d 


f 


FIGURE 7.2.6 Ellipse іп Example 3 


Functions Defined Implicitly 


In Example 1, the equation 3x» + y» = 9 of the ellipse defines two functions 
implicitly. Solving this equation for the variable y in terms of x yields two 


functions, 


у= Кх) = М9 – 32 ай у= (х) = —V9 — 302. 


Review Example 5 in Section 7.1. 


The x-intercepts of the graphs of f and g are the same, that is, 


ЕЖЕЛ) ҰЯ) 


each these п кн "interval 


— УЗ, V3 


. The graphs of f апа g аге, in turn, 
the upper half-ellipse given in FIGURE 7.2.7(а) and the lower half-ellipse іп 


Figure 7.2.7(b). 


FIGURE 7.2.7 Graphs of functions іп Example 4 


To graph an ellipse on a calculator you may have to resort to superimposing 
the graphs of two half-ellipses defined by two functions in order to obtain the 


graph of the complete ellipse. 


Equation of an Ellipse 


Find an equation of the ellipse with center (2, —1), vertical major axis of 


length 6, and minor axis of length 3. 


Solution The length of the major axis is 2a - 6; hence a - 3. Similarly, the 


3 


length of the minor axis is 2b - 3, so М Ву sketching the 
center and the axes, we see from FIGURE 7.2.8 that the vertices are (2, 2) and (2, 


PE. | ) 
-4) and the endpoints of the minor axis аге * = 5 and 
ЖД | 
= . Because the major axis is vertical, the standard form 


of the equation of this ellipse is 


(y = (—1))? i (х 
Е 
32 Е 


FIGURE 7.2.8 Graphical interpretation of data in Example 5 


[ Eccentricity Associated with each conic section is a number e called its 


eccentricity. The eccentricity of an ellipse is defined to be 


ENS 2 2 
where C ЄСЄ Ч 20 р t Since 
| 1/2 2 | 
О < Va - b < wc 


a : the 


eccentricity of an ellipse satisfies 0 < e < 1. 


Example 3 Revisited 


Determine the eccentricity of the ellipse in Example 3. 
Solution In the solution of Example 3 we found that a - 4 апа 


C = 2 3 Hence. the eccentricitv of the ellipse is 
e = (2V3)/4 = V3/2 = 0.87 


Eccentricity is an indicator of the shape of an ellipse. When е = 0, that is, e is 
close to zero, the ellipse is nearly circular, and when e ғ 1 the ellipse is 


flattened or elongated. To see this, observe that if e is close to 0, it follows 


ғұ ғұ = 
ас — р = 0 
E 9 апа 
consequently а = b. As you can see from the standard equations іп (4) and 
(5), this means that the shape of the ellipse is close to circular. Also, because c 


is the distance from the center of the ellipse to a focus, the two foci are close 


together near the center. See FIGURE 7.2.9(а). On the other hand, if e = 1 or 
25 1 then 
9 А 
Ч р а and so b = 0. 


Also, с = a means that the foci are far apart; each focus is close to a vertex. 


Thus, the ellipse is elongated as shown in Figure 7.2.9(b). 


(a) e close to zero 


(b) e close to 1 
FIGURE 7.2.9 Effect of eccentricity on the shape of an ellipse 


[ Applications of the Ellipse Ellipses have a reflection property 


analogous to the one discussed in Section 7.1 for the parabola. It can be 
shown that if a light or sound source is placed at one focus of an ellipse, then 
all rays or waves will be reflected off the ellipse to the other focus. See FIGURE 
7.2.10. For example, if a pool table is constructed in the form of an ellipse with 
a pocket at one focus, then any shot originating at the other focus will never 
miss the pocket. Similarly, if a ceiling is elliptical with two foci on (or near) 
the floor but considerably distant from each other, then anyone whispering at 
one focus will be heard at the other. Some famous “whispering galleries" are 
the Statuary Hall at the Capitol in Washington, DC, the Mormon Tabernacle 
in Salt Lake City, and St. Paul's Cathedral in London. 


Statuary Hall in Washington, DC 


© Brand X Pictures/Alamy Images 


s 


FIGURE 7.2.10 Reflection property of an ellipse 


Using his Law of Universal Gravitation and the newly developed calculus, 


Isaac Newton was the first to prove Kepler’s first law of planetary motion: 
The orbit of each planet about the Sun is an ellipse with the Sun at one focus. 


Eccentricity of Earth’s Orbit 


The perihelion distance of the Earth (the least distance between the Earth and 
the Sun) is approximately 9.16 x 107 miles, and its aphelion distance (the 
greatest distance between the Earth and the Sun) is approximately 9.46 x 107 


miles. What is the eccentricity of Earth's orbit? 


Solution Let us assume that the orbit of the Earth is as shown in FIGURE 7.2.11. 


From the figure we see that 


а= c = 9.16 х 107 
a+ c= 9.46 Хх 10’. 


Earth 


Perihelion 
position 


Aphelio 
position 


FIGURE 7.2.11 Graphical interpretation of data in Example 7 


Solving this system of equations gives а = 9.31 x 10; and с = 0.15 x 107. Thus 


the eccentricity e = c/a is 


0.15 x 107 
e = ————— — = 0.016. ені 
9.3] X 10” 


The orbits of seven of the planets have eccentricities less than 0.1 and, hence, 
the orbits are not far from circular. The planet Mercury is the exception. The 
orbit of the dwarf planet Pluto has the eccentricity 0.25. Many of the asteroids 
and comets have highly eccentric orbits. The orbit of the asteroid Hildago is 
one of the most eccentric, with e - 0.66. Another notable case is the orbit of 


Comet Halley. See Problem 47 in Exercises 7.2. 


NOTES FROM THE CLASSROOM 


If you look up the definition of a radius of a circle you will 
likely find two definitions: 


* A line segment from the center C of a circle to a point P on its 
circumference. 


* The distance from the center C of a circle to a point P on its 
circumference. 


Thus the word "radius" refers to either a line or a number. See 
FIGURE 7.2.12(а). So too, for an ellipse the terms semimajor axis 
and semiminor axis refer either to the line segments shown in 
Figure 7.2.12(b) or to the respective lengths a and b of these line 
segments. For example using the length interpretation of these 
terms, Kepler's third law of planetary motion is usually stated 
in the following manner: 


The square of the orbital period of a planet is proportional to the 
cube of the semimajor axis of its orbit. 


Clearly it is not the line segment that is cubed. So if T denotes 
the period or time it takes a planet (or any celestial body such as 
an asteroid) to make one complete orbit around the Sun and if its 
semimajor axis is a, then Kepler's third law becomes T» - Каз, 
where К is a constant of proportionality. 


Length г 


AR 


(a) Circle 


Length b 


Length а 


Semiminor 
axis 


Semimajor 
axis 


(b) Ellipse 


FIGURE 7.2.12 Lines and numbers 


Exercises 7.2 Answers to selected odd-numbered 
problems begin on page АХ5-23. 


In Problems 1—20, find the center, foci, vertices, endpoints of the minor axis, 


and eccentricity of the given ellipse. Graph the ellipse. 
7 7 


x у 


+ — 
: [6 


5. 9x 16у: = 144 
6. 2х2 + у =4 
7. 9x2 + 4y2 = 36 


8. x2 +4у2 = 4 


(x — 1)? 
— E 


(x+ 1) 
4 
10 25 
(x + 5)? 


al 64 51 
Ae + (y+ =4 


14. 36(x + 2)» + (у — 4» = 72 


13 


15. 5(х- 12 + 3(y + 2)2 = 45 

16. 6(x - 2)2 + 8y2 = 48 

17. 25x2 + 9y2 – 100x + 18у – 116 = 0 
18. 9x + 5у + 18х— 10у-31-0 
19. х2--3у2 + 18у + 18 =0 

20. 1222 + 4y2 - 24x - 4Ay + 1 =0 


In Problems 21-40, find an equation of the ellipse that satisfies the given 


conditions. 

21. Vertices (+5, 0), foci (+3, 0) 

22. Vertices (+9, 0), foci (+2, 0) 

23. Vertices (0, +3), foci (0, +1) 

24. Vertices (0, +7), foci (0, +3) 

25. Vertices (0, +3), endpoints of minor axis (+1, 0) 

26. Vertices (+4, 0), endpoints of minor axis (0, +2) 

27. Vertices (-3, —3), (5, —3), endpoints of minor axis (1, —1), (1, —5) 


28. Vertices (1, —6), (1, 2), endpoints of minor axis (-2,-2), (4, —2) 


29. One focus (0, —2), center at origin, b = 3 


30. One focus (1, 0), center at origin, a 2 3 


(+V2,0) 


^ , length of minor axis 6 


(0, = V5) 


^ , length of major axis 16 


(—1,2V2) 
( V5.4 


34. Vertices (+5, 0), passing through “, 


(2V3, 2) 


35. Vertices (+4, 1), passing through % 


31. Foci 


ЗЕ ОС 


33. Foci (0, +3), passing through 


36. Center (1, —1), опе focus (1, 1), а=5 

37. Center (1, 3), one focus (1, 0), one vertex (1, —1) 

38. Center (5, —7), length of vertical major axis 8, length of minor axis 6 
39. Endpoints of minor axis (0, 5), (0, —1), one focus (6, 2) 

40. Endpoints of major axis (2, 4), (13, 4), one focus (4, 4) 


In Problems 41-44, find a function f that defines the indicated half-ellipse. 
Give the domain of each function. The equations are from Problems 1, 3, 9, 
and 12. 


41. 2 5 Э ; lower half-ellipse 


grum] 
42. | 6 ; upper half-ellipse 


43. 40 3 6 ; upper 


half-ellipse 


44. 64 9 | ; lower 


half-ellipse 
Applications 


45. Mercury The orbit of the planet Mercury is an ellipse with the Sun at one 
focus. The length of the major axis of this orbit is 72 million miles and the 
length of the minor axis is 70.4 million miles. What is the least distance 
(perihelion) between Mercury and the Sun? What is the greatest distance 


(aphelion)? 
46. What is the eccentricity of the orbit of Mercury in Problem 45? 


47. Comet Halley The orbit of Comet Halley is an ellipse whose major axis 
is 3.34 x 10» miles long, and whose minor axis is 8.5 x 10s miles long. What 


is the eccentricity of the comet's orbit? 


48. Earth Satellite A satellite orbits the Earth in an elliptical path with the 


center of the Earth at опе focus. It has а minimum altitude of 200 mi and а 
maximum altitude of 1000 mi above the surface of the Earth. If the radius of 


the Earth is 4000 mi, what is an equation of the satellite's orbit? 


49. Archway A semielliptical archway has a vertical major axis. The base of 
the arch is 10 ft across and the highest part of the arch is 15 ft. Find the height 
of the arch above the point on the base of the arch 3 ft from the center. 


50. Gear Design An elliptical gear rotates about its center and is always kept 
in mesh with a circular gear that is free to move horizontally. See FIGURE 
7.2.13. If the origin of the xy-coordinate system is placed at the center of the 
ellipse, then the equation of the ellipse in its present position is x2 + Зу = 8. 
The diameter of the circular gear equals the length of the minor axis of the 
elliptical gear. Given that the units are centimeters, how far does the center of 
the circular gear move horizontally during the rotation from one vertex of the 


elliptical gear to the next? 


FIGURE 7.2.13 Elliptical and circular gears in Problem 50 


51. Carpentry A carpenter wishes to cut an elliptical top for a coffee table 
from a rectangular piece of wood that is 4 ft by 3 ft utilizing the entire length 
and width available. If the ellipse is to be drawn using the string and tack 
method illustrated in Figure 7.2.2, how long should the piece of string be and 
where should the tacks be placed? 


52. Park Design The Ellipse is a park in Washington, DC. It is bounded by 
an elliptical path with a major axis of length 458 m and a minor axis of length 


390 m. Find the distance between the foci of this ellipse. 


The Ellipse Park in Washington, DC 
О jiawangkun/ShutterStock, Inc. 


53. Whispering Gallery Suppose that a room is constructed on a flat 
elliptical base by rotating a semiellipse 180? about its major axis. Then, by the 
reflection property of the ellipse, anything whispered at one focus will be 
distinctly heard at the other focus. If the height of the room is 16 ft and the 
length is 40 ft, find the location of the whispering and listening posts. 


54. Focal Width The focal width of the ellipse is the length of a focal chord, 
that is, a line segment, perpendicular to the major axis, through a focus with 


endpoints on the ellipse. See FIGURE 7.2.14. 
(a) Find the focal width of the ellipse х2/9 + y2/4 = 1. 


(b) Show that, in general, the focal width of the ellipse x»/az + y2/b2 = 1 is 2b»/ 


a. 


Focal 
width 


FIGURE 7.2.14 Focal width іп Problem 54 


55. Find an equation of the ellipse with foci (0, 2) and (8, 6) and fixed 
distance sum 2a = 12. [Hint: Here the major axis is neither horizontal nor 
vertical; thus none of the standard forms from this section apply. Use the 


definition of the ellipse.] 


56. Proceed as in Problem 55, and find an equation of the ellipse with foci 
(—1, —3) and (—5, 7) and fixed distance sum 2a - 20. 


For Discussion 


57. The graph of the ellipse х/4 + (y — 1)2/9 = 1 is shifted 4 units to the right. 
What are the center, foci, vertices, and endpoints of the minor axis for the 
shifted graph? 


58. The graph of the ellipse (x — 1)2/9 + (у - 4) = 1 is shifted 5 units to the 
left and 3 units up. What are the center, foci, vertices, and endpoints of the 


minor axis for the shifted graph? 


59. Іп engineering the eccentricity of an ellipse is often expressed only in 


terms of a and b. Show that 


1- ba^ 


Tangent L 
line at УА 


Р 


E = 


FIGURE 7.2.15 Tangent line L touches an ellipse at point P 


60. Tangent Line to an Ellipse Like the circle (see page 128), а tangent line 
L to an ellipse is defined to be a line that intersects, or touches, the ellipse in 


exactly one point P. See FIGURE 7.2.15. 
(a) If P(x, уі) denotes a point on the ellipse 


5 J 


F 


х у 
5 + 35 = 1, 
а р 


then it can be shown that the tangent line to the graph at P is given by 


хх ууу 
= = "E 
+= 1. 
= іш 
а b 
Verify that the coordinates of P satisfy the last equation. 


(b) Use part (a) to find an equation of the tangent line to the ellipse 
M y 


at each of the two points corresponding to x = 3. 


(c) Graph the ellipse and two tangent lines in part (b). 


7.3 The Hyperbola 


INTRODUCTION The definition of a hyperbola is basically the same as the 


definition of the ellipse with only one exception: the word sum is replaced by 


the word difference. 


DEFINITION 7.3.1 Hyperbola 


A hyperbola is the set of points P(x, y) in the plane such that the 
difference of the distances between P and two fixed points Fi and 
F2 is constant. The fixed points Fi and Р are called foci (plural for 
focus). The midpoint of the line segment joining points Fi and F2 
is called the center of the hyperbola. 


As shown in FIGURE 7.3.1, a hyperbola consists of two branches. If P is a point 
on the hyperbola, then 


|4, — d,| = К, (1) 


where di = d(Fi, Р) and d» = d(F2, Р). 


FIGURE 7.3.1 А hyperbola 


[ Hyperbola with Center (0, 0) Proceeding as for the ellipse, we place 


the foci оп the x-axis at Fi(—c, 0) and F2(c, 0) as shown in FIGURE 7.3.2 and 


choose the constant К to be 2а for algebraic convenience. It follows from (1) 


that 


d, — d, = +2a. 


FIGURE 7.3.2 Hyperbola with center (0, 0) and foci on the x-axis 


As drawn in Figure 7.3.2, P is on the right branch of the hyperbola and so di — 
d» = 2а > 0. If P is on the left branch then the difference is —2a. Writing (2) as 


Vx + с)? + y? - Vix — с)? + y? = +2а 


ог Vix + с)? + y = *2a + М(х c)? + у? 


we square, simplify, and square again: 


(x + cy) + y! = 4а? + 4aV (x — с) 
+aV (x — с)? + y = сх — а? 
2 


2 2 2 2 2 
а [(х — с) + у] = сх — 2а°сх + а 


2 A2 2.2 2/22 2 
(c^ — a")x" — ay = а (c — a). 


From Figure 7.3.2, we see that the triangle inequality gives 


б 
> 


d, < d, + 2c and d, < d, + 2c, 


ә 
© 
N 
o 


ог d, - а, < апа d, — d, < 


Using di — d» = +2а, the last two inequalities imply that 2a < 2c ога < с. 
Since c > a > 0, c2 — a» is a positive constant. If we let b2 = c» — a», (3) 
becomes bx» — azy» = аЬ» or, after dividing by a»b», 

Э 


» 
x у 


pw L (4) 


Equation (4) is called the standard form of the equation of a hyperbola 
centered at (0, 0) with foci (—c, 0) апа (с, 0), where c is defined by b2 = c2 — 


a2. 


When the foci lie on the y-axis, a repetition of the foregoing algebra leads to 


y2 | 2 
em |, (5) 


" 


> 
а? р 


Equation (5) is the standard form of the equation of а hyperbola centered at 
(0, 0) with foci (0, -с) and (0, c). Here again, с > a and b» = c» — ar. 


For the hyperbola (unlike the ellipse), bear in mind that in (4) and (5) there is 
no relationship between the relative sizes of а and b; rather, a» is always the 
denominator of the positive term and the intercepts always have +а as a 


coordinate. 


Note of Caution 


[ Transverse and Conjugate Axes The line segment with endpoints on 


the hyperbola and lying on the line through the foci is called the transverse 
axis; its endpoints are called the vertices of the hyperbola. For the hyperbola 
described by equation (4), the transverse axis lies on the x-axis. Therefore, the 
coordinates of the vertices are the x-intercepts. Setting y = 0 gives о/а = 1, or 
x = жа. Thus, as shown in FIGURE 7.3.3 the vertices аге (-а, 0) and (а, 0); the 
length of the transverse axis is 2a. Notice that by setting y = 0 in (4), we get 
—y2/b2 = 1 or у = —b2, which has no real solutions. Hence the graph of any 
equation in that form has no y-intercepts. Nonetheless, the numbers +b are 
important. The line segment through the center of the hyperbola perpendicular 


to the transverse axis and with endpoints (0, —b) and (0, 5) is called the 


conjugate axis. Similarly, the graph of an equation in standard form (5) has 
no x-intercepts. The conjugate axis for (5) is the line segment with endpoints 
(—b, 0) and (b, 0). 


This information for equations (4) and (5) is summarized in Figure 7.3.3. 


m 
Conjugate ^ (0, c) Focus 
axis | (0.9) Transverse СТО 
Зи ‘axis ——>| “О, а) Vertex 
Focus N Vertex Vertex // Focus 
dedu Gi (-с, 0) NCa.0) | (2.0) И (с, сао), 259 
х 
N + 
Information | "Center Conjugate | Center 
for Standard тене Sy gy aris |,(0.-а) Vertex 
Forms (4) NC (0, 20 Focus 
and (5) 
[ro Жей ая 
2 № а pm 


FIGURE 7.3.3 Summary of information for standard forms (4) and 


(5) 


[ Asymptotes Every hyperbola possesses a pair of slant asymptotes that 


pass through its center. These asymptotes are indicative of end behavior, and 
as such are an invaluable aid in sketching the graph of a hyperbola. Solving 


(4) for y in terms of x gives 


у Р 2 


ANS 39 c2 -со (08085 % = © 000 => p м Ш 


Э,? 
| от а” / X —# | Therefore, for 


large values of |x|, points on the graph of the hyperbola are close to the points 


on the lines 


y = х and у = ——. (6) 


Ву a similar analysis we find that the slant asymptotes for (5) аге 


Each pair of asymptotes intersect at the origin, which is the center of the 
hyperbola. Note, too, in FIGURE 7.3.4(a) that the asymptotes are simply the 
extended diagonals of a rectangle of width 2a (the length of the transverse 
axis) and height 2b (the length of the conjugate axis); in Figure 7.3.4(b) the 
asymptotes are the extended diagonals of a rectangle of width 2b and height 


2a. This rectangle is referred to as the auxiliary rectangle. 


(0,3) 7-2 


2 у 
(а) —- === 1 
"a p 


FIGURE 7.3.4 Hyperbolas (4) and (5) with slant asymptotes (in red) 
as the extended diagonals of the auxiliary rectangles (in black) 


We recommend that you do not memorize the equations in (6) and (7). There 


is an easy method for obtaining the asymptotes of a hyperbola. For example, 
y = +—ү 

since a is equivalent to 

Э 


ү 


- 


2 
X 


2 


^" 
a b 


the asymptotes of the hyperbola given in (4) are obtained from a single 


equation 


N 


x y? 
mixes (8) 
a b* 


The left-hand side of (8) is the same as the left-hand side of (4). Also, note 


that (8) factors as the difference of two squares: 


This is a mnemonic, or memory device. It has no geometric significance. 


Setting each factor equal to zero and solving for y gives an equation of an 
asymptote. You do not even have to memorize (8) because it is simply the 
left-hand side of the standard form of the equation of a hyperbola given in (4). 
In like manner, to obtain the asymptotes for (5) just replace 1 by 0 in the 


standard form, factor y2/a2 — x»/b» 0, and solve for y. 


Hyperbola Centered at (0, 0) 


Find the vertices, foci, and asymptotes of the hyperbola 9x» — 25у2 = 225. 
Graph. 


Solution We first put the equation into standard form by dividing the left- 
hand side by 225: 


ptam (9) 


From this equation we see that a» = 25 and b2 = 9, and so а = 5 and b = 3. 
Therefore the vertices are (—5, 0) and (5, 0). Since b» = c2 — a» implies c» = a 


+ р» ме have (2 = 34 and 560 (пе foci аге 


— V34, 0) (V34, 0), 


find the slant asymptotes we use the standard form (9) with 1 replaced by 0: 


25 9- actors as 5 3 413 1 


Setting each factor equal to zero and solving for y gives the asymptotes y = + 


3x/5. We plot the vertices and graph the two lines through the origin. Both 
branches of the hyperbola must become arbitrarily close to the asymptotes as 


x> + оо, See FIGURE 7.3.5. 


FIGURE 7.3.5 Hyperbola in Example 1 
Equation of a Hyperbola 
Find an equation of the hyperbola with vertices (0, —4), (0, 4) and asymptotes 
т LI — 1 | = 1 ү” 
ү 335. У E 
« = * = | 
Solution The center of the hyperbola is (0, 0). This is revealed by the fact that 


the asymptotes intersect at the origin. Moreover, the vertices are on the y-axis 


and are 4 units on either side of the origin. Thus the equation we seek is of 


form (5). From (7) or Figure 7.3.4(b), the asymptotes must be of the form 


а 
у = Е-х 


р so that а/Ь = 1/2. From the given vertices we 
identify а- 4, and so 


| 
5b 2 implies b - 8. 
22 


Тһе standard form of the equation of the hyperbola is then 


y x 2 x 
ma оо | ог 2 žna, 1227 
8: 16 64 


[ Hyperbola with Center (h, К) When the center of the hyperbola is (h, k) 
the standard form analogues of equations (4) and (5) are, in turn, 


ЖАУ (ус | 
ош. NEM: делі. ИЙ (10) 


апа Л 1. (11) 


As in (4) and (5), the numbers a», b», and с? are related by b» = c» — a. 


You can locate vertices and foci using the fact that a is the distance from the 
center to a vertex and c is the distance from the center to a focus. The slant 
asymptotes for (10) can be obtained by factoring 


x—Bh) (y-ky 
(x 1) о о 


(5 һ у 2e h y *) 
as - + - = 0. 
а b a b 


Similarly, the asymptotes for (11) can be obtained from factoring 


O- (х= А) | 


Э 9 E 


a b 
setting each factor equal to zero and solving for y in terms of x. As a check on 


your work, remember that (Л, k) must be a point that lies on each asymptote. 


Hyperbola Centered at (h, k) 


Find the center, vertices, foci, and asymptotes of the hyperbola 


Graph. 


Solution Before completing the square in x and y, we factor 4 from the two x- 
terms and factor —1 from the two y-terms so that the leading coefficient in 


each expression is 1. Then we have 


Mx —2x )*t(-D(?^*4y )-4 
402 —2x + 1) — (у + 4y + 4) 24 4:1 + (-0):4 

4(х — 1)? – (у + 2)? = 4 

(x — 1)? 0+2) _ 

1 4 ` 


We see now that the center is (1, -2). Since the term іп the standard form 
involving x has the positive coefficient, the transverse axis is horizontal along 
the line y = —2, and we identify a = 1 and b = 2. The vertices are 1 unit to the 
left and to the right of the center at (0, —2) and (2, —2), respectively. From 5» = 


C2 — a», we have 


9 


с-а 1 -144 


|| 
сл 


апа ВС = 4/5 Hence the foci are V5 units to the 


left and he right of the center А -2) at 


1- V5, —2) 
| + V5, -2) 


To find the asymptotes, we solve 


and 


for y. From y + 2 = +2(x — 1) we find that the asymptotes are y = —2x and у = 
2x — 4. Observe that by substituting x = 1, both equations give y = —2, which 
means that both lines pass through the center. We then locate the center, plot 
the vertices, and graph the asymptotes. As shown in FIGURE 7.3.6, the graph of 
the hyperbola passes through the vertices and becomes closer and closer to the 


asymptotes as x Eos 


4х? – y2 — 8x – 4у —4=0 


FIGURE 7.3.6 Hyperbola in Example 3 


Equation of a Hyperbola 


Find an equation of the hyperbola with center (2, —3), passing through the 
point (4, 1), and having one vertex (2, 0). 


Solution Since the distance from the center to one vertex is а, we have а- 3. 
From the location of the center and the vertex, it follows that the transverse 
axis is vertical and lies along the line x - 2. Therefore, the equation of the 


hyperbola must be of form (11): 


= =], (12) 


where ро is yet to be determined. Since the point (4, 1) is on the graph on the 


hyperbola, its coordinates must satisfy equation (12). From 


b=2 


we find 7 . We conclude that the desired equation is 


; 2 = 1, желі 


[ Eccentricity Like the ellipse, the equation that defines the eccentricity of 


a hyperbola is e — c/a. Except in this case the number c is given by 


а-ы 2 
0<а< Va 4 b^. T 


eccentricity of a hyperbola satisfies e > 1. As with the ellipse, the magnitude 


of the eccentricity of a hyperbola is an indicator of its shape. FIGURE 7.3.7 


shows examples of two extreme cases: e « 1 and e much greater than 1. 


(a) e close to 1 


у ! 


(b) e much greater than 1 
FIGURE 7.3.7 Effect of eccentricity on the shape of a hyperbola 
Eccentricity of a Hyperbola 
Find the eccentricity of the hyperbola 


(x — 2)* y' 
2 36 


Solution With the identifications a» = 2 апа b» = 36, we get c2 = 2 +36 = 38. 
Thus the eccentricity of the given hyperbola is 


We conclude that the hyperbola is one whose branches open widely as іп 
Figure 7.3.7(b). 


Functions Defined Implicitly 


Equations of the form given in (4), (5), (10), and (11) define at least two 
functions implicitly. For example, solving the equation 


in Example 5 
for y gives 


y. (x= 2)" | 
36 2 


у? = 18(x — 2) 


у = +3\/2 (х-2)2-2 


Two functions are then 


у= fix) = 3V2V(x— 27-2 and  y-g(0--3V2V(x- 2)? - 2. 


The two x-intercepts of the graphs of f and g are the same, that is, 


(2 — №2, 0) T 
(2 T V2, 0) Also, the domain of f and g is the 


union intervals 

( o 2 - V Ul 2 T V2, сс ære 
and g are, respectively, the two ae half-branches (y > 0) and the two 
lower half-branches (y < 0) of the hyperbola. See FIGURES 7.3.8(a) and (b). 
When the graphs of f and g are plotted on the same rectangular coordinate 
system, we obtain the complete hyperbola with center (2, 0) shown in Figure 


7.3.8(с). The green dashed lines in the last figure are the asymptotes 


y=3V2(x-2) | 
у = —3V2(x – 2). 


from the eccentricity computed in Example 5, the branches of the hyperbola 


open widely so that they almost appear to be vertical lines. 


y=f(x) 


(a) (b) 


FIGURE 7.3.8 Graphs of functions in Example 6 


[ Applications of the Hyperbola Тһе hyperbola has several important 


applications involving sounding techniques. In particular, several navigational 
systems utilize hyperbolas as follows. Two fixed radio transmitters at a known 
distance from each other transmit synchronized signals. The difference in 
reception times by a navigator determines the difference 2a of the distances 


from the navigator to the two transmitters. This information locates the 


navigator somewhere оп the hyperbola with foci at the transmitters and fixed 
difference in distances from the foci equal to 2a. By using two sets of signals 
obtained from a single master station paired with each of two secondary 
stations, the long-range navigation system LORAN locates a ship or plane at 
the intersection of two hyperbolas. See FIGURE 7.3.9. 


Location 


station of ship 


LÀ 
Secondary 
station 2 


FIGURE 7.3.9 The idea behind LORAN 


The next example illustrates the use of a hyperbola in another situation 


involving sounding techniques. 


Locating a Big Blast 


The sound of a dynamite blast is heard at different times by two observers at 
points A and B. Knowing that the speed of sound is approximately 1100 ft/s or 
335 m/s, it is determined that the blast occurred 1000 meters closer to point A 
than to point В. If A and В are 2600 meters apart, show that the location of the 
blast lies on a branch of a hyperbola. Find an equation of the hyperbola. 


Solution In FIGURE 7.3.10, we have placed the points A and B on the x-axis at 
(1300, 0) and (-1300, 0), respectively. If Р(х, y) denotes the location of the 
blast, then 


ЧР, B) — d(P,A) = 1000. 


В(-1300,0) А(1300,0) 


FIGURE 7.3.10 Graph for Example 7 


From the definition of the hyperbola on page 420 and the derivation following 
it, we see that this is the equation for the right branch of a hyperbola with 
fixed distance difference 2a - 1000 and c - 1300. Thus the equation has the 


form 
2 2 
— — — = I, where x = 0, 
a b 


or after solving for x, 


With a = 500 and c = 1300, 5: = (1300): - (500): = (1200). Substituting in 


the foregoing equation gives 


? 5 3 2 
x = 5004/14 — or х=—=\/(1200)? + y? x 


(1200)? 12 


To find the exact location of the blast in Example 7 we would need another 


observer hearing the blast at a third point C. Knowing the time between when 
this observer hears the blast and when the observer at A hears the blast, we 
find a second hyperbola. The actual point of detonation is a point of 
intersection of the two hyperbolas. 


There are many other applications of the hyperbola. As shown in FIGURE 
7.3.11(а), a plane flying at a supersonic speed parallel to level ground leaves a 
hyperbolic sonic "footprint" on the ground. Like the parabola and ellipse, a 
hyperbola also possesses a reflection property. The Cassegrain reflecting 
telescope shown in Figure 7.3.11(b) utilizes a convex hyperbolic secondary 
mirror to reflect a ray of light back through a hole to an eyepiece (or camera) 
behind the parabolic primary mirror. This telescope construction makes use of 
the fact that a beam of light directed along a line through one focus of a 
hyperbolic mirror will be reflected on a line through the other focus. The most 
famous telescope in the world (or out of the world), the Hubble Space 


Telescope, is an example of a Cassegrain telescope. See the website: 


http://hubblesite.org/the telescope/hubble essentials/ 


Hubble Space Telescope 
Courtesy of NASA 


Orbits of objects in the universe can be parabolic, elliptic, or hyperbolic. 
When an object passes close to the Sun (or a planet), it is not necessarily 
captured by the gravitational field of the larger body. Under certain 
conditions, the object picks up a fractional amount of orbital energy of this 
much larger body and the resulting "slingshot-effect" orbit of the object as it 


passes the Sun is hyperbolic. See Figure 7.3.1 1(с). 
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(a) Sonic footprint (b) Cassegrain telescope (c) Orbits around the Sun 
FIGURE 7.3.11 Applications of hyperbolas 


Exercises 7.3 Answers to selected odd-numbered 
problems begin on page ANS-24. 


In Problems 1—20, find the center, foci, vertices, asymptotes, and eccentricity 


of the given hyperbola. Graph the hyperbola. 
2 2 
Ж y^ 
9 2 


ху 


«6 


5. 4x; — 16y = 64 
6. 5x2- 5у2=25 
7. y2 5хә = 20 


8. 9х:- 16y2 + 144 =0 


© tbe | 
‚ 4 49 

М 0 2500 
2 

(у — 4) 2 

——————— n Л 


"ялах 
11. 36 


| 


12. 4 9 
13. 25(x - 3» — 5(y - 1» = 125 
O(x + 1)? — 2(y — 3)? = 100 


15. 8(x + 4» – 5(y - o € 4020 


14. | 


16. (х-1)2-8((у-2)-9 

17. 5х2 — буз — 20x + 12у- 16=0 

18. 16x2- 25y2 — 256x — 150у + 399 = 0 
19. 4x - y2 - 8&х+6у-4=0 

20. 2y2 — 9x2 - 18x + 20у + 5 = 0 


In Problems 21-44, find an equation of the hyperbola that satisfies the given 


conditions. 
2Л 1891 (655,0), 12 
22. Foci (+10, 0), 5-2 


23. Foci (0, +4), one vertex (0, -2) 


(0, — 


25. Рос! (+4, 0), length of transverse axis 6 


[3 | 2 


24. Foci (0, +3), one vertex 


26. Foci (0, +7), length of transverse axis 10 


27. Center (0, 0), one vertex % _  / , one focus (0, -3) 


28. Center (0, 0), one vertex (7, 0), one focus (9, 0) 
29. Center (0, 0), one vertex (—2, 0), one focus (-3, 0) 
30. Center (0, 0), one vertex (1, 0), one focus (5, 0) 


31. Vertices (0, +8), asymptotes y = +2x 


3.. 
y = c5 


32. Foci (0, +3), asymptotes «^ 


33. Vertices (+2, 0), asymptotes + 


3 
y = +5х 


34. Foci (+5, 0), asymptotes «^ 


35. Center (1, —3), one focus (1, —6), one vertex (1, —5) 
36. Center (2, 3), one focus (0, 3), one vertex (3, 3) 

37. Foci (-4, 2), (2, 2), one vertex (-3, 2) 

38. Vertices (2, 5), (2, -1), one focus (2, 7) 


(23,4) 


39. Vertices (+2, 0), passing through % 
5 s 3 


41. Center (-1, 3), one vertex (-1, 4), passing through 


(-5, 3 + V5) 


42. Center (3, —5), one vertex (3, -2), passing through (1, —1) 


40. Vertices (0, +3), passing through ( 


43. Center (2, 4), one vertex (2, 5), one asymptote 2y - x- 6 = 0 


44. Eccentricity V | 0 endpoints of conjugate axis (—5, 4), (-5, 10) 


In Problems 45-48, find two functions defined implicitly by the given 


equation. Give the domain of each function. Describe the graph of each 


function in words. The equations аге from Problems 1, 3, 11, and 16. 


у 
= 16 25 


г 36 


48. 9( = 1)2=81(у= 22-9 


(у=4)  , 


49. Three points аге located at А(-10, 16), В(-2, 0), and С(2, 0), where the 


units are kilometers. An artillery gun is known to lie on the line segment 


between A and C, and using sounding techniques it is determined that the gun 


is 2 km closer to B than to C. Find the point where the gun is located. 


50. It can be shown that a ray of light emanating from one focus of a 


hyperbola will be reflected back along the line from the opposite focus. See 
FIGURE 7.3.12. А light ray from the left focus of the hyperbola x2/16 — у2/20 = 1 


strikes the hyperbola at (—6, —5). Find an equation of the reflected ray. 


FIGURE 7.3.12 Reflecting property іп Problem 50 


51. Find an equation of the hyperbola with foci (0, —2) and (8, 4) and fixed 
distance difference 2a - 8. [Hint: See Problem 55 in Exercises 7.2.] 


52. Focal Width The focal width of a hyperbola is the length of a focal 
chord, that is, a line segment, perpendicular to the line containing the 
transverse axis and through a focus, with endpoints on the hyperbola. See 
FIGURE 7.3.13. 


(a) Find the focal width of the hyperbola x2/4 — у2/9 = 1. 


(b) Show that, in general, the focal width of the hyperbola x2/a2 — y2/b2 = 1 is 
2b»la. 


Focal 
width 


FIGURE 7.3.13 Focal width in Problem 52 


For Discussion 


53. Sub Hunting Two sonar detectors are located at a distance d from one 
another. Suppose that a sound (such as a sneeze aboard a submarine) is heard 
at the two detectors with a time delay Л between them. See FIGURE 7.3.14. 


Assume that sound travels in straight lines to the two detectors with speed v. 
(a) Explain why л cannot be larger than d/v. 


(b) Explain why, for given values of d, v, and Л, the source of the sound can 
be determined to lie on one branch of a hyperbola. [Hint: Where do you 
suppose that the foci might be?] 


(c) Find an equation of the hyperbola in part (b), assuming that the detectors 
are at the points (0, d/2) апа (0, -а/2). Express the answer in the standard 
form y2/a2 — x2/b2 = 1. 


Branch of 
hyperbola 
4 44 Submarine , 


\ == quits 
< Ше 
“ы 3 


— — ж 


Sonar 
detectors 


FIGURE 7.3.14 Sonic detectors in Problem 53 


54. Conjugate Hyperbolas The hyperbolas 
5 = | апа == = = | 


аге said to be conjugates of each other. 


(a) Find an equation of the hyperbola that is conjugate to 


2 2 


25 144 


(b) Discuss how (һе graphs of conjugate hyperbolas аге related. 


|. 


55. Rectangular Hyperbolas А rectangular hyperbola is one for which the 


asymptotes are perpendicular. 

(a) Show that y» — x2 + 5y + 3x = 15 a rectangular hyperbola. 

(b) Which of the hyperbolas given in Problems 1—20 are rectangular? 
56. Suppose a hyperbola is rectangular. See Problem 55. 

(a) How аге the constants а and b related? 


(b) Show that all rectangular hyperbolas have the same eccentricity. 


7.4 Rotation of Axes 


INTRODUCTION In the introduction to Section 7.1 we pointed out that 
equations of conic sections are special cases of the general second-degree 


equation 


to 


Ax’ + Bxy + Cy! + Dx + Ey + F = 0. (1) 


When B - 0, we obtain the standard forms of equations of circles, parabolas, 
ellipses, and hyperbolas studied in preceding sections from equations of the 


form 


Ах + Су? + Dx Ey c F=0 (2) 


by completion of the square. Since each standard form is а second-degree 


equation we must have А + Oor C ж Ош (2). 


In addition to the familiar conics, equation (1) could also represent two 
intersecting lines, one line, a single point, two parallel lines, or no graph at all. 
These are referred to as the degenerate cases of equation (1). See Problems 
33-35 in Exercises 7.4. 


When В ж 0, we will see in the discussion that follows that it is possible to 
remove the xy-term in equation (1) by a rotation of axes. In other words, it is 
always possible to select the angle of rotation 0 so that any equation of the 


form (1) can be transformed into an equation in х and у’ with no x'y'-term: 


A(x’)? + COY + Dx + Е'у'+ F'= 0. (3) 


Proceeding as we would for equation (2), we сап recast (3) into а standard 
form and thereby enabling us to identify the conic and graph it in the x'y'- 


coordinate plane. 


[ Rotation of Axes We begin with an xy-coordinate system with origin O 


and rotate the x- and y-axes about O through an angle 0, as shown in FIGURE 
7.4.1. In their rotated position we will denote the x- and y-axes by the symbols 
х and у’, respectively. In this manner, any point P in the plane has two sets of 
coordinates:(x, у) in terms of the original xy-coordinate system and (x', у’) in 
terms of the x'y-coordinate system. It is а straightforward exercise in 
trigonometry to show that the xy-coordinates of P can be converted to the new 


X'y'-coordinates by 


х” xcos@ + ysin0 


y'= —xsinO + ycosé. (4) 


FIGURE 7.4.1 Rotated axes іп red 


Conversely, by solving (4) for x and y we obtain a set of equations that allow 


us to convert the x'y'-coordinates of P to xy-coordinates: 
x = х'соѕ0 — y'sin 
y = x'sinÜ + y'cosQ. 

See Problem 36 in Exercises 7.4. Of the two sets of rotation equations, (4) 


and (5), the set given in (5) is the more important for our purposes. 


Coordinates 


Suppose that the x-axis is rotated by an angle of 60°. Find 
(a) the x'y'-coordinates of the point whose xy-coordinates are (4, 4), 
(b) the xy-coordinates of the point whose x'y'-coordinates are (3, —5). 


Solutions (a) The point (4, 4) is indicated by the black dot in FIGURE 7.4.2. 
With 0 = 60°, x 2 4, and y = 4 the equations in (4) give 


1 3 
= 4cos60? + 4sin60? = (7) + 45 ) = 2 + 2/3 


v3 | 
y'= —4sin60° + 4cos60° = ( ) + ( ) = 2 — 2V3. 


FIGURE 7.4.2 Rotated axes in Example 1 


x'y'-coordinates (4 4) are 


(2 + 2V3, 2 — 23) 


approximately (5.46, —1.46). 


ог 


(b) The point (3, —5) is indicated by the red dot in Figure 7.4.2. With 0 = 60°, 
x’ = 3, and у = —5 the equations in (5) give 


1 V3\ 3-5У3 
= 3cos60° — (—5)sin60° = (5 ) Қ )- 


2 2 


к 


+ 
о 1 ЗУЗ =:5 
» = 3sin60? + (—5)cos60° = (9 2) 51) = MS . 


24 


Thus the xy-coordinates -5) аге 


(1(3 + 5V3).3 V3 — 5) 


ог 


approximately (5.83, 0.10). 


Using the rotation equations in (5) it is possible to determine an angle of 
rotation 0 so that any equation of form (1) where В ж 0, can be transformed 
into an equation in х and у with no x'y'-term. Substituting the equations in (5) 


for x and y in (1), 


A(x'cos@ — y'sin8)? + B(x’cos@ — узіпб)(х5іп0 + у'соѕ0) + C(x'sin0 + y'cos0)? 
+ D(x'cos0 — y'sinQ) + E(x'sin0 + y'cos8) + F = 0, 


and simplifying, we discover that the resulting equation can be written 


Ах’)? + В'ху' + С(у) + х Еу+ Е'= 0. (6) 


The coefficients А, В, С’, D', E, Е depend on A, В, С, D, Е, Е and on sin6, 


со80. In particular, the coefficient of the x'y'-term in (6) is 


B'= 2(C — A)sin@cos@ + B(cos?0 — sin?0). 


Thus, in order to eliminate the x'y'-term in (6), we can select any angle 0 so 
that B' = 0, that is, 


2(C — А)5ш0со$0 + В(соѕ20 — 520) = 0. 


By the double-angle formulas for sine and созше, the last equation is 


equivalent to 


(C — A)sin20 + Всоѕ20 = 0 Or cot20 — 


See (11) апа (12) in Section 4.6. 


We have proved the following result. 


THEOREM 7.4.1 Elimination of the xy-Term 


The xy-term can be eliminated from the general second-degree 
equation 


Ах? + Вху + Cy +Dx+Ey+F=0 


where В = 0, Бу a rotation of axes through an angle 0 that 
satisfies 


Although equation (7) possesses an infinite number of solutions, it suffices to 
take а solution such that 0? < 0 < 90°. This inequality comes from the three 


cases: 
* [f cot 20 = 0, then 20 = 90? and therefore 9 = 45°. 
* [f cot 20 > 0, then we can take 0° < 20 < 90° or 0° < 0 < 45°. 


• [f cot 20 < 0, then 90° < 20 < 180? or 45? < 0 < 90°. 


An x’y’-Equation 


The simple equation xy - 1 can be written in terms of x' and y' without the 
product xy. By comparing xy = 1 with equation (1) we see that A = 0, C = 0, 
and B = 1. Thus (7) shows cot20 = 0. Using 0 = 45°, 


cos45° = sin45? = V2/ рт 


equations in (5) become 


x = x'cos45? — y'sin45? = ——(x'— у”) 


у = x'sin45? + y'cos45? = ——(x'- у). 


Substituting these expressions for x and y in xy = 1, we obtain 


ог = = 1, 


We recognize this as the standard equation of а hyperbola with vertices on the 


+V2,0 


x'-axis at the x'y'-points . The asymptotes of 
the hyperbola are у = —x' and у = х (which are simply the original x- and y- 


axes). See FIGURE 7.4.3. 


FIGURE 7.4.3 Rotated axes іп Example 2 


We do not actually have to determine the value of 0 if we simply want to 
obtain an x'y'-equation to identify the conic. When cot 20 ж 0, it is clear that 
in order to use (5) we only need to know both sind and cos0. To do this, we 


use the value of cot 20 to find the value of cos 20 and then use the half-angle 


|1 — cos20 1 + соѕ20 : 
sing = ү —— and соѕ0 = D (8) 


However, if we wish to sketch the conic, then we need to find 0 to determine 


formulas 


the position of the x' and y' axes. The next example illustrates these ideas. 


Eliminating the xy-Term 


After a suitable rotation of axes, identify and sketch the graph of 
2 3 2 
a іш — JS 
5x^ + Зху + у = 44. 


Solutions With А = 5, B = 3, and С = 1, (7) shows that the desired rotation 


angle satisfies 


(9) 


From the discussion following (7), since cot2@ is positive, we can choose 20 
such that 0 < 0 < 45°. = the identity 1 + cot:20 = сѕс220 we find 


сѕс20 = i sin20 — 
cot20 — cos20 /sin20 = 
3520 = = 


ел 


a| 


Then 3 yields 


Now from the half-angle formulas in (8), 


we find 


— cos2 I-$ 
TEN ZLO "CH | 
: cr M (10) 
А (ос үгэ 3 
cosh == = А 
2 2 уо 
Thus, the equations in (5) become 
х = ч х= a y = 2 (3x' — у”) 
V 10 v10 V 10 | 
у = -- vc -y = (х' + Зу”) 
| V 10 V 10° 10 | 
Substituting these into the given equation, we have 
Бү > | | Dv › 
(2) (3x — у’) + т 3w =y) fo зу) + (s) (x+ Зуу? = 44 
= 9х2 — 6x'y' + y?) + = 3x? + 8ху- 3у?) + ue + бху + 9y?) = 44 
45x? — 30x'y'+ Sy? + 9x? + 24х'у'— Oy? + x? + буу Oy? = 440. 
The last equation simplifies to 
x? y? 
+= = 1, (11) 
8 88 


We recognize this as the standard equation of an еШрзе. Now from (10) we 


cin? = 1/ У 10M 


а calculator we find 0 = 18.4°. This rotation angle is shown in FIGURE 7.4.4 


and we use the new axes to sketch the ellipse. 


М 


y 


хэт ` 


5x2 + 3xy + у? = 44 


FIGURE 7.4.4 Rotated axes in Example 3 


Don't be misled by the last two examples. After using the rotation equations 
in (5) the conic section may not be immediately identifiable without some 


extra work. For example, after an appropriate rotation of axes, the equation 


11? + 16V2xy + 19y? — 24V3x — 24 V6y + 45 = 0 (12) 


is transformed into 
QO, ЭА ү! „2 — 
ox" — 24х + y" + 15 = 0. 


After completing the square in x’, (3х — 4)2 + ух = 1, we recognize that the 


equation (12) defines an ellipse. 


[ Identifying Conics Without Rotation If for the sake of discussion, we 


simply wish to identify a conic section defined by an equation of the form 


given іп (1), we сап do so by examining its coefficients. АП we need do is 


calculate the discriminant B» — 4AC of the equation. 


THEOREM 7.4.2 Identifying a Conic 


Excluding the degenerate cases, the graph of the second-degree 
equation (1) is: 


(i a parabola when B» — 4AC — 0 
(1) an ellipse when B» - 4AC < 0 


(üi) a hyperbola when B» — 4AC > 0 


Identification 


Identify the conic defined by the given equation. 
(а) 9x2 + 12ху + 4у2+2х-Зу=0 
(b) 332 - 5у + 8х-у+2= 0 


Solutions (a) With A = 9, В = 12, С = 4 the discriminant 


B^ - ААС = (12)? — 4(9)(4) = 144 — 144 = 0 


indicates that the equation defines а parabola. 


(b) With A 23, B = 0, C = —5 the discriminant is 


B? — ДАС = (0)? — 4(3)(—5) = 60 > 0. 


Тһе equation defines а hyperbola. 


[ Graphing Without Rotation We saw іп Theorem 7.4.2 that we can 
identify a conic section (except in degenerate case) by matching its defining 
equation with (1) and computing the discriminant B» — 4AC. Indeed, with the 
aid of a graphing utility we can graph a rotated conic section without 
eliminating the Bxy term. In the case А + 0 and C ж 0, the second-degree 
equation (1) defines two functions у = f(x) and у = g(x) implicitly. To find f 


and g we need only rewrite (1) as 


Cy) + (Bx + Е)у + (Ах + Dx + Е) = 0 (13) 
and then solve for y using the quadratic formula. The next example illustrates 
this idea. Also, see Problems 29-32 in Exercises 7.4. 

Graphing Two Functions 
Using a graphing utility to obtain the graph of 

2 ^? 2 Эм — 
x — 2xy ty — Зх + 2у = 1. 
Solution With A = 1, B = 2, С = 1 the discriminant B» — ААС = 0 tells us that 
the conic is a parabola. By rewriting the equation as 

9 


у + (—2x + 2)y + —3x—1) 80 


and applying the quadratic formula, we find 


у = f(x) =х- 1+ УМх+2 and y7g(x)7x- 1 ж + 2. 


Because we require x + 2 > 0 under both radicals the domain of f and of g is 


the interval [-2, с). Using Mathematica we plot the graphs of these functions 


on the same rectangular coordinate system. The graphs of f and g are, in turn, 


the red and the blue portions of the graph in FIGURE 7.4.5. 


FIGURE 7.4.5 Graphs of functions in Example 5 


Exercises 7.4 Answers to selected odd-numbered 
problems begin on page ANS-25. 


In Problems 1-4, use (4) to find the x'y'-coordinates of the given xy-point. Use 


the specified angle of rotation 0. 
1: (6; 2); бі-- 455 

2. (-2, 8), 6-30 

3. (-І, -1), 05609 


4. (5; 3) 70: 152 


In Problems 5—10, use (5) to find the xy-coordinates of the given x'y'-point. 


Use the specified angle of rotation 0. 
5. (2, =8), = 30° 


6. (-5, 7), 09 2 45? 


i 


ELM iens 


T 
dT 


, 2 
3,0), 0 = — 
| ) 0 2 


105 (ПОШ Ө = 75° 


In Problems 11—16, use rotation of axes to eliminate the xy-term in the given 


equation. Identify the conic and graph. 

П. x2+xy+y2=4 

12. 2х2 - 3xy-2y22 5 

13. x» — 2xy + y2 = 8x + 8y 

14. 3x» + 4ху = 16 

15. x»; 4xy - 2p - 6 =0 

16 X + 4ху + 4y? = 16V5x — 8V5y 


In Problems 17-20, use rotation of axes to eliminate the xy-term in the given 


equation. Identify the conic. 


17. 4x2 — Axy + Ty + 12x + 6y - 9 20 


—х? + 6V3xy + 5y? — 8V3x + 8y = 12 
>) 7 
Вх? — 8xy + 2y + 10V5x = 5 
20. x2 — xy + y2 -4х-4у=20 
EE + 2V3xy + у’ + 2x — 2V3y = 0 
(a) By rotation of axes show that the graph of the equation is a parabola. 


(b) Find the x'y'-coordinates of the focus. Use this information to find the xy- 


coordinates of the focus. 


(c) Find an equation of the directrix in terms of the x'y'-coordinates. Use this 


information to find an equation of the directrix in terms of the xy-coordinates. 
22. Given 13x2 — 8xy + 7y» = 30. 
(a) By rotation of axes show that the graph of the equation is an ellipse. 


(b) Find the x y'-coordinates of the foci. Use this information to find the xy- 


coordinates of the foci. 
(c) Find the xy-coordinates of the vertices. 


In Problems 23-28, use the discriminant to identify the conic without actually 


graphing. 
23. x - Зху + уг = 5 
24. 2х - 2xy + 2p = 1 


25. 4x2 — Axy cy - 620 


r+ V3xy — sy = 0 


27. 2+ ху+у-х+2у +1 20 


26.” 


2s, Эх” + 2V3xy + у? – 2x + 2У3у – 4-0 


Calculator/Computer Problems 


In Problems 29-32, use the discriminant to identify the conic. Rewrite the 
equation in the form given in (13) and find two functions defined implicitly by 
this equation. Give the domain of each function. Finally, use a graphing utility 


to graph these functions on the same rectangular coordinate system. 
29. 8x2 — 4ху + 5у2 = 36 

30. x» - 4xy - 2p = 6 

31. x2 + 2xy + yit 2x 4у= 5 

32. 5x2 + бху + 5y2 + 8x + 8y = 0 


For Discussion 


33. In (2), show that if A and C have the same signs, then the graph of the 
equation is either an ellipse, a circle, or a point, or does not exist. Give an 


example of each type of equation. 


34. In (2), show that if A and C have opposite signs, then the graph of the 
equation is either a hyperbola or a pair of intersecting lines. Give an example 


of each type of equation. 


35. In (2), show that if either A = 0 or C = 0, then the graph of the equation is 
either a parabola, two parallel lines, or one line, or does not exist. Give an 


example of each type of equation. 


36. (a) Use FIGURE 7.4.6 to show that 
X = ғсоѕф, у = гзшФ 
апа 


x — гсо$(ф — 0), y'= ғвіп(Ф — Ө). 


(b) Use the results from part (a) to derive the rotation equations in (4). 


(c) Use (4) to find the rotation equations in (5). 


X 


y Р(х, y) or P(x’, y^ 


FIGURE 7.4.6 Rotated axes in Problem 36 


7.5 3-Space 


Calculus 
PREVIEW 


INTRODUCTION In the plane, or 2-space, one way of describing the 
position of a point P is to assign to it coordinates relative to two perpendicular 
coordinate axes called the x- and y-axes. The intersection of the two axes is 


called the origin and denoted by O. Recall, 


* a vertical line x = a consists of all points of the form (a, у), and 
+ a horizontal line y = b consists of all points of the form (x, b). 


If P is the point of intersection of the vertical line x = а (perpendicular to the 
x-axis) and the horizontal line y - 5 (perpendicular to the y-axis), then the 
ordered pair (a, b) is said to be the rectangular or Cartesian coordinates of the 
point. See FIGURE 7.5.1. In this section we extend this method of representation 


of a point to three dimensions. 


if eee -еР(а,Б) 


FIGURE 7.5.1 Point in 2-space 


[ Rectangular Coordinate System in 3-Space In three dimensions, or 


3-space, a rectangular coordinate system is constructed using three mutually 
perpendicular coordinate axes. The point at which these axes intersect is 
called the origin O. The axes drawn as solid lines in FIGURE 7.5.2(a) represent 
the positive axes, and are labeled in accordance with the so-called right-hand 
rule illustrated in Figure 7.5.2(b): 


If the fingers of the right hand, pointing in the direction of the positive x-axis, 
are curled toward the positive y-axis, then the thumb will point in the 
direction of a new axis perpendicular to the plane of the x- and y-axes. This 


new axis is labeled the z-axis. 


Тһе dashed lines in Figure 7.5.2(a), represent the negative axes. If the x- and 
y-axes are interchanged in Figure 7.5.2, the coordinate system is said to be 


left-handed. In 3-space, the graph of the equations x = а, у = b, and z = с 


consist of all ordered triples or points of the form (a, у, 2), (x, b, 2), and (x, у, 
с), respectively. The graphs of the equations x = a, y = b, and z = c are, in turn, 
planes perpendicular to the x-, y-, and z-axes. The point P at which these 
planes intersect can be represented by an ordered triple of numbers (a, b, c) 
said to be the rectangular, or Cartesian, coordinates of the point. The 
numbers a, b, and c are called the x-, y-, and z-coordinates of P(a, b, c), 


respectively. See FIGURE 7.5.3. 


FIGURE 7.5.3 Three mutually perpendicular planes intersect in a 
point 


[ Octants Each pair of coordinate axes determines a coordinate plane. As 


shown in green in FIGURE 7.5.4, the x- and y-axes determine the xy-coordinate 
plane, or simply, the xy-plane. Similarly, the y- and z-axes determine the yz- 
plane, and the x- and z-axes determine the xz-plane. The coordinate planes 
divide 3-space into eight regions known as octants. The octant in which all 
three coordinates of a point P(a, b, c) are positive is called the first octant. 


There is no agreement for naming the other seven octants. 


FIGURE 7.5.4 Coordinate planes 


The following table summarizes the coordinates of a point either on a 
coordinate axis or in a coordinate plane. As seen in the table, we can also 
describe, say, the xy-plane by the simple equation z - 0. Similarly, the xz- 
plane is y - 0 and the yz-plane is x - 0. A point on a coordinate axes is not 


considered to be in any octant. 


Axes Plane | Coordinates 


Graphing Points in 3-Space 


Graph the points (4, 5, 6), (3, —3, –1), and (-2,-2, 0). 


Solution Of the three points shown in FIGURE 7.5.5 only (4, 5, 6) is in the first 
octant. The point (—2, —2, 0) lies in the xy-plane. 


(3;--3,--1)% 


FIGURE 7.5.5 Points in Example 1 


[ Distance Formula To find the distance between two points Pi(xi, yi, 21) 


and P»(x», уг, 22) in 3-space, let us first consider their projections onto the xy- 
plane. As seen in FIGURE 7.5.6, the distance between (xi, yi, 0) and (x2, y», 0) 


follows from the usual distance formula in the plane and is 


7 7 
\ (x; ЕЕ X1 ) T (уэ ны У! ) | Hence, from 


the Pythagorean theorem applied to the right triangle P1P3P2, we have 


(АР, РЭГ = [Vos S + (у, — PP [о = ul 


or d(P,, P5) = V(x, — XY + (y; — yy + (z; — zy. (1) 


РР) | 


p" 


Рубху,ур 2) СС. 


(x4. Y1 0) é.. ae 


7% 
У(% = + (y2— Yı y 


FIGURE 7.5.6 Distance between two points in 3-space 


Distance Between Points іп 3-5расе 


Find the distance between (2, —3, 6) and (—1, —7, 4). 


Solution From (1), the distance is 


[ Midpoint Formula The distance formula can be used to show that the 


coordinates of the midpoint M of the line segment in 3-space connecting the 


distinct points Pi(xi, yi, zi) and P2(x2, y», 22) are 


+0 у + у 1 + 22 
м- (= 2 3! Q) 


See Problem 90 in Exercises 7.5. 


N 
N 
N 


Midpoint in 3-Space 


Find the coordinates of the midpoint M of the line segment between the two 


points in Example 2. 


Solution From (2) we find that the coordinates of M are 


2-(-І) -3 + (-7) 6+4 
or (5. 


2 7 2 2 Э 


[ems 
| 
22 
22 
— 


[ Sphere Like a circle, a sphere can be defined іп terms of the distance 


formula. 


Review Section 1.4. 


DEFINITION 7.5.1 Sphere 


A sphere is the set of all points Р(х, у, 2) in 3-space that are a 
given fixed distance r, called the radius, from a given fixed point 


C called the center. 


If the center is Pi(h, К, I), then a point P(x, y, z) is on the sphere if and only if 
Рі and Р satisfy [d(P1, Р)] = р, or 


5 


х- 0) + (y-k +z- = г. (3) 


ы 


Equation (3) is called the standard form of the equation of a sphere. 


Graph of a Sphere 


Graph x2 + y» + 2 = 25. 


Solution We identify h = 0, k = 0, I = 0, and г> = 25 = 5» in (3), and so the 
graph of x» + y2 + z2 = 25 is a sphere of radius 5 whose center is at the origin. 
Тһе graph of the equation is given in FIGURE 7.5.7. 


FIGURE 7.5.7 Sphere in Example 4 


Graph of a Sphere 


Graph (x — 5)? + (y - 7)2 + (z - 6 =9. 


Solution In this case we identify h = 5, k = 7, | = 6, and р = 9. From (3) we 
see that the graph of (x — 5) + (у — 7)2 + (z — 6» = 32 is a sphere with center 
(5, 7, 6) and radius 3. Its graph lies entirely in the first octant and is shown in 
FIGURE 7.5.8. 


X (5. 7. U) 


FIGURE 7.5.8 Sphere in Example 5 


Equation of a Sphere 


Find an equation of the sphere whose center is (4, -3, 0) that is tangent to the 


xz-plane. 


Solution The perpendicular distance from the point (4, —3, 0) to the xz-plane 
(y = 0), and hence the radius of the sphere, is the absolute value of the y- 
coordinate, |-3| - 3. Thus, the standard form of the equation of the sphere is 


(x— 4) + (у + 3)? + 2-3. 


See FIGURE 7.5.9. 


FIGURE 7.5.9 Sphere tangent to plane y — 0 in Example 6 


To put an equation of a sphere in the standard form (3) it is necessary to 


complete the square in the three variables x, y, and z. 


Center and Radius 
Find the center and radius of the sphere whose equation is 


DX +2у +22 —2х+у—4@+2=0. 


Solution We first divide by 2, group like terms together, and then complete 
the square in x, y, and z: 


(Pox )-(y-iy )-(-2: )2-1 
deu ay] + [2-224 (70?] 


5 


k- + (v+3)7 + (2— 1 = 


From the last equation we see that the center and radius of the sphere are 


—4, 1 V5 


20| — 
а 


, respectively. 


[ Linear Equation in Three Variables In the introduction to Section 2.3 
we defined a linear equation in two variables to be Ax + By + C = 0. For 
various choices of the coefficients A, B, and C, the graph of a linear equation 


is a line in 2-space. The graph of a linear equation in three variables 


Ах + By + Cz * D = 0, (4) 


A, B, C not all zero, is a plane in 3-space. We note that the simple equations x 
= Xo, y = yo, and z = zo, where xo, yo, and zo are constants, are special cases of 


(4). Here are two guidelines for graphing planes: 


* Тһе graphs of x = xo, у = yo, and z = zo are planes perpendicular to the x-, y-, 


and z-axes, respectively. See Figure 7.5.3. 


* То graph a linear equation (4), find the x-, y-, and z-intercepts, or if 


necessary, find the trace of a the plane in the coordinate planes. 


A trace of a plane in a coordinate plane is the line of intersection of the plane 
with the coordinate plane. For example, by setting z = 0 we see that the trace 
of the plane 2x + Зу + 6z = 18 in the xy-plane is the line 2x + 3y = 18. To find 
the intercepts of a plane we use the fact that points on the x-, y-, and z-axes 


are of the form (x, 0, 0), (0, y, 0), and (0, 0, 2), respectively. 


Graph 


Graph the equation 2х + 3y + 6z = 18. 


Solution Setting: 


еч 


у=0,2=0 gives . 9 
О gives 6 
х =0у=0 gives 2- 3. 


ы 
| 
© 

^ 

7 
| 
<= 
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As shown in FIGURE 7.5.10, we use the х-, у-, and z-intercepts (9, 0, 0), (0, 6, 0), 
and (0, 0, 3) to draw the graph of the portion of the plane in the first octant. 


(0, 6, 0) 
> у 


(“> 


(9, 0, 0) 


FIGURE 7.5.10 Plane in Example 8 


Graph 


Graph the equation x + y — z = 0. 


Solution First observe that the plane passes through the origin (0, 0, 0). Now, 
the trace of the plane in the xz-plane (y = 0) is z = x, whereas its trace in the 


yz-plane (x = 0) is z= y. The traces are the two black lines in FIGURE 7.5.11. 


FIGURE 7.5.11 Plane in Example 9 


[ Missing Variables If two of the variables are missing in equation (4), 
then as we have already seen the plane is perpendicular to the coordinate axis 
corresponding to the variable present. For example, z - 1 is the equation of 
the plane perpendicular to the z-axis at the point (0, 0, 1). Alternatively, we 
can interpret z = 1 as the equation of the plane through the point (0, 0, 1) 
parallel to the coordinate plane corresponding to the missing two variables, in 
this case, parallel to the xy-plane. If one of the variables is missing in equation 
(4), the equation is then the same as the equation of the trace of the plane in 
the appropriate coordinate plane. The plane then is parallel to the coordinate 
axis corresponding to the missing variable. The following example illustrates 


this last idea. 


Graph 


Graph the equation y + 2z = 2. 


Solution In 3-space the graph of the equation y + 2z = 2 is the graph of the set 


of ordered triples: 
{(x, у, z)|y + 2z = 2, x arbitrary}. 


АП we need do is draw the line y + 25 = 2 in the yz-plane. Because the x 
variable is missing in the given equation the plane is drawn parallel to the x- 


axis. Necessarily the plane is perpendicular to the yz-plane. See FIGURE 7.5.12. 


(a) Trace in yz-plane 


(b) Plane parallel to x-axis 


FIGURE 7.5.12 Trace and plane in Example 10 


[ Vectors in 3-Space In Section 5.5 we saw that a position vector of a 


point P(x, y) in 2-space is a vector whose initial point is the origin O and 


whose terminal point is P. FIGURE 7.5.13 shows a position vector 


=> 
OP = (x, y, Z) 


of a point Р(х, у, 2) іп 3-space. Any vector in 3-space сап be identified with a 
unique position vector u = (ai, a2, аз), where the real numbers ai, a2, and аз 
are called the components of the vector u. Written in component form the 


zero vector is one in which all components аге 0, that is, 0 = (0, 0, 0). 


P(x,y,z) 


FIGURE 7.5.13 Position vector in 3-space 


The component definitions of addition, subtraction, scalar multiplication, and 
the dot product, and so on, are natural generalizations of those given in 2- 
space. For convenience we summarize some of these important vector 


concepts in 3-space. 


Vector Operations and Concepts in 3-Space 


Let u = «a, a», as» and v = «bi, b», bs» be two vectors іп 
3-space. 


(i) The sum of u and v is 


u + = (а, ds 43) + (bi, ba, 63) = (di + В, d + by ds + bs). 


(i) The difference of u and v is 


u — v = (a; a» a3) — {by bz b3) = (a; — by, az — b>, as — ӛз). 


(iii) For a real number k, the scalar multiple of a vector 
u is 


ku = (kay, ka», Каз). 


(іу) The magnitude of a vector u is 


ш = Væ + а2 + æ. 
г + аҙ + а: 


(v) A unit vector и іп the same direction as the vector v 
is 


и = v, У + 0. 


(vi) The dot product of и and v is 


u:v = аб, + ар, + аз». 


(уй) Nonzero vectors и and v are orthogonal if and only 
Ни-у = 0. 


[ i, j, К Vectors In Section 5.5 we saw that the set of two unit vectors i = (1, 
0) and j = (0, 1) constitute a basis for the system of two-dimensional vectors. 
That is, any vector u in 2-space can be written as a linear combination of i and 
j: u = аі + aj. Likewise any vector u = (ai, a», аз) in 3-space can be 


expressed as a linear combination of the unit vectors 


t= (1,0,0) j= (0,1,0), k= (0,0,1) 


То see this we use (iii) of the above summary: 


и = (4), a, аз) = a,(1,0,0) + а>(0, 1,0) + a3(0, 0, 1) 


that is, и = аи + aj + ask. 


The vectors i, j, and k illustrated in FIGURE 7.5.14(а) are called the standard 
basis for the system of three-dimensional vectors. In Figure 7.5.14(b) we see 
that a position vector и = aii + aj + ask is the sum of three unit vectors aii, 
аз), and ask, which lie along the x-, у-, and z-coordinate axes, respectively, 


and have the origin as a common initial point. 


FIGURE 7.5.14 A position vector in terms of i, j, k 


Using the i, j, k Vectors 


Consider the vectors и = (-3, —1, 4) and v = (2, 14, 5). 


(a) Expressed in terms of the i, j, К basis vectors u and v are the same as u = 
—3i - j + 4k and v = 2i + 14] + 5k. 


(b) The linear combination Su — 2v is 


5и — 2v = j + 4k) — 2(2i + 14} + 5k) 

= (—15i — 5j + 20k) — (4i + 28} + 10k) 
41 + (—5 — 28)j + (20 — 10)k 

= —19i — 33j + 10k. 


| 
“л 
= 
(95) 
= 


~ 
E 
Un 


(с) The dot product of и and v is the constant 


u-v = (—3)(2) + (-1)(14) + (4)(5) = —20 + 20 = 0. = 


Because the dot product of the vector и and у in part (с) of Example 11 is 0 


we can conclude that u and v are orthogonal. 


NOTES FROM THE CLASSROOM 


© Tomas Skopal/ShutterStock, Inc. 


() We have included this brief section on 3-space because іп a 
typical three-semester course in calculus, the third semester deals 
primarily with calculus and vectors in three dimensions. 


(ii) As we know in 2-space, two distinct points determine a line. 


Analogously, іп 3-space, three noncollinear points (x1, yi, 21), (x2, 
y2, 22), (хз, ys, z3) determine a plane. One way of finding ап 
equation of the plane is by substituting the coordinates of the 
three points in (4) and solving the three simultaneous linear 


equations 
Ax, + By, + Cz + D=0 
Ax, + Ву + Cz, + D=0 (5) 
Ax, + By, + Сз + D=0 


for A, B, and C in terms of D. We can then choose D to be any 
nonzero real number. See Problems 59-64 in Exercises 7.5. 


(iii) The natural follow-up to this introduction to 3-space is to 
consider multi-variable functions. The graph of a function f of 
one independent variable y = f(x) is a curve in 2-space, whereas 
the graph of a function z = f(x, y) of two independent variables 
is a surface in 3-space. For example, if we solve for z in Example 
8 the resulting equation 


7 = — -y — 1 ) + 3 

M 13 2 b ~ is a linear 
function whose graph, as we have seen, is a plane. If we solve 
the equation in Example 4 for z, then one result is a function 


2-У25-х-у! 


~ that describes the 
upper hemisphere of the sphere. The domain of this function is 


the set of points in the xy-plane satisfying х> + y2 < 25, that is, 
the points on or interior to the circle x2 + y» = 52. See page 27. 


Graphing a function z — f(x, y) can be difficult and may, at 
times, require a computer. If you have access to a computer lab, 
check to see whether the computers have 3D graphing software. 
The graphs of the polynomial function z = 2x» - 2y» + 2 and 
the trigonometric function z — sin (xy) shown in FIGURE 7.5.15 
and FIGURE 7.5.16 were obtained using the computer algebra 
system (CAS) Mathematica. 


FIGURE 7.5.15 Graph of z = 2x2 — 2y» + 2 Юг -2 < x x 2, 
=2 BWV 2) 


FIGURE 7.5.16 Graph of z = sin (xy) for -2 < x < 2, —2 < 
ys2 


Exercises 7.5 Answers to selected odd-numbered 
problems begin on page ANS-25. 


In Problems 1-6, graph the given point. 


il, (Il. 1,5) 
2. (0, 0, 4) 
3. (3, 4, 0) 
4. (6, 0, 0) 
5. (б, -2, 0) 
6. (5, 4, 3) 


In Problems 7-10, describe geometrically all points Р(х, y, 2) whose 


coordinates satisfy the given conditions. 


7. г=э 
Gb xe 
0) зе, ye 


10. х-4,у--1,2-7 


11. Give the coordinates of the vertices of the rectangular parallelepiped 


whose sides аге on the coordinate planes and the planes x 22, y = 5, z= 8. 


12. In FIGURE 7.5.17, two vertices are shown of a rectangular parallelepiped 
having sides parallel to the coordinate planes. Find the coordinates of the 


remaining six vertices. 


FIGURE 7.5.17 Parallelepiped in Problem 12 
13. Consider the point Р(-2, 5, 4). 


(a) If lines are drawn from P perpendicular to the coordinate planes, what are 


the coordinates of the point at the base of each perpendicular? 


(b) If a line is drawn from P to the plane z = —2, what are the coordinates of 


the point at the base of the perpendicular? 
(c) Find the point in the plane x — 3 that is closest to P. 


14. Determine an equation of a plane parallel to a coordinate plane that 


contains the given pair of points. 
(а) (А85) (E525 5) 

(b) (1, —1, 1), (1, —1; —1) 

(c) (2, 1, 2), (2, 4, 2) 


In Problems 15-20, describe the set of points Р(х, y, 2) in 3-space whose 


coordinates satisfy the given equation. 

ЦЕ» so =й 

16. 2+y2+2=0 

17. («+ 1» + (у - 2): + (z+ 3» = 0 

18. (x -2)(z—8)- 0 

19. 22-25-20 

2070-07-72 

In Problems 21 and 22, find the distance between the given points. 
21. (3,-1,2), (6, 4, 8) 


22. (-1,-3,5),(0,4,3) 


23. Find the distance from the point (7, —3, —4): 
(a) to the yz-plane 

(b) to the x-axis. 

24. Find the distance from the point (—6, 2, -3): 
(a) to the xz-plane 

(b) to the origin. 


In Problems 25-28, the given three points form a triangle. Determine which 


triangles are isosceles and which are right triangles. 


25. (0, 0, 0), (3, 6, -6), (2, 1, 2) 


ВКО, 0, 0), (1, 2, 4), (3,2, 2V2) 


27. (1,2,3),(4,1,3),(4,6,4) 
28. (1,1,-1),(1,1,1),(0,-1, 1) 


In Problems 29-32, use the distance formula to determine whether the given 


points are collinear. 

29. Pi(1, 2, 0), PX , -2, —3), P3(7, 10, 6) 

30. Р\(1, 2, —1), P2(0; 3, 2); РЗ 15 —3) 

31. P1(1, 0, 4), P2(—4, -3, 5), Рэ(-7, -4, 8) 
32. Pi(2, 3, 2), Px(1, 4, 4), Рз(5, 0, -4) 

In Problems 33 апа 34, solve for the unknown. 


35% ЈА 2,2), Ра. fL. ШЕ 


ЧР, P2) = №21 


ВАО ID) PAO, S DECAL Ja) = S) 


In Problems 35 and 36, find the coordinates of the midpoint of the line 


segment between the given points. 


(1,3,5), (7, —2, 3) 


36. (0,5, =8), (4, 1, —6) 


37. Тһе coordinates of the midpoint of the line segment between Pi(xi, yi, 21) 
and P»(2, 3, 6) аге (-1, —4, 8). Find the coordinates of Pi. 


38. Let Ps be the midpoint of the line segment between P1(—3, 4, 1) and 
P»(—5, 8, 3). Find the coordinates of the midpoint of the line segment: 


(a) between Рі and Ps 

(b) between Ps and P». 

In Problems 39—42, sketch the graph of the given equation. 
39. x2+y2+22=9 

40. x2 + y2 + (2— 32 = 16 

41. (x - 1» + (у= I» + (z- 1)2 = 1 

42. (x - 3» + (y + 4) + (z- 5» 24 


In Problems 43-46, complete the square in x, y, and z to find the center and 


radius of the given sphere. 

43. x2 + y2 + 2 + 8х—-бу-4@—7=0 
44. 40 + 4у + Ap + 4x - 122-9 20 
45. о + у + 2 – 162 = 


46. x2+y2+22—x+y=0 


Іп Problems 47-52, find an equation of a sphere that satisfies the given 


conditions. 
47. Center (-1, 4, 6); radius 1/3 


48. Center (0, —3, 0); diameter 2 


J| 


Г 


49. Center (1, 1, 4); tangent to the xy-plane 

50. Center (5, 2, —2); tangent to the yz-plane 

51. Center on the positive y-axis; radius 2; tangent to x» + y» + z2 = 36 
52. Center (—3, 1, 2); passing through the origin 

In Problems 53—58, graph the plane whose equation is given. 
53. 5x+2y+z=10 

54. Зх+ 2229 

55. 3x 4-2 —6 —0 

56. 3х-4у-22-12-0 

57. -x+2y+z=4 

58. 3x-y-6=0 


In Problems 59—64, use (4) and (5) to find an equation of a plane that contains 


the given points. 
58 (С), 5,22, (0 a ID (Cll, —il 4) 
60 (0), 1,0), (2,11, SISSE 


61. (-1,-1,2),(1,1, 1), (3,2, -1) 


62. (0, 0, 3), (0, —1, 0), (6, 0, 0) 
63. (1, 2,-1), G 3, І), (7,4, 1) 
64. (2,1,2),(4,1,0),(5,2,-5) 


In Problems 65-76, и = (1, -3, 2), у = (-1, 1, 1), and м = (2, 6, 9). Find the 


indicated vector or scalar. 
65. 0+ (v + w) 

66. 20 – (v – w) 

67. v + 2(u - 3w) 

68. 4(u + 2w) — бу 

69. |u + w| 


70. |м||2х| 


u V 
+ 5|— 
у 


lul 


72. |v|u + щу 


71. 


| 
2!" Ұ 


74. (v- ми 


73. 


75. (u- v): w 
76. (u — v) (У+ м) 


77. Find a unit vector in the opposite direction of v = (10, —5, 10). 


78. Find a unit vector in the same direction as v = i — 3j + 2k. 


79. Find a vector u that is four times as long as v zi — j + К in the same 


direction as v. 


ер 


80. Find a vector v for which 
direction of w = (-6, 3, —2). 


= that is in the opposite 


The cross product of two three-dimensional vectors u = (ai, a2, a3) and v = 


(bi, b2, Бэ) is a vector that can be written as the 3 x 3 determinant 


i j К 
uxv=jąa а» а). (6) 
b, b, bi 


If you are unfamiliar with how to expand a 3 x 3 determinant, review Section 9.2. 


In Problems 81—84, use (6) to find the cross product of the given vectors. 
81. u= (4, 2,5, v = (3, 1, -1) 

82. u= (1, 3, 1), v = (2, 0, 4) 

83. u= 2i + j -К, v = —6i - 3j + 3k 

84. u= 8i +j – 6k, v =i — 2j + 10k 


In Problems 85 and 86, verify that the cross product (6) of the given vectors is 
orthogonal to each vector. It can be shown that u x v is perpendicular to the 
plane determined by the vectors u and v, and аз a consequence u x v is 


orthogonal to u and orthogonal to v. 
85. u= (2, 7, -4, v = (1, 1, -1) 
86. и = (-1, 2,4, у = (4, -1, 0) 


For Discussion 


In Problems 87 and 88, discuss how the procedure used in Problems 59-64 
can be used to find an equation of a plane that contains the given points. Carry 


out your ideas. 
io (0, 5, 0) (1, ЕИ (31, 22; 1) 
88. (0, 0, 1), (0, 0, 5), (0, 2, 1) 


89. If you have ever sat at a four-legged table that rocks, you might consider 


replacing it with a three-legged table. Why? 


90. Use the distance formula to prove that (2) is the midpoint of the line 
segment between Pi(xi, уі, 21) and P2(x2, y», 22). [Hint: Show that d(Pi, M) = 
d(M, P») and (РІ, P2) = (Рі, M) + d(M, P»).] 


In Problems 91-96, describe geometrically all points in 3-space whose 


coordinates satisfy the given condition(s). 
91. х + у2 + (2- 1)2= 4,1 < 2 < 3 

92. %у2%(2- 1)2=4,2=2 

93. x2+y2+22 > 1 


94. 0 < (х- 1» + (у – 2): + (2 3) < 1 


я 
= 
A 
A 
Кө) 


< x2+y2+22 < 
96. 1 < x2+y2+22 < 9,5 <0 


In Problems 97 and 98, describe the surface in 3-space defined by the given 


set of points. 
97. (х,у, Зе + y = 1) 
98. (х,у, 2)z2 1-7 y») 


99. Determine whether the cross product (6) of two vectors is commutative. 


That is, does u x v = v x u? 


100. If u= (1,2, 3), v = (4, 5, 6), м = (7, 8, 3), use (6) to find (u x v) x w. 


Chapter 7 Review Exercises Answers to 
selected odd-numbered problems begin on page 
ANS-26. 


A. Fill in the Blanks 


In Problems 1-20, fill in the blanks. 


1. An equation in the standard form y» - 4cx of a parabola with focus (5, 0) is 


2. An equation in the standard form x2 = Асу of a parabola through (2, 6) is 


3. A rectangular equation of a parabola with focus (1, —3) and directrix у- 


—]is : 


4. Тһе directrix and vertex of a parabola are x = —3 апа (-1,-2), 


(0,4 


respectively. The focus of the parabola is 


5. The focus and “T of a parabola are and 
y — 4 
ын 4| respectively. The vertex of the parabola is 


6. The vertex and focus of the parabola 8(х + 4)» = y — 2 аге 


7. After the graph of 8(x + 4); = y — 2 is moved rigidly 4 units to the right its 


equation is 


8. The center and vertices of the ellipse 


(x—2) (у + 5) 
----4---- 
16 4 m 


9. The center and vertices of the hyperbola 
Е эж оа | 
3 T3) 


| 
4 т 


10. Тһе asymptotes of the hyperbola y» — (x — 1): = 1 аге 
11. The y-intercepts of the hyperbola y» — (x — 1); = 1 are 
12. The eccentricity of the ellipse 9x2 + y» = 1 is 


13. If the graph of an ellipse is very elongated, then its eccentricity e is close 
to . (Fill in with 0 or 1.) 


14. The line segment with endpoints on a hyperbola and lying on the line 
through the foci is called the 


15. The length of the minor axes of the ellipse 4x» + 9y» = 25 is 


16. The function 


Р = 

у к= — з/у + 

\ J il -- X D 

E defines a 
portion of the graph of a conic section. The conic section is a(n) 


Describe the portion of the graph defined by this function: 


17. Ап equation of the directrix for the parabola y» = —2x is 


18. Because B2 – ААС (Fill in with < 0, = 0, or > 0), the conic 3x2 — xy 
= у2+1=01ѕа 


19. А horizontal line through the focus intersects the graph of the parabola (x 
= 1)? = 16y at the points 


20. The center of a hyperbola with asymptotes 


5 3 
je ceu 


i and 


3 


B. True/False 


In Problems 1-20, answer true or false. 
1. The axis of the parabola x2 = —4y is vertical. 
2. The foci of an ellipse lie on its graph. 


3. After simplifying the squares of 


we obtain the hyperbola y2 — x2 
= ES Therefore the graphs of all three equations are the same. 


4. The minor axis of an ellipse bisects the major axis. 
5. The point (—2, 5) is on the ellipse x2/8 + у2/50 = 1. 


6. The graphs of y = x2 and y» — x2 = 1 have at most two points in common. 


7. The eccentricity of the hyperbola x» — y» = 1 is 


x —y = lis V2 


8. For an ellipse, the length of the major axis is always greater than the length 


of the minor axis. 


9. The vertex and focus are both on the axis of symmetry of a parabola. 


10. The asymptotes for (x — h)2/a2 — (y — k)2/b2 = 1 must pass through (h, К). 


11. An ellipse with eccentricity е = 0.01 is nearly circular. 
12. The transverse axis of the hyperbola x2/9 — y2/49 = 1 is vertical. 


13. The two hyperbolas x» — у2/25 = 1 and у/25- x: = 1 have the same pair 


of slant asymptotes. 


14. The major axis of the ellipse 4(х + 1)» + 25(у- 3)» = 100 lies on the line y 
=3. 


15. If P is a point on a parabola, then the perpendicular distance between P 


and the directrix equals the distance between P and the vertex. 


16. If y=+5x are the asymptotes of a hyperbola, its center is necessarily (0, 
0). 


17. The graph of x2/a2 — y2/b2 = 1 cannot cross its asymptotes у = +bx/a. 


18. If y Зх + 8 is an asymptote of a hyperbola, then the slope of the other 


asymptote is т = —3. 


19. The graph of x2 — 5у: = 5 is symmetric with respect to the x-axis, the y- 


axis, and the origin. 


20. The xy-term can be eliminated from the equation 


4x? + V3xy + Зу! = 1 


axes through the angle 0 = 30°. 


by a rotation of 


C. Review Exercises 


In Problems 1-4, find the vertex, focus, directrix, and axis of the given 
parabola. Graph the parabola. 


1. (y-3» 2-8x 
2. 8x +4) = у- 2 


3. х2-2Х44у-1-0 


4. y + 10у + 8x - 4120 


In Problems 5-8, find an equation of the parabola that satisfies the given 
conditions. 


5. Focus (1, —3), directrix y 2 —7 

6. Focus (3, -1), vertex (0, —1) 

7. Vertex (1, 2), vertical axis, passing through (4, 5) 
8. Vertex (—1, —4), directrix x 2 2 


In Problems 9-12, find the center, vertices, and foci of the given ellipse. 


Graph the ellipse. 


"AN | 
— + шигээ. 
A 25 


10. 16 4 
11. 4х2 + y + 8&х-6бу+9=0 
12. 5x2 + 9y2 — 20x + 54y + 56 = 0 


In Problems 13-16, find an equation of the ellipse that satisfies the given 
conditions. 


13. Endpoints of minor axis (0, +4), foci (+5, 0) 


14. | 2, Е | + v2). vertex 


(2,-1 + V6) 
15. Vertices (+2, -2), passing through 


( Г. = FS V3 ) 
16. Center (2, 4), one focus (2, 1), one vertex (2, 0) 


In Problems 17-20, find the center, vertices, foci, and asymptotes of the given 


hyperbola. Graph the hyperbola. 
17. (x -Dx* 1) y 
: (х 3) 


у 1 = | 
18. | 4 


19. 9x2 — y2 - 54x - 2y + 71 = 0 


20. 16у2 — 9x2 - 64y - 80 = 0 


FIGURE 7.8.1 Graphs for Problem 30 


In Problems 21—24, find an equation of the hyperbola that satisfies the given 


conditions. 


21. Center (0, 0), one vertex (6, 0), and one focus (8, 0) 


22. Foci (2, +3), one vertex * = 
(=2V5,0) 
23. Foci * ,asymptotes y = +2x 


24. Vertices (-3, 2) and (—3, 4), опе focus 


( —3,3 + V2 ) 
д Га 
In Problems 25 апа 26, perform a suitable rotation of axes so that the resulting 


x'y'-equation has no х’у’— ег. Sketch the graph. 


25. ху--8 


26. 8x2 — 4ху + Sy2 = 36 


Parabolic mirror in Problem 31 
© David Page/Alamy Images 


27. Find an equation of the ellipse when the center of 4x2 + y2 = 4 is rigidly 
translated to the point (— 5, 2). 


28. Carefully describe in words the graphs of the given functions. 


Јо) = V36 — 9x 


ЕШ /(Х) = — V 36 + Ох: 


29. Distance from a Satellite А satellite orbits the planet Neptune in an 
elliptical orbit with the center of the planet at one focus. If the length of the 
major axis of the orbit is 2 x 10» m and the length of the minor axis is 6 x 10s 
m, find the maximum distance between the satellite and the center of the 


planet. 


FIGURE 7.R.2 Pencil in Problem 32 


30. Find an equation of the ellipse (in red) inscribed in the auxiliary rectangle 
(dashed black) of the hyperbola shown in FIGURE 7.R.1. 


31. Mirror, Mirror... A parabolic mirror has a depth of 7 cm at its center 
and the distance across the top of the mirror is 20 cm. Find the distance from 


the vertex to the focus. 


32. Identify the conic section that appears in the drawing of a wooden pencil 


in FIGURE 7.R.2. 


33. Find an equation of a sphere that has a diameter with endpoints (0, —4, 7) 
апа (2, 12, —3). 


34. Find ап equation of the plane such that the points (x, у, 2) on the plane are 
equidistant from (1, —2, 3) and (2, 5, –1). 


35. Find an equation of the parabola (blue) and of the ellipse (red) that have a 
common vertex (6, 0) and common focus (4, 0) as shown in FIGURE 7.R.3. 
Explain why this information does not determine a unique hyperbola (green). 
Find equations of two different hyperbolas that have a vertex (6, 0) and a 
focus (4, 0). 


parabola 


hyperbola 


ellipse 


FIGURE 7.R.3 Graphs for Problem 35 


8 Polar Coordinates 
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Chapter 8 Review Fxercises 


8.1 The Polar Coordinate System 


INTRODUCTION So far we have used the rectangular coordinate system to 
specify a point P in the plane. We can regard this system as a grid of 
horizontal and vertical lines. The coordinates (а, b) of а point P are 
determined by the intersection of two lines: one line x = a is perpendicular to 
the horizontal reference line called the x-axis, and the other y - b is 
perpendicular to the vertical reference line called the y-axis. See FIGURE 
8.1.1(а). Another system for locating points in the plane is the polar 


coordinate system. 


[ Terminology To set up a polar coordinate system, we use a system of 


circles centered at a point O, called the pole, and straight lines or rays 
emanating from O. We take as a reference axis a horizontal half-line directed 
to the right of the pole and call it the polar axis. By specifying a directed 
(signed) distance r from O and an angle 0 whose initial side is the polar axis 
and whose terminal side is the ray ОР, we label the point P Бу (r, 0). We say 
that the ordered pair (r, 0) are the polar coordinates of P. See Figures 
8.1.1(b) and 8.1.1(c) where we have assumed r > 0. 


E 


(a) Rectangular coordinate system (b) Polar coordinate system (c) Polar coordinates of P 


FIGURE 8.1.1 Comparison of rectangular and polar coordinates of a 
point P 


Although the measure of the angle 0 can be either in degrees or radians, in 
calculus radian measure is used almost exclusively. Consequently, we shall 


use only radian measure in this discussion. 


In the polar coordinate system we adopt the following conventions. 


DEFINITION 8.1.1 Conventions іп Polar Coordinates 


(1) Angles Ө > 0 are measured counterclockwise from the polar 
axis, whereas angles Ө < 0 are measured clockwise. 


(ii) To graph a point (г, Ө), where г < 0, measure |r| units along 


the ray Ө + л. 


(iii) The coordinates of the pole О аге (0, Ө), where Ө is апу 
angle. 


Plotting Polar Points 


Plot the points whose polar coordinates are given. 
(a) (4, 7/6) 

(b) (2, -7/4) 

(с) (-3, 37/4) 


Solution (a) Measure 4 units along the ray 7/6 as shown in FIGURE 8.1.2(а) on 
page 452. 


(b) Measure 2 units along the ray -л/4. See Figure 8.1.2(b). 


(c) Measure 3 units along the ray 37/4 + л = 77/4. Equivalently, we сап 
measure 3 units along the ray 37/4 extended backward through the pole. Note 
carefully in Figure 8.1.2(c) that the point (-3, 3774) is not in the same 


quadrant as the terminal side of the given angle. 


Xk = 
6 
p | Polar E N 4-1 Polar \ e Polar 
axis axis axis 
b. т у 
(2-4) Ясы TE 
"a4 


FIGURE 8.1.2 Points in polar coordinates in Example 1 


In contrast to the rectangular coordinate system, the description of a point in 
polar coordinates is not unique. This is an immediate consequence of the fact 
that 


(7,0) апа (r,6 + 2пт), nan integer, 


are equivalent. To compound the problem, negative values of r can be used. 


Equivalent Polar Points 


The following polar coordinates are some alternative representations of the 
point (2, л/6): 


(2, 137/6), (2,-11т/6), (—2, 77/6), (-2,-5т/б). Ба 


[ Conversion of Polar Coordinates to Rectangular Ву superimposing 


a rectangular coordinate system on a polar coordinate system, as shown in 
FIGURE 8.1.3, we can convert a polar description of a point to rectangular 


coordinates by using 


X = rcoså, у = rsind. (1) 


These conversion formulas hold true for any values of r and біп an equivalent 


polar representation of (7, б). 


УА 


(ғ, Ө) or (x, y) 


O ' Polar 


х=г соз 0 


axis 
FIGURE 8.1.3 Relating polar and rectangular coordinates 
Polar Coordinates to Rectangular 


Convert (2, л/6) in polar coordinates to rectangular coordinates. 


Solution With r = 2, 0 = 7/6, we have from (1), 


= 2 
6 2 
. m l 
у = 2sin— = 2|—|= 1. 
5 2 


(v3.1) 


in rectangular 


[ Conversion of Rectangular Coordinates to Polar It should be 


Thus, (2, z/6) is equivalent t 
coordinates. 


evident from Figure 8.1.3 that x, y, r, and 0 are also related by 


S 
Б 
D 
| 
| 
ГЕ) 


The equations in (2) are used to convert the rectangular coordinates (x, y) to 


the polar coordinates (r, 0). 


Rectangular Coordinates to Polar 


Convert (—1, 1) in rectangular coordinates to polar coordinates. 


Solution With x = —1, у = 1, we have from (2) 


г =2 апа tanü = —1. 


r= 54/2 
Now, 72 = 2 ог — іші and two of many angles that 


satisfy tan 0 = —1 are 37/4 and 77/4. From FIGURE 8.1.4 we see that two polar 


(V2, 37/4) 


representations for (—1. 1) are ^ and 


(— V2, 77/4) 


Polar 
axis 


FIGURE 8.1.4 Point іп Example 4 


Іп Example 4, observe that we cannot pair just апу angle 0 and any value г 
that satisfy (2); these solutions must also be consistent with (1). Because the 
V2, 3т/4) 
points : 
Ё, Р 
V2. 7т /4 
Пе in the fourth quadrant, they are not 


polar representations of the second-quadrant point (-1, 1). 


and 


There are instances in calculus when a rectangular equation must be expressed 
as a polar equation г = f(0). The next example shows how to do this using the 


conversion formulas in (1). 


Rectangular Equation to Polar Equation 


Find a polar equation that has the same graph as the circle x» y» = 8x. 


Solution Substituting x = гс050, y = rsin, into the given equation we find 


r^cos?0 + r?si0 = 8ғсов0 
г2(с0520 + ѕіп20) = 8rcosQ <= соѕ20 + 9120 = 1 
r(r — 8cos0) = 0. 


The last equation implies that 


г = 1) or г = 8coså. 


Since г = 0 determines only the pole О, we conclude that a polar equation of 
the circle is г = 8cos@. Note that the circle x» + y» = 8x passes through the 
origin since x = 0 and у- 0 satisfy the equation. Relative to the polar equation 


r = 8cos0 of the circle, the origin or pole corresponds to the polar coordinates 


(0, 772). 
m 


Rectangular Equation to Polar Equation 


Find a polar equation that has the same graph as the parabola x2 = 8(2 — y). 


Solution We replace x and y in the given equation by x = rcos@, у = rsin@ and 


solve for r in terms of 8: 


г2с0520 = 8(2 — rsin0) 
(1 = $1120) = 16 — 8rsin — 
г? = r^sin?8 - 8rsiné + 16 EN square 
1? = (rsin@ — 4)? 
r= +(rsin@ — 4). 


Solving for r gives two equations, 


4 —4 
= --- or r= —, 
1 + sing | — sing 


^ 


Now recall that, by convention (ii) in Definition 8.1.1, (r, 0) and (—r, 0 + л) 
represent the same point. You should verify that if (r, 0) is replaced by (— r, 0 
+ л) in the second of these two equations, we obtain the first equation. In other 


words, the equations are equivalent and so we may simply take the polar 


Polar Equation to Rectangular Equation 


equation of the parabola to be r = 4/(1 + sind). 


Find a rectangular equation that has the same graph as the polar equation r2 = 
9cos20. 


Solution First, we use the trigonometric identity for the cosine of a double 


angle: 


Э ^ Э . y " 2-8 
r = 9(cos^0 - 84170). “= cos20 = cos? — 9120 


Then, from г? = x2 + y», С080 = x/r, 5100 = y/r, we һауе 


7 7 
х? у? > 
L +y = 9 — < ---| or (22 + у”)? = 9(7 — y’). Е 
Pty Су : : 


In the next section we will examine the graphs of some special polar 
equations. 


Exercises 8.1 Answers to selected odd-numbered 
problems begin on page ANS-26. 


In Problems 1—6, plot the point with the given polar coordinates. 


1. (3, л) 
2. (2,-л/2) 

(-> 7/2) 
3. = 
4. (-1,л/6) 
5. (-4, -л/6) 

B 

(=, TT / 4) 

6. *- Ё 


In Problems 7-14, find alternative polar coordinates that satisfy 
(а) r>0,0<0 
(D) P= (0, (0 S 91 


(2) = (0), (2) > (0) 


(d г<0,0<0 

for each point with the given polar coordinates. 
7. (2, 37/4) 

8. (5,772) 

9. (4, 7/3) 

10. (3, 7/4) 

11. (1, 7/6) 

12. (3, 72/6) 

13. (9, 3л/2) 

14. (5,7) 


In Problems 15-24, find the rectangular coordinates for each point with the 


given polar coordinates. 


(5, 20/3) 


15. — 


16. (-1, 77/4) 


17. (—6, —n/3) 


(№2, 117/6) 


19. (4, 5574) 


18. 


20. (-5, 7/2) 


21. (-1,-5л/6) 


22. (10, -4л/3) 

23. (4, л/8) 

24. (-8, 57/12) 

In Problems 25-32, find polar coordinates that satisfy 
(4 г => (0, = c s 
(D г<0,-л <0-<л 

for each point with the given rectangular coordinates. 

25. (—2, 2) 

26. (0, —4) 


(1, — V3) 


27. 


31. (-3,4) 
32. (11-1) 


In Problems 33-38, sketch the region on the plane that consists of points (7, 0) 


whose polar coordinates satisfy the given conditions. 
ABE 2 815441) 55 () sg 


34. 2<г< 4 


35 (0 d 26 € mE 4 () sp 


w 
9 
ч 
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0, 7/4 < 0 < 3л/4 


37. —1 


IA 
= 
IA 
SE 
= 
IA 
сь 
IA 
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38. -2 < г<4,1/3 <0<л 


In Problems 39-50, find а polar equation that has the same graph as the given 


rectangular equation. 
39 у-5 

40. х+1=0 

41. у-7х 

42. Зх + 8y+6=0 
43. у--4х-4 

44. х:-12у-36-0 
45. x2+ y2 =36 


46. x2—y2=1 


^ Э 
ху х= мх + у 


48. хз + уз – xy = 0 


47. 


49. x2 + у= 5у 
50. 2ху= 5 


In Problems 51-62, find a rectangular equation that has the same graph as the 


given polar equation. 


ӘЛЕ = Sec 


52, 


53. 


54. 


S155 


56. 


576 


58. 


509 


60. 


61. 


62. 


rcos@ = —4 
r= 651120 
2r = tand 

72 = 45129 
72 с0820 = 16 
r+ 5sinü = 0 


2 
1 + 3cos0 


r(4 — sin@) = 10 


EF — 


5 
3со80 + 88410 


г=3 + 3 ѕесб 


r= 


For Discussion 


63. 


How would you express the distance d between two points (ri, 01) and (72, 


92) in terms of their polar coordinates? 


64. 


You know how to find a rectangular equation of a line through two points 


with rectangular coordinates. How would you find a polar equation of a line 


through two points with polar coordinates (ri, 01) and (72, 62)? Carry out your 


ideas by finding a polar equation of the line through (3, 3774) and (1, 774). 


Find the polar coordinates of the x- and y-intercepts of the line. 


65. Іп rectangular coordinates the x-intercepts of the graph of a function у = 
Хо) are determined from the solutions of the equation f(x) - 0. In the next 
section we will graph polar equations г = f(0). What is the significance of the 


solutions of the equation f(0) - 0? 


8.2 Graphs of Polar Equations 


INTRODUCTION The graph of a polar equation r = f(0) is the set of points P 
with at least one set of polar coordinates that satisfies the equation. Since it is 
most likely that your classroom does not have a polar coordinate grid, to 
facilitate graphing and discussion of graphs of a polar equation г = (0), we 
will, as in the preceding section, superimpose a rectangular coordinate system 


over the polar coordinate system. 


We begin with some simple polar graphs. 


A Circle Centered at the Origin 


Graph r= 3. 


Solution Since 0 is not specified, the point (3, 0) Нез on the graph of r = 3 for 
any value of 0 and is 3 units from the origin. We see in FIGURE 8.2.1 that the 


graph is the circle of radius 3 centered at the origin. 


Alternatively, we know from (2) of Section 81 that 


- so that r = 3 yields the 
familiar rectangular equation x» + y» = 3» of a circle of radius 3 centered at the 


origin. 


(3,0) 

x 
Polar 
axis 


FIGURE 8.2.1 Circle in Example 1 


[ Circles Centered at the Origin Іп general, if a is апу nonzero constant, 


the polar graph of 


r= a (1) 


is a circle of radius |a| with center at the origin. 


A Ray Through the Origin 


Graph 0 = 77/4. 


Solution Since r is not specified, the point (r, 77/4) lies on the graph for any 
value of r. If r > 0, then this point lies on the half-line in the first quadrant; if r 
< 0, then the point lies on the half-line in the third quadrant. For r = 0, the 
point (0, 774) is the pole or origin. Therefore, the polar graph of 0 = 77/4 is the 


line through the origin that makes an angle of z/4 with the polar axis or 


positive x-axis. See FIGURE 8.2.2. 


Ө-л/4 


Х 
Ро]аг 
axis 


FIGURE 8.2.2 Line in Example 2 


[ Lines Through the Origin In general, if a is any real constant, the polar 


graph of 


is a line through the origin that makes an angle of a radians with the polar 


axis. Lines described by (2) are called radial lines. 
A Spiral 


Graph г = 0 where 0 is measured in radians. 


Solution As 0 > 0 increases, ғ increases and the points (ғ, 0) wind around the 
pole in a counterclockwise manner. This is illustrated by the blue portion of 
the graph in FIGURE 8.2.3. The red portion of the graph is obtained by plotting 
points for 0 « 0. 


FIGURE 8.2.3 Graph of polar equation in Example 3 


[ Spirals Many graphs in polar coordinates are given special names. The 


graph in Example 3 is a special case of 


r= аб, (3) 


where a is a constant. A graph of this equation is called а spiral of 
Archimedes. You are asked to graph other types of spiral curves in Problems 
31 and 32 in Exercises 8.2. 


In addition to basic point plotting, symmetry can often be utilized to graph a 


polar equation. 


[ Symmetry As shown in FIGURE 8.2.4, a polar graph can have three types of 
symmetry. А polar graph is symmetric with respect to the y-axis if 
whenever (ғ, 0) is a point on the graph, (ғ, л — 0) is also a point on the graph. 
A polar graph is symmetric with respect to the x-axis if whenever (r, 0) is a 
point on the graph, (r, —0) is also a point on the graph. Finally, a polar graph 
is symmetric with respect to the origin if whenever (r, 0) is on the graph, 
(—r, 0) is also a point on the graph. 


Polar о | Polar б 
axis | axis 
| 
ЖЕ (=r. Ө) 


(а) Symmetry with. (b) Symmetry with (c) Symmetry with 
respect to y-axis respect to x-axis respect to origin 


FIGURE 8.2.4 Symmetries of a polar graph 


Symmetries of a snowflake 
© Yaroslav/ShutterStock, Inc. 


We have the following tests for symmetries in polar coordinates. 


THEOREM 8.2.1 Tests for Symmetry 


The graph of a polar equation is symmetric with respect to: 


(1) the y-axis if replacing (т, Ө) by (т, x — Ө) results in an 
equivalent equation 


(1) the x-axis if replacing (т, Ө) by (т, —0) results іп an 
equivalent equation 


(iii) the origin if replacing (т, Ө) by (—r, Ө) results in an 


equivalent equation 


In rectangular coordinates the description of a point is unique. Hence, in rectangular 
coordinates if a test for a particular type of symmetry fails, then we can definitely say 
that the graph does not possess that symmetry. 


Because the polar description of a point is not unique, the graph of a polar 
equation may still have a particular type of symmetry even though the test for 
it fails. For example, observe that the graph of the ғ = 0 in Figure 8.2.3 
possesses symmetry with respect to the y-axis yet replacing (ғ, 0) by (r, zz — 0) 
in the polar equation does not result in the same equation. Therefore, if one of 
the replacement tests in (i)-(iii) in Theorem 8.2.1 fails to give the same polar 
equation, the best we can say is “по conclusion." Stated another way, the tests 
are sufficient for demonstrating a symmetry but are not necessary. See 
Problems 57-60 in Exercises 8.2. 


Graphing a Polar Equation 


Graph r= 1 – соб. 


Solution One way of graphing this equation is to plot a few well-chosen 


points corresponding to 0 < 0 < 2л. As the following table shows 


0 0 1/4 1/2 37/4 т 51/4 | 3m/2 | 77/4 2т 
r 0 0.29 1 1.71 2 1.71 1 0.29 0 


as 0 advances from 0 = 0 to 0 = zi/2, r increases from r = 0 (the origin) to r= 
1. See FIGURE 8.2.5(а). As 0 advances from 0 = 7/2 to 0 = л, r continues to 
increase from г = 1 to its maximum value of r = 2. See Figure 8.2.5(b). Then, 
for 0 = лі) 0 = 3712, г begins to decrease from г = 2 to r= 1. For 6 = 3z/2 to 0 
= 2л, г continues to decrease and we end up again at the origin г = 0. See 
Figures 8.2.5(c) and 8.2.5(d). 


By taking advantage of symmetry we could have simply plotted points for 0 


< 0 < л. From the trigonometric identity for the cosine function сов(-0) = 
соѕ it follows from (її) of Theorem 8.2.1 that the graph of r = 1 — cos0 is 
symmetric with respect to the x-axis. We can obtain the complete graph of r = 
1 — cos by reflecting in the x-axis that portion of the graph given in Figure 


8.2.5(b). 


FIGURE 8.2.5 Graph of polar equation in Example 4 


[ Cardioids The polar equation in Example 4 is a member of a family of 


equations that all have a “heart-shaped” graph that passes through the origin. 
A graph of any polar equation of the form 


г = a + asinü ог г = а + acos (4) 


is called а cardioid. The only difference in the graph of these four equations 
is their symmetry with respect to the y-axis (r = a + asin0) or symmetry with 


respect to the x-axis (r 2 a € acos0). See FIGURE 8.2.6 on page 459. 


By knowing the basic shape and orientation of a cardioid, you can obtain a 
quick and accurate graph by plotting the four points corresponding to 0 = 0, 0 
= л 9 = л апа 0 = 37012. 


r=a(l + sin 6) r=a(l —sin 8) r=a(l+cos 8) r=a(l = cos б) 


FIGURE 8.2.6 Cardioids 


[ Limacons Cardioids are special cases of polar curves known as limacons: 


ү = a + bsinO ог г = а + bcosé@. (5) 


The shape of a limaçon depends on the relative magnitudes of a апа b. Let us 
assume that a > 0 and b > 0. For a/b < 1, we get a limacon with an interior 
loop as shown in FIGURE 8.2.7(а). When а = b or equivalently a/b = 1 we get a 
cardioid. For 1 < a/b « 2, we get a dimpled limacon as shown in Figure 
8.2.7(b). For a/b > 2, the curve is called a convex limaçon. See Figure 
8.2. (c). 


(a) Limagon with interior loop (a/b < 1) (b) Dimpled limaçon (1 < a/b < 2) (c) Convex limagon (a/b > 2) 


FIGURE 8.2.7 Three kinds of limacons 


A Limacon 


The graph of r = 3 — sind is a convex limaçon, since a = 3, b = 1, and a/b = 3 


202, 


А Limacon 


The graph of r = 1 + 2cos is a limaçon with an interior loop, since a = 1, b= 


1 2111 
а / D == e 
2, and = . For 0 > 0, notice in FIGURE 


8.2.8 the limaçon starts at 0 = 0 or (3, 0). The graph passes through the y-axis 
at (1, 772) and then enters the origin (r = 0) for the first angle for which r = 0 


| | 
cosÜ = —5.... 
or 1 + 2cos0 = 0 or =. This implies that 0 


= 27/3. At 0 = л, the curve passes through (-1, 7). The remainder of the graph 


can then be completed using the fact that it is symmetric with respect to the x- 


axis. 
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FIGURE 8.2.8 Graph of polar equation in Example 6 


A Rose Curve 


Graph r = 2cos20. 


Solution Because cos20 has period л and is an even function we have 


cos2(7 — 0) = соѕ(27 — 20) = cos20 and cos(—20) = cos20. 


Therefore, by (i) and (її) of Theorem 8.2.1 the graph is symmetric with 
respect to both the y- and x-axes. A moment of reflection should convince you 
that we need only consider 0 < 0 s 7/2. Using the data in the following 
table, we see that the dashed portion of the graph given in FIGURE 8.2.9 is that 
completed by symmetry. The graph is called a rose curve with four petals. 


Ө 0 т/12 т/6 т/4 т/3 5т/12 т/2 


ши 
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FIGURE 8.2.9 Graph of polar equation in Example 7 


[ Rose Curves Ш general, if п is a positive integer, the graphs of 


г = asinné ог г = acosnü, n= 2 (6) 


are called rose curves, although as you сап see in FIGURE 8.2.10 the curve 
looks more like a daisy. When n is odd, the number of loops or petals of the 
curve is n; if n is even, the curve has 2n petals. To graph a rose curve we can 
start by graphing one petal. To begin, we find an angle 0 for which r is a 
maximum. This gives the center line of the petal. We then find corresponding 
values of 0 for which the rose curve enters the origin (r = 0). To complete the 
graph we use the fact that the center lines of the petals are spaced 2л/п radians 
(360/n degrees) apart if n is odd, and 27/2n = лїп radians (180/n degrees) 
apart if n is even. In Figure 8.2.10 we have drawn the graph of r = asin50, a > 


0. The spacing between the center lines of the five petals is 21/5 radians (72°). 


r-asin50 л 
“10 
>x г= ОаіӨ= 0 


Polar 
axis 


FIGURE 8.2.10 Rose curve with five petals 


In Example 5 in Section 8.1 we saw that the polar equation г = 8с050 is 
equivalent to the rectangular equation x2 + уг = 8x. By completing the square 


in x in the rectangular equation, we recognize 
(x — 4) + y^ = 16 


as a circle of radius 4 centered at (4,0) on the x-axis. Polar equations such as r 
= 8с050 or r = 8sin0 are circles and are also special cases of rose curves. See 


FIGURE 8.2.11. 
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FIGURE 8.2.11 Graph of polar equation r — 8cos0 


[ Circles with Centers оп an Axis Роги = 1 the equations іп (6) become 


г = asin@ or г = асов0, (7) 


апа are polar equations of circles of diameter |a| that pass through the origin 
and centers on a coordinate axis. The center of the graph of r = asin@ lies on 
the y-axis and its rectangular coordinates are (0, a/2). The center of the graph 
of r = асоѕ0 is on the x-axis and its rectangular coordinates аге (a/2, 0). FIGURE 
8.2.12 on page 461 illustrates the graphs of the equations in (7) in the two 


cases а > 0 and a < 0. 
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FIGURE 8.2.12 Circles through origin with centers on an axis 


[ Lemniscates The graphs of the polar equations 


12 = asin20 ог r? = ас0520, (8) 


where а + 0, are called lemniscates. Because (—/>) = т it follows from (iii) 
of the tests for symmetry, Theorem 8.2.1, that the graphs of both of the 
equations in (8) are symmetric with respect to the origin. Moreover, from 
cos(-20) - cos20 and (ii) of the tests for symmetry, we conclude that the 
graph of r» 2 acos20 is symmetric with respect to the x-axis. FIGURES 8.2.13(a) 
and 8.2.13(b) show typical graphs of the equations r2 = asin20 and r2 = acos20 


for a > 0, respectively. 


г? = а зїп 20 


2 =a cos 20 


>x 
Polar 
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FIGURE 8.2.13 Lemniscates 


A Lemniscate 


Graph ғ = 4со820. 


Solution There are several ways of approaching this problem. But if we use 
symmetry we can keep point plotting to a minimum. From the discussion 
preceding this example we know that the graph of r» = 4cos20 is symmetric 


with respect to the origin and to the x-axis. Solving for r, we will use 


a — i ^ # ү [3 7) 0 
/ 2 C О М — to plot a few points in the first 


quadrant. Since cos20 > 0 for < 20 < л/2 we use 0 < 0 < z/4 and a 


calculator to construct the following table. 


0 0 т/12 718 т/6 т/4 


7 2 1.86 1.68 1.41 0 


The five points obtained from the table are оп the portion of the graph given 
in FIGURE 8.2.14(а). The graphs in Figures 8.2.14(b) and (с) are obtained using, 
respectively, symmetry with respect to the origin followed by symmetry with 


respect to the x-axis. 


(a) Plotting points (b) Reflection through origin (c) Reflection in the x-axis 


FIGURE 8.2.14 Graph of polar equation in Example 8 


[ Points of Intersection In rectangular coordinates we сап find the points 
(x, y) where the graphs of two functions y = f(x) and y = g(x) intersect by 
equating the y-values. The real solutions of the equation f(x) 2 g(x) correspond 
to all the x-coordinates of the points where the graphs intersect. In contrast, 
problems may arise in polar coordinates when we try the same method to 
determine where the graphs of two polar equations г = f(0) and г = (0) 


intersect. 


Intersecting Circles 


FIGURE 8.2.15 shows that the circles г = sind and г = cos0 have two points of 
intersection. By equating the r values, the equation sind = cos0 leads to 0 = 


7/14. Substituting this value into either equation yields 


эр. ур, 2 . Thus we have found only а single polar 


point where the graphs intersect. 
From i figure, it is apparent that the graphs also intersect at the origin. But 


the problem here is that the origin or pole is (0, 7/2) оп the graph of r = сов0 


but is (0, 0) on the graph of r = sind. This situation is analogous to the curves 


reaching the same point at different times. 


г = sin 


x 
Polar 
axis 


FIGURE 8.2.15 Intersecting circles in Example 9 


[ Rotation of Polar Graphs Іп Section 2.2 we saw that if y = f(x) is the 
rectangular equation of a function, then the graphs of y = f(x — c) and y = f(x + 
C), с > 0, are obtained by shifting the graph of f horizontally c units to the right 
and to the left, respectively. In contrast, if г = f(0) is a polar equation, then the 
graphs of f (0 — y) and f(0 + y), where y > 0, can be obtained by rotating the 
graph of f by an amount y. Specifically: 


+ The graph of r = f(0 — y) is the graph of r = f(0) rotated counterclockwise 


about the origin by an amount y. 


• The graph of r = f(0 + y) is the graph of r = f(0) rotated clockwise about the 


origin by an amount у. 


For example, the graph of the cardioid г = a(1 + sind) is shown in Figure 
8.2.6(а). The graph of r = a(1 + sin(0 — л/2)) is the graph of г = a(1 + sind) 
rotated counterclockwise about the origin by an amount 7/2. Its graph then 
must be that given in Figure 8.2.6(d). This makes sense, because the 


difference formula of the sine gives 


See the identity in (5) of Section 4.6. 


г= a[l + sin(0 — т/2)| = а + віпбсов(т/2) — cos6sin(7/2)] = a(1 — соѕ0). 


Similarly, rotating г = а(1 + sind) counterclockwise about the origin by ап 


amount 7 gives the equation 


г= а[1 + sin(@ — 7)] = a[l + sin6cosz - cos6sinz | = a(1 — sind) 


whose graph is given in Figure 8.2.6(b). As another example, take a look 
again at Figure 8.2.13. From 


i TT . т 
r= asini (o + т) = asin( 20 + т) = асо820 


we see that the graph of the lemniscate in Figure 8.2.13(b) is the graph in 


Figure 8.2.13(a) rotated clockwise about the origin by an amount 774. 


Rotated Polar Graphs 


Graph г = 1 + 2sin(@ + 7/4). 


Solution The graph of the given equation is the graph of the Шпасоп r = 1 + 
2віп0 rotated clockwise about the origin by an amount 7/4. In FIGURE 8.2.16 the 
blue graph is that of r = 1 + 2sin0 and the red graph is the rotated graph. 


r=1+2sin0 
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FIGURE 8.2.16 Graph of polar equation in Example 10 


By using the sum formula for sin x, (4) in Section 4.6, the polar equation of 


the rotated limacon in Example 10 can be rewritten as 
1 TT 
г = 1 + 2sin берс 


. TT …, T 
= I + 2sin Өсов-.- + 2cos sin т 


r = 1+ vV2sing + V2cos8. 


[ Applications А polar curve known as a logarithmic spiral occurs 
frequently in nature. The accompanying photos show the spiral curve that 
bounds the chambers in a cross-section of the multichambered nautilus shell 
and formed in some spinning low pressure systems. See Problem 31 in 


Exercises 8.2. 


Chambers in а cutaway Nautilus shell bounded by а logarithmic 
spiral 


€ kuleczka/Shutterstock 


Low pressure system over Iceland in 2003 
О Jacques Descloitres, MODIS Rapid Response Team, NASA/GSFC 


Most microphones used today by the news media and recording studios are 
cardioid microphones. Such a microphone is designed to be sensitive to 
sounds picked up directly in front of it and insensitive to incidental sounds 
coming from the sides and the back of it. The darker blue polar region in 


FIGURE 8.2.17 is called the pickup pattern of the microphone. 


Reporter using а cardioid microphone 


€ wellphoto/Shutterstock 


FIGURE 8.2.17 Cardioid microphone 


NOTES FROM THE CLASSROOM 


© Cristian M/ShutterStock, Inc. 


(1) Although polar coordinates are extremely important in the 
study of calculus, Example 9 illustrates one of several frustrating 
difficulties of working in this coordinate system. Here is another: 


A point can be on the graph of a polar equation even though its 
coordinates do not satisfy the equation. 


You should verify that (2, 1/2) is an alternative polar description 
of the point (— 2, 32/2). Moreover, verify that (—2, 31/2) is а 
point on the graph of г = 1 + 3sin@ by showing that the 
coordinates satisfy the equation. However, note that the 
alternative coordinates (2, 1/2) do not satisfy the equation. 


(1) Many polar equations г = f(0) are explicit functions where 
the independent variable is 0. For example, 


r—4r-60,r- sin20,r = 1 = cosQ, 


are functions in that for an appropriate 0-value there is a single 
value of r defined by r — f(0). But it is difficult to tell whether a 
polar graph is the graph of a function because: 


The vertical-line test for a function is not applicable 
in the polar coordinate system. 


In Example 1, r — 3 is a function whose graph is the circle in 
Figure 8.2.1. The same circle, whose rectangular equation is x» 


+ y2 = 32, is not the graph of a function of x. An equation such 
as т> = 4cos20 in PD 8 is not a function of 0 but defines 
implicitly functions 


100) = We ЖЕ: 2 
2(0) = —2Vcos 20 


(iii) Тһе four-petal rose curve іп Example 7 is obtained Бу 
plotting г for 0-values satisfying 0 < Ө x 2л. See FIGURE 8.2.18. 
Do not assume this is true for every rose curve. Indeed, the five- 
petal rose curve discussed in Figure 8.2.10 is obtained using 0- 
values satisfying 0 < Ө x л. In general, a rose curve г = авіппӨ 
or г = acosn is traced out exactly once for 0 < Ө < 2x ifn is 
even and once for 0 < 0 < v ifn is odd. 


FIGURE 8.2.18 Plotting r — 2cos20 


Exercises 8.2 Answers to selected odd-numbered 
problems begin on page ANS-27. 


55 je ss) 


7. г= 1+ cos 


8. r2 5 – 551п0 


9. r=2(1 + sin) 


10. 2r= 1 – cos0 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


r= 1 — 2с0$0 


r=2 + 4sinð 


г= 4 – 3316 


г= 3 + Әсов0 


r= 4 + cos 


r = 4 — 251п0 


r — sin20 


r= 3sin40 


r 2 3cos30 


r= 251130 


r=cos5@ 


r= 288090 


r= 6cos0 


к--2сов0 


r= —3sinð 


P= ЭК) 


72 = 45120 


28. р = 4cos20 
29. р = —25cos20 
30. r; = —9sin20 


In Problems 31 and 32, the graph of the given equation is a spiral. Sketch its 
graph. 


31. г= 24,0 > 0 (logarithmic) 
32. 10 =z, 0 > 0 (hyperbolic) 
In Problems 33-38, find an equation of the given polar graph. 


33. 
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Polar 
axis 


FIGURE 8.2.19 Graph for Problem 33 


34. 


35. 


36. 


Graph for Problem 34 


Graph for Problem 35 
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Graph for Problem 37 


38. 


FIGURE 8.2.24 Graph for Problem 38 


In Problems 39—42, find the points of intersection of the graphs of the given 


pair of polar equations. 

39, r- 2, г= 4510 

40. г- 5110, г = sin20 

41. г= 1 – cos0, г= 1 + соѕ0 
42. r=3 — 3соѕ0, г = 3cos0 


43. Suppose the red circle in Figure 8.2.15 is rotated clockwise about the 


origin by an amount 77/4. Show that a polar equation of the rotated graph is 


2202 


— 


given by 
r (5110 + cos@). 


44. (a) Sketch the circle whose equation is given in Problem 43. 


(b) Find the polar coordinates of all intercepts. 


(с) Find the rectangular coordinates of the center of the circle. 


(d) Find the rectangular coordinates of the points at the end of the diameter 


that passes through the origin and the center. 


In Problems 45 and 46, the given circle is rotated about the origin in the 
indicated direction and by the indicated amount. (a) Find a polar equation of 
the rotated circle (the red circle in the figure). (b) Use the polar equation of 
the rotated circle to find its standard-form rectangular equation. (c) Find polar 


and rectangular coordinates of the center of the rotated circle. 


45. r= 2с050; clockwise, 776 


г = 2 cos Ө 


Х 
Polar 
axis 


FIGURE 8.2.25 Graphs for Problem 45 


46. r= —sin0; counterclockwise, 3774 


x 
Polar 
axis 


r= —sin Ө 


FIGURE 8.2.26 Graphs for Problem 46 
Calculator/Computer Problems 


47. Use a graphing utility to obtain the graph of the bifolium г = 4sin@ cos20 
and the circle г = sinf on the same coordinate axes. Find all points of 


intersection of the graphs. 


48. Use a graphing utility to verify that the cardioid r = 1 + cos and the 
lemniscate г> = 4cos0 intersect at four points. Find these points of intersection 


of the graphs. 


In Problems 49 and 50, the graphs of the equations (a)-(d) represent a rotation 
of the graph of the given equation. Try sketching these graphs by hand. If you 
have difficulties, then use a graphing utility. 


49. r= 1 + sing 
(a) r= 1 + sin(0 — z/2) 
(b) r2 1+ sin(0 + 7/2 


(c) r= 1 + sin(0 — 7/6) 


(d) r= 1 + sin(0 + z/4) 

50. г= 2 + 4с050 

(а) r=2 + 4cos(0 + z/6) 

(b) r= 2 + 4cos(0 — 37/2) 

(c) г= 2 + 4с05(0 + л) 

(d) r=2 + 4cos(0 — л/8) 

51. Use a CAS to obtain graphs of the polar equation г = а + соѕ0 for 
3 5 

ЖЕТКІ 


52. Identify all the curves in Problem 51. What happens to the graphs as а > 
со? 


For Discussion 


In Problems 53 and 54, suppose ғ - f(0) is a polar equation. Graphically 
interpret the given property. 


53. f(—0) = f(0) (even function) 
54. f(—0) = —f(0) (odd function) 


55. Show that cos(20 — л) = —cos20 and sin(20 — л) = —sin20. Use these 
identities to discuss how the graphs of the polar equations in Problems 29 and 
30 are related to the graphs of г> = 25cos20 and ғ: = 9sin20. 


56. Find the polar equation г = f(0) of the red tangent line to the blue circle 
centered at the origin shown in FIGURE 8.2.27. 


№ 
Polar 
axis 


FIGURE 8.2.27 Graphs for Problem 56 


57. Suppose replacing (r, 0) by (—r, —0) in a polar equation results in the 


same equation. What can be said about the graph of the equation? 


58. Suppose replacing (r, 0) by (—r, л —0) in a polar equation results in the 


same equation. What can be said about the graph of the equation? 


59. Suppose replacing (ғ, 0) by (r, л + 0) in a polar equation results in the 


same equation. What can be said about the graph of the equation? 


60. (a) Use (ii) and (iii) of Theorem 8.2.1 to show that graph of the polar 


equation г? = 1 + cos@ is symmetric with respect to x-axis and to the origin. 


(b) As a consequence of the two symmetries demonstrated in part (a), the 
graph must also be symmetric with respect to the y-axis. Show, however, that 


(i) of Theorem 8.2.1 fails to prove this symmetry. 
(c) Find an alternative test that proves y-axis symmetry. 


(d) Use a graphing utility to obtain the graph the equation. [Hint: Use the 


functions F = V | ЭР COS 0 апа 


8.3 Conic Sections іп Polar Coordinates 


INTRODUCTION In Chapter 7 we derived equations for the parabola, 
ellipse, and hyperbola using the distance formula in rectangular coordinates. 
By using polar coordinates and the concept of eccentricity, we can now give 


one general definition of a conic section that encompasses all three curves. 


DEFINITION 8.3.1 Conic Section 


Let L be a fixed line in the plane called the directrix, and let F be 
a point not on the line called the focus. A conic section is the set 
of points P in the plane for which 


d(P, F) 
d(P,Q) | 


е 


where d(P, F) is the distance from P to Е, d(P, О) the distance 


from P to L, and e is positive constant called the eccentricity. 


A geometric interpretation of (1) is given in FIGURE 8.3.1. If 
e e= 1, the conic is a parabola, 
e 0 <е< 1, the conic is an ellipse, and 


* e> 1, the conic is a hyperbola. 


Р 


Р, Р) ЭР 
«АР. О)- 


Q 


F focus 


Directrix 


FIGURE 8.3.1 Geometric interpretation of (1) 


[ Polar Equations of Conics Equation (1) is readily interpreted using 


polar coordinates. Suppose F is placed at the pole and L is p units (p > 0) to 
the left of F perpendicular to the extended polar axis. We see from FIGURE 8.3.2 
that (1) written аз d(P, F) = ed(P, О) is the same as 


г = e(p + гсов0) or r — егсов0 - ер. (2) 


г cos Ө 


focus 


FIGURE 8.3.2 Polar coordinate interpretation of (1) 


Solving for r yields 


Lou ecosQ ` 


To see that (3) yields the familiar equations of the conics, let us superimpose a 
rectangular coordinate system on the polar coordinate system with origin at 
the pole and the positive x-axis coinciding with the polar axis. We then 


express the first equation in (2) in rectangular coordinates and simplify: 


+Мл? + у? = ех + ер 
х + у? = ex + 2е°рх + ep 
(1 — е2)л2 — 2epx + у? = ep. (4) 
Choosing е = 1, (4) becomes 
2 2 2 
—2px + y^ = p Or y? = 2р(х + 5р). 


Тһе last equation is the standard form of а parabola whose axis is the x-axis, 


M 
-1р,0 
vertex is at = | 


Е, whose focus is at the origin. 


ч 


5 and, consistent with the placement of 


It is a good exercise in algebra to show that (3) yields standard form equations 
of an ellipse in the case 0 < e « 1 and a hyperbola in the case e > 1. See 
Problem 49 in Exercises 8.3. Thus, depending on the value of e, the polar 
equation (3) can have three possible graphs as shown in FIGURE 8.3.3. 
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FIGURE 8.3.3 Graphs of equation (3) 


If we had placed the focus F to the left of the directrix in our derivation of the 
polar equation (3), then the equation г = ер/(1 + ecos0) would be obtained. 
When the directrix L is chosen parallel to the polar axis (that is, horizontal), 
then the equation of the conic is found to be either г = ep/(1 — esin0) or r = ep/ 


(1 + esin@). A summary of the preceding discussion is given next. 


THEOREM 8.3.1 Polar Equations of Conics 


A polar equation of the form 


_ ер 
1 = есов0 
P 


| + еѕіпе 


r 


" 


is a conic section with focus at the origin and axis along a 
coordinate axis. The axis of the conic section is along the x-axis 
for equations of the form (5) and along the y-axis for equations 
of the form (6). The conic is a parabola if e = 1, an ellipse #0 
« e « 1, and a hyperbola if e > 1. 


Identifying Conics 


Identify each of the following conics (a) 


h 
r — ~ 
| — 25110 
3 81 П (b) 

4 + cosé 
Solution (a) A term-by-term comparison of the given equation with the polar 


form г = ep/(1 — esin0) enables us to make the identification e = 2. Hence the 


conic is a hyperbola. 


(b) Іп order to identify the conic section, we divide the numerator and the 


denominator of the given equation by 4. This puts the equation into the form 


4 |ә 


r= 
| р 


= |-- 
е 
© 
ғ; 
ma 


е | 


Then by comparison with r = ep/(1 + ecos0) we see that 
Hence the conic is an ellipse. 


[ Graphs A rough graph of a conic defined by (5) or (6) can be obtained by 


knowing the orientation of its axis, finding the x- and y-intercepts, and finding 


the vertices. In the case of (5), 


• the two vertices of the ellipse or a hyperbola occur at 0 = 0 and 0 = л; the 


vertex of a parabola can occur at only one of the values: 0 = 0 or 0 — zr. 
For (6), 


• the two vertices of an ellipse or a hyperbola occur at 0 = 7/2 and 0 = 377/2; 
the vertex of a parabola can occur at only one of the values: 0 = z/2 or 0 = 
37/2. 


Graphing a Conic 


4 
F m ! | А ^ 
Graph 3 m 2 5 1 П 0 | 


Solution By writing the equation as 


| E 


== 
| 
көшім 


35110 


we see that the eccentricity 


31-32 


18 „Л and so the conic is an ellipse. Moreover, because the 
equation is of the form given in (6), we know that the axis of the ellipse is 


vertical along the y-axis. Now in view of the discussion preceding this 
example, we obtain: 


vertices: (4, 7/2 


Ji 
x-intercepts: (3,0), (5 


Тһе graph of the equation is given in FIGURE 8.3.4. 
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FIGURE 8.3.4 Graph of polar equation in Example 2 


Graphing a Conic 


p = | 
Graph | m COS 0 : 


Solution Inspection of the equation shows that it is of the form given in (5) 
with e = 1. Hence the conic section is a parabola whose axis is horizontal 
along the x-axis. Since r is undefined at 0 — 0, the vertex of the parabola 


occurs at д = л: 


vertex: TA т) 
y-intercepts: (1, 7/2), (1, 37/2). 


Тһе graph of the equation is given in FIGURE 8.3.5. 
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FIGURE 8.3.5 Graph of polar equation in Example 3 


Graphing a Conic 


2 


— 


ЭР 1 + 2cosé 


Solution From (5) we see that e = 2 and so the conic section is a hyperbola 
whose axis is horizontal along the x-axis. The vertices, the endpoints of the 
transverse axis of the hyperbola, occur at 0 = 0 and at 0 = zr 


0), (—2, т) 


vertices: (3, 
(2, т/2), (2, 3т/2). 


y-intercepts: 


Тһе graph of the equation is given in FIGURE 8.3.6. 
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FIGURE 8.3.6 Graph of polar equation in Example 4 


[ Rotated Conics We saw in Section 8.2 that graphs of r = f(0 — y) and r= 
fO + у), y > 0, are rotations of the graph of the polar equation r = (0) about 


the origin by an amount y. Thus 


ep ep 
gue ЖЕЗ cs rr - -; 
1 = ecos(@ — y) | conics rotated 1 = ecos(0 + y conics rotated 
counterclockwise clockwise 
= ep about the origin й ер about the origin 
І + esin(@ — y) 1 + esin(0 + y) 


г = 


Rotated Conic 
In Example 2 we saw that the graph of the polar equation 


4 
3 m 2 $] П 0 is an ellipse with major 


axis along the y-axis. This is the blue graph in FIGURE 8.3.7. The graph of 


p = 


4 
3 um 2sin(0 ЕЕ 27/3) is the red graph 


in Figure 8.3.7 and is a counterclockwise rotation of the blue graph by the 


amount 27/3 radians (or 1209) about the origin. The major axis of the red 


graph lies along the radial line 0 = 77/6. 


FIGURE 8.3.7 Graphs of polar equations in Example 5 


[ Applications Equations of the type in (5) and (6) are well suited to 


describe a closed orbit of satellite around the Sun (Earth or Moon) since such 
an orbit is an ellipse with the Sun (Earth or Moon) at one focus. Suppose that 
an equation of the orbit is given Бу г = ep/(1 — ecos0), 0 < e < 1, and 7 is the 
value of г at perihelion (perigee or perilune) and ra is the value of ғ at 
aphelion (apogee or apolune). These are the points in the orbit, occurring on 
the x-axis, at which the satellite is closest and farthest, respectively, from the 
Sun (Earth or Moon). See FIGURE 8.3.8. It is left as an exercise to show that the 


eccentricity e of the orbit is related to rp and ra by 


яаг 
е = Е (7) 
Га f 


Satellite 


Perihelion 


Aphelion 


FIGURE 8.3.8 Orbit of satellite around the Sun 


Polar Equation of an Orbit 


Find a polar equation of the orbit of the planet Mercury around the Sun if rp = 
2.85 x 107 miles and ra = 4.36 х 107 miles. 


Solution From (7), the eccentricity of Mercury's orbit is 


— 4.36 x 107 + 2.85 x 107 


2 


— 0.21. 


Hence 


0.21p 
— ] — 021cos0 


r 


Mercury is the closest planet to the Sun 
Courtesy of Mariner 10, Astrogeology Team, and USGS 


АП we need to do now is to solve for the quantity 0.21p. To do this we use the 


fact that aphelion occurs at 0 - 0: 
0.21р 


4.36 X 10’ = ———_.. 
1 — 0.21 


The last equation yields 0.21p = 3.44 x 107. Hence a polar equation of 


Mercury’s orbit is 


3.44 х 107 
r = —————— БЕЙ 


~ | — 021со50” 


Exercises 8.3 Answers to selected odd-numbered 
problems begin on page ANS-28. 


In Problems 1-10, determine the eccentricity, identify the сопіс, and sketch its 
graph. 


2 


2 


16 


А 2 + 25 in 6 
; | + 2sin0 


-4 


7 —————— 
" cos@ — | 


18 
А 3 — 6cos0 
4 csc 0 
: 3csc@ + 2 
6 
r= —— 
9. | — cos б 
2 
gu SE 
T 2 + 5cos0 


In Problems 11-14, determine the eccentricity e of the given conic. Then 


convert the polar equation to a rectangular equation and verify that e = c/a. 
в — "HER. 
" | + 25110 


12 
" 3 — 2cos0 
2V3 
ке ==, 
7 4/3 + sing 


In Problems 15 and 16, convert the polar equation to а rectangular equation. 
Use the rectangular equation to verify that the focus of the conic is at the 


origin. 


P 


Жо - 
T | + 8110 


| 


16. | ни cos 


In Problems 17—22, find a polar equation of the conic with focus at the origin 


that satisfies the given conditions. 


ШЕ ce атеспох e S) 


^7 
3 — 21 
C — 5 
18. ЕСО 
Э 
g = = 
е 1 


19. 4, directrix y = —2 


е 


20. 


>| — 


, directrix x = 4 


21. е= 2, directrix x= 6 
22. e = 1, directrix у--2 


23. Find a polar equation of the conic in Problem 17 if the graph is rotated 


clockwise about the origin by an amount 27/3. 


24. Find a polar equation of the conic in Problem 18 if the graph is rotated 


counterclockwise about the origin by an amount 7/6. 


In Problems 25-30, find a polar equation of the parabola with focus at the 


origin and the given vertex. 


(3. 37/2) 


26. (2,7) 


25. 


(5, т 


28. (2,0) 


29. e 35/2) 


(5, 7/2) 


In Problems 31-36, identify the given rotated conic. Find the polar 


27. 


[3 |ә 
ый 


coordinates of its vertex or vertices. 


" | + cos(0 — 7/4) 


Л 3 + 2cos(0 — т/3) 
10 

" 2 = sin(@ + 77/6) 
6 

” 1 + 2810 + 7/3) 
3 

T 2 — 3cos(0 + т/2) 
2 


— 


” 3 — 38410 — т) 
Applications 


37. Perigee Distance A communications satellite is 12,000 km above the 
Earth at its apogee. The eccentricity of its elliptical orbit is 0.2. Use (7) to find 


its perigee distance. 


38. Orbit Find a polar equation r = ep/(1 — ecos0) of the orbit of the satellite 
in Problem 37. 


39. Earth's Orbit Find a polar equation of the orbit of the Earth around the 


Sun if rp = 1.47 x 10skm and ra = 1.52 х 10skm. 


40. Comet Halley (a) The eccentricity of the elliptical orbit of Comet Halley 
is 0.97 and the length of the major axis of its orbit is 3.34 x 10» mi. Find a 


polar equation of its orbit of the form r = ep/(1 — ecos0). 


(b) Use the equation in part (a) to obtain rp and ға for the orbit of Comet 
Halley. 


Next visit of Comet Halley to the Solar System will be in 2061 
€ Datacraft/age fotostock 


Calculator/Computer Problems 


In Problems 41-44, use a graphing utility to graph the given two polar 


equations on the same coordinate axes. 


4 
4 + 


à. 6-3віп0 | 6 —3sin(@ — T) 
2 2 

43. Ён l= sing” йа | - sin(0 + 37/4) 

44. 3 + 5сов0” 3 + 5cos(0 — 21/3) 


Recent History The orbital characteristics (eccentricity, perigee, and major 
axis) of a satellite near the Earth gradually degrade over time due to many 
small forces acting on the satellite other than the gravitational force of the 
Earth. These forces include atmospheric drag, the gravitational attractions of 
the Sun and the Moon, and magnetic forces. Approximately once a month tiny 
rockets are activated for a few seconds in order to "boost" the orbital 
characteristics back into the desired range. These rocket engines are turned on 
longer to make a major change in the orbit of a satellite. The most fuel- 
efficient way to move from an inner orbit to an outer orbit, called a Hohmann 
transfer orbit, is to add velocity in the direction of flight at the time the 
satellite reaches perigee on the inner orbit, follow the Hohmann transfer 
ellipse halfway around to its apogee, and add velocity again to achieve the 
outer orbit. A similar process (subtracting velocity at apogee on the outer orbit 
and subtracting velocity at perigee on the Hohmann transfer orbit) moves a 
satellite from an outer orbit to an inner orbit. This transfer orbit is named after 
the German engineer and astronomy/astronautics enthusiast Walter 
Hohmann (1880-1945) who first proposed it in his book The Attainability of 
the Celestial Bodies published in 1925. 


In Problems 45-48, use a graphing utility to obtain the graphs of the given 
three polar equations on the same rectangular coordinate system. Use different 


colors for each graph. 


24 

м 

45. Inner orbit | zs 0.2 COS 0. 
32 


Sal 12022112 
Hohmann transfer | ps () Ы 6 CO 5 Ө ) 
26 


Pa 
um | + 0.3cos0 
3.5 


= 
46. Inner orbit | + ( ). | £ 05 0 


Тог 5 
Hohmann transfer | "T 0 + D COS 0 | 


~ 


f = Ee 
outer orbit | "is 0. | C OS 0 
47. Inner orbit г = 9, Hohmann transfer 


i 15.3 
| + О. 7cosO тэг 


] Y 
48. Inner orbit | + 0. Joc кек 0 


22 | + 0.0 


For Discussion 


49. Show that (2) yields standard form equations of an ellipse in the case 0 < 
e < 1 and a hyperbola in the case e > 1. 


50. Use the equation r = ер/(1 — ecos0) to derive the result in (7). 


8.4 Parametric Equations 


Calculus 
PREVIEW 


INTRODUCTION Rectangular equations and polar equations are not the 
only, and often not the most convenient, ways of describing curves in the 


coordinate plane. In this section we will consider a different way of 


representing a curve that is important іп many applications. Let's consider one 
example. The motion of a particle along a curve, in contrast to a straight line, 
is called curvilinear motion. If it is assumed that a golf ball is hit off the 
ground, perfectly straight (no hook or slice), and that its path stays in a 
coordinate plane as shown in FIGURE 8.4.1, then it can be shown that its x- and 


y-coordinates at time f are given by 


X = (700500), у = —igr + (vosinbo)t, (1) 


where 6o is the launch angle, vo is its initial velocity, and g — 32 ft/s» is the 
acceleration due to gravity. These equations, which give the golf ball's 
position in the coordinate plane at time f, are said to be parametric 
equations. The third variable t in (1) is called a parameter and is restricted to 
some interval defined by 0 < г < T, where t = О gives the origin (0, 0), and г 
= Tis the time the ball hits the ground. 


y 
| " (x, y) 


62 Оо 


FIGURE 8.4.1 Path of golf ball 


In general, a curve in a coordinate plane can be defined in terms of parametric 


equations. 


DEFINITION 8.4.1 Plane Curve 


A plane curve is a set C of ordered pairs (f(t), g(t)), where f and g 
are functions defined on a common interval I. The equations 


у= g(t), fortin/ 


are called parametric equations for C. The variable t is called a 


parameter and I is called the parameter interval. 


It is also common practice to refer to x = f(f), y = g(t), for t in J, as a 


parameterization for C. 


The graph of a plane curve C is the set of all points (x, y) in the coordinate 
plane corresponding to the ordered pairs (f(t), (0). Hereafter, we will refer to 


a plane curve as a curve or as a parameterized curve. 


Graph of a Parametric Curve 


Graph the curve C that has the parametric equations 


Solution As shown in the accompanying table, for any choice of / in the 
interval [-1, 2], we obtain a single ordered pair (x, y). By connecting the 


points with a curve, we obtain the graph in FIGURE 8.4.2. 


FIGURE 8.4.2 Curve in Example 1 


t -1 -i 0 i 1 3 2 
x | i 0 i | 3 4 
у -I -і 0 i | 7 |8 - 


In Example 1, if we think in terms of motion and ż as time, then as t increases 
from —1 to 2, a point P defined as (0, 13) starts from (1, —1), advances up the 
lower branch to the origin (0, 0), passes to the upper branch, and finally stops 
at (4, 8). In general, as we plot points corresponding to increasing values of 
the parameter, the curve С is traced out by (Кр, g(1)) in a certain direction 
indicated by the arrowheads on the curve in Figure 8.4.2. This direction is 


called the orientation of the curve C. 


A parameter need have no relation to time. When the interval / over which f 


and g in (1) are defined is a closed interval [a, b], we say that (f(a), g(a)) is the 


initial point of the curve С and that (f(b), g(6)) is its terminal point. In 
Example 1 the initial point is (1, —1) and the terminal point is (4, 8). If the 


terminal point is the same as the initial point, that is, 
(f(a).g(a)) = (f(b), g(d)), 


then C is a closed curve. If C is closed and does not cross itself, then it is 
called a simple closed curve. In FIGURE 8.4.3, A and B represent the initial and 


terminal points, respectively. 


A 


(a) Plane curve (b) Simple closed curve (c) Closed but not simple 


FIGURE 8.4.3 Some plane curves 


The next example illustrates a simple closed curve. 


A Parameterization of a Circle 


Find a parameterization for the circle x2 + y2 = a». 


Solution The circle has center at the origin and radius a. If 1 represents the 
central angle, that is, an angle with vertex at the origin and initial side 


coinciding with the positive x-axis, then as shown in FIGURE 8.4.4 the equations 


X =acost, у = аѕіпі, 0=1=27 (2) 


give every point P on the circle. For example, at 2 0 we get x = a and y = 0; 
in other words, the initial point is (а, 0). The terminal point corresponds to t = 
2л and is also (а, 0). Since the initial and terminal points are the same, this 
proves the obvious: the curve C defined by the parametric equations in (2) is a 
closed curve. Note the orientation of C in Figure 8.4.4; as t increases from 0 to 


27, the point P traces out C in a counterclockwise direction. 


FIGURE 8.4.4 Circle in Example 2 


[ Changing the Parameter Interval In Example 2, if we wish to describe 


two complete counterclockwise revolutions around the circle, we modify the 


parameter interval by writing 


X —acost, y —asint, 0=1= 4r. 


On the other hand, we can describe portions of the circle by again modifying 
the parameter interval. For example, the upper semicircle x2 + у> = a», 0 < y 


< a, is defined parametrically by restricting the parameter interval to (0, zz], 


х = acost, y=asint, 0<1-<т. 


Observe that when f = л, the terminal point is now (-а, 0). As seen in FIGURE 
8.4.5(a) the orientation of the curve is counterclockwise. The same equations 


with a different parameter interval 


x = асоѕі, y = asinf, -т/2 Sts 7/2, 


define the semicircle shown in Figure 8.4.5(b). The value t = -л/2 gives the 
initial point (0, —a) and 1 = z/2 gives the terminal point (0, a). Unlike the 
semicircle in Figure 8.4.5(a) the orientation of the curve in Figure 8.4.5(b) is 


seen to be clockwise. 


(0, a) 


(0, -а) 


(D-z2stssi 


FIGURE 8.4.5 Semicircles obtained from x = a cos t, y = asin t by 


restricting the parameter interval 


[ Ellipse It can also be seen from Figure 8.4.4 that a parameterization of an 


ellipse x2/a2 + y2/b2 = 1 is 


X = асоѕі, y = bsint, Ox f x 27. 


Portions of the ellipse or changing the orientation of the parameterized curve 


can be done as illustrated in the preceding discussion. 


[ Eliminating the Parameter Given a set of parametric equations, we 
sometimes desire to eliminate or clear the parameter to obtain a rectangular 
equation for the curve. There is no well-defined method of eliminating the 
parameter; the method is dictated by the parametric equations. For example, 
to eliminate the parameter in (2), we simply square x and y and add the two 


equations: 


x + у’ = dicos?t + dÜsit implies xX +y = а? 


since sinof + coset = 1. In the next example, we illustrate a substitution 
method. 


Eliminating the Parameter 


(a) In the first equation in (1) we can solve for / in terms of x and then 
substitute 1 = х/(уосов0о) into the second equation. This gives an equation 


involving only the variables x and y: 


9 > m 
Е (tanfo). 
| 2(vgcos 05)* ° 


Since vo, 6o, and g are constants, the last equation has the form y = ax» + bx 


and so the trajectory of any projectile launched at the angle 0 < ĝo < z/2 is a 


parabolic arc. 


(b) In Example 1, we can eliminate the parameter by solving the second 


equation for t in terms of y and then substituting in the first equation. We find 


1/3 


[= y^ andso х= (yl? = y^^; 


The curve shown in Figure 8.4.2 is only a portion of the graph of x = уз. For 
— < t < 2, we have correspondingly -1 < y < 8. Thus, a rectangular 


equation for the curve in Example 1 is given by x = уз, -1 < у < 8. 


[ Different Parameterizations A curve C can have more than one 


parameterization. For example, an alternative parameterization for the circle 


in Example 2 is 


x =acos2t, у = asin2t, 0:1:1т. 


Note that the parameter interval is now |0, zz]. We see that as / increases from 


0 to zz, the new angle 21 increases from 0 to 27r. 


Alternative Parameterizations 


(a) Consider the curve C that has the parametric equations x = t, y = 2р, — e» < 
t < co, We can eliminate the parameter by using t = x and substituting in y = 
20. This gives the rectangular equation у = 2x» that we recognize as а 
parabola. Moreover, since сә < f < ee is equivalent to — < x оо, the point 


(t, 212) traces out the complete parabola y = 2x», - о < x со, 


(b) An alternative parameterization of the curve C in part (a) is given by x = 
13/4, y = 16/8, оо «| < œ. Using В = 4x and substituting in у = 1/8 or y = (t5 - 
13)/8 gives y = (4x)2/8 = 2x». Moreover, - со < | «ee implies – • < fs < о and 


50-59 ХХ о, 


We note іп Example 4 that a point on the curve C need not correspond to the 
same value of the parameter in each set of parametric equations for C. For 


бх 8, (il, 22) is ШЕШЕ! foe 6 = 1 іш x = my = Be, mW 


[ 4 yields (1, 2) in x = 65/4, y = 168. 


Example 4 Revisited 


One has to be careful when working with parametric equations. Eliminating 
the parameter in x = В, y = 2t4, —œ < 1 < ee, would seem to yield the same 
parabola y = 2x2 as in Example 4. However, this is not the case because for 
any value of f, satisfying -се < f < о, we have t» > 0 and so x > 0. In other 
words, the last set of equations x = f», y = 2t4, —w < f < о is a parametric 
representation of only the right-hand branch of the parabola, that is, y = 2x», 0 


% S о, 


Proceed with caution when eliminating the parameter. 


Eliminating the Parameter 


Consider the curve C defined parametrically by 


x= sint, y = cos2t, Or 7/2. 


Eliminate the parameter and obtain a rectangular equation for C. 


Solution Using the double-angle formula со$21 = cos»t — sin»t, we can write 


cos*t — sint 

= (1 — sin? л) — sin”? 
| - 
1 — 


~ 71 < substitute sint = x 


Now the curve C described by the parametric equations does not consist of the 
complete parabola, that is, y = 1 — 2x2, — о < x < ee. See FIGURE 8.4.6(a). For 0 
< t < л/2 we have 0 < sint < Тапа -1 < сов2/ < 1. This means that С is 
only that portion of the parabola for which the coordinates of а point Р(х, y) 
satisfy 0 < x < Тапа -1 < y < 1. The curve C, along with its orientation, is 
shown in Figure 8.4.6(b). A rectangular equation for C is y = 1 — 2x2 with the 


restricted domain 0 < x < 1. 


(b) x = sin f, y = cos 2t, 
0<1<л/2 


FIGURE 8.4.6 Curve C іп Example 6 


[ Intercepts We can get intercepts of a curve C without finding its 
rectangular equation. For instance, in Example 6 we can find the x-intercept 
by finding the value of / in the parameter interval for which y - 0. The 
equation cos2t = 0 yields 21 = 7/2 so that t = л/4. The corresponding point at 


2/2, О 


which C crosses the x-axis 1$ % . Similarly, the 
y-intercept of С is found by solving x = 0. From sin t = 0 we immediately 


conclude 1 = 0 and so the y-intercept is (0, 1). 


[ Applications of Parametric Equations Cycloidal curves were a 
popular topic of study by mathematicians in the seventeenth century. Suppose 
a point P(x, y), marked on a circle of radius a, is at the origin when its 
diameter lies along the y-axis. As the circle rolls along the x-axis, the point P 


traces out a curve C that is called a cycloid. See FIGURE 8.4.7.* 


CIOICT SIG) 


(a) Circle rolling on x-axis 


2ла 


(b) Point P on the circle traces out this curve 


FIGURE 8.4.7 Curve in red is a cycloid 


Two problems were extensively studied in the seventeenth century. Consider 
a flexible (frictionless) wire fixed at points A and B and a bead free to slide 
down the wire starting at P. See FIGURE 8.4.8. Is there a particular shape of the 
wire so that, regardless of where the bead starts, the time to slide down the 
wire to B will be the same? Also, what would the shape of the wire be so that 
the bead slides from P to B in the shortest time? The so-called tautochrone 
(same time) and brachistochrone (least time) were shown to be an inverted 


half-arch of a cycloid. 


FIGURE 8.4.8 Sliding bead 


Parameterization of a Cycloid 


Find a parameterization for the cycloid shown in Figure 8.4.7(b). 


Solution A circle of radius a whose diameter initially lies along the y-axis 
rolls along the x-axis without slipping. We take as a parameter the angle 0 (in 
radians) through which the circle has rotated. The point P(x, y) starts at the 
origin, which corresponds to 0 = 0. As the circle rolls through an angle 0, its 


distance from origin 18 Ше агс 


РЕ — ОЕ — ад From FIGURE 8.49 we 


then see that the x-coordinate of P is 


x = OE — QE = аб — азтб. 


FIGURE 8.4.9 Cycloid іп Example 7 


Now the y-coordinate of P is seen to be 
у = CE — CD = a — асов56. 


Hence parametric equations for the cycloid are 


X = af — asinÜ, у = a — асоѕ0. (3) 


As shown in Figure 8.4.7(a), one arch of a cycloid is generated by one 


rotation of the circle and corresponds to the parameter interval 0 < 0 27. 


Kimbell Art Museum 
© Aneese/Shutterstock 


The roofs of the parallel vaults of the Kimbell Art Museum in Fort Worth, 


Texas are cycloidal arches. 
[ Parameterizations of Rectangular and Polar Curves A curve C 


described by a continuous function y - f(x) can always be parameterized by 


letting x = t. Parametric equations for C are then 


x-t у= (0). (4) 


Also, it is sometimes convenient to use parametric equations to plot the 
graphs of polar equations. This can be done using the conversion formulas x = 
гсоѕ0, у = ғвіп0. Similarly, if r = f(0), а <0 < f describes a polar curve C, 


then a parameterization for C is given by 


х —f(0)cos0, у = f(0)sinO, а =0 = В. (5) 


Parameterization of a Rectangular Curve 


Find a parameterization of 


Их) = Ух-1 


Solution If we let x = t, then from (4) a parameterization of the curve defined 
by fis 


х=, у= Vt-l, 11<%. 


Alternative Solution A curve can have many different parameterizations. If 


we let x — 1 = t, then another parameterization of the curve defined by fis 


х=1+1, у= Vt 0xt«ec. ge 


Note that the parameter interval is also changed. 


Parameterization of a Polar Curve 


Find a parameterization of the cardioid r= 1 + sind. 


Solution With the identification (0) = 1 + sind and the knowledge that a 
complete cardioid is generated by allowing the values of 0 range over the 
interval (0, 277], it follows from (5) that a parameterization of the polar curve 
defined by f'is 


x= (1 + sin@)cosé, у = (1 + sind)sing, 0=0= 27. ЕЕ 


NOTES FROM THE CLASSROOM 


© Corbis 


Іп this section we have focused on plane curves, curves С 
defined parametrically in two dimensions. In the study of 
multivariable calculus you will see curves and surfaces in three 
dimensions that are defined by means of parametric equations. 
For example, a space curve C consists of a set of ordered triples 
(КӨ, gt), h), where f, g, and h are defined оп a common 
interval. Parametric equations for C are x = f(t), y = g(t), z = 
h(t). For example, the circular helix such as shown in FIGURE 
8.4.10 is a space curve whose parametric equations are 


х-асові, у = acost, z= bt, 120. (6) 


Surfaces in three dimensions can be represented by a set of 
parametric equations involving two parameters, x — f(u, v), y — 
gu, v), z = h(u, v). 


For example, the circular helicoid shown in FIGURE 8.4.11 arises 
from the study of minimal surfaces and is defined by the set of 
parametric equations similar to those in (6): 


X = ucosv, у= usinv, z= bv, 


where b is a constant. The circular helicoid has a circular helix as 
its boundary. You might recognize the helicoid as the model for 
the rotating curved blade in machinery such as post hole diggers, 


ісе augers, and snow blowers. 


FIGURE 8.4.10 Circular helix 


DNA is a double helix 


Helical antenna 


FIGURE 8.4.11 Circular helicoid 


Exercises 8.4 Answers to selected odd-numbered 
problems begin on page ANS-28. 


In Problems 1 and 2, fill in the table for the given set of parametric equations. 


Find the x- and y-intercepts. Sketch the curve and indicate its orientation. 


1Х5142,у-34414, -хо«(« wo 


Іп Problems 3-10, sketch the curve that has the given set of parametric 


equations. 
3. х=1- 1,у=21- 1,-1 < 1 < 5 


4. х=2- 1,у= 31-2 < 15 3 


„х= Міу-5-і, 1=0 


E 


6. x2b*ly-2b-Ll-2sts2 

To #23003 is y = Sm dU 22829277 

8. x23-«2sinf, y 24 + sin t, —a/2 < t < л/2 
0) edges Sm 

10. х--е,у-е-,1 > 0 


In Problems 11-18, eliminate the parameter from the given set of parametric 


equations and obtain a rectangular equation that has the same graph. 
П. x2t,y2t-35—-1 

12. х-їз-144,у--2(3-1) 

13. х =cos2t, y = sin t, —л/2 < t < л/2 

14. x=e, y=Int,t>0 

Це» 2S, ves ni ge 

16. x =tant, у- 2 sec t, -л/2 < 1 < л/2 

ПО Асобу оО 077 

18. х--І + со, у= 2 +510 < t < 27 


In Problems 19-24, graphically show the difference between the given curves. 


ПО) = апды ып У 


х = —Vt,y-t 


20. у = x2 and 2 
12 
X — 


21. « 


апах-2,у-р-|1,-І < Іі <2 


22. y=—x2 and x =e, у= —ex, t > 0 


23. x y: = 1 and x = cosht, y=sinht < See (14) and (15) in Section 6.5. 


24. y=2x-2andx=nh-1,y=2n-4 


In Problems 25-28 graphically show the difference between the given curves. 


Assume that a > 0 and b > 0, 
Ac (соз = алто fr S ae 


еее (ІІ у = ас oS USE S ae 


IA 
= 
I^ 
© 
3 


26. х= асоѕ і, у= bsint, a» b, т 
= CSN e у= (EOS ару л SS Dae 
27. х= acos t, y = asin t, —7/2 < t < л/2 


х = acos2t, у = asin2t, -л/2 < t < л/2 


t 201 
x = acos—,y = авіп-, 05:51: 
28. 2: 2 


t | t | 
x = acos| —— | у = as ==], === 
х = асс ( 3 у asin( 3 тп=1= 0 


In Problems 29-32, find the x- and y-intercepts of the given curves. 


29. x=h-2t,y=t+1,-2 < 1<4 


30. x=t2+t,y=t2+1—6,—5 < 1< 5 
31. х= 1 + 250$ 6 у= 1 + 2510,0 < t < 27 
32. x=1+sint, y=sint—cost,0 < t < 27 


33. Show that parametric equations for a line through (xi, у!) and (x2, y2) are 


х = Х| + (Х,— Ху, y =y + (у у), 0 <1< о, 


What do these equations represent when 0 < г < 1? 


34. (a) Use the result of Problem 33 to find parametric equations of the line 
through (-2, 5) to (4, 8). 


(b) Eliminate the parameter in part (a) to obtain a rectangular equation for the 


line. 


(c) Find parametric equations for the line segment with (—2, 5) as the initial 


point and (4, 8) as the terminal point. 
Applications 


35. Fore! A famous golfer can generate a club head speed of approximately 
130 mi/h or vo = 190 ft/s. If the golf ball leaves the ground at an angle 6o = 
459, use (1) to find parametric equations for the path of the ball. What are the 
coordinates of the ball at t= 2 s? 


36. Use the parametric equations obtained in Problem 35 to determine 
(a) how long the golf ball is in the air, 

(b) its maximum height, and 

(c) the horizontal distance that the golf ball travels. 


37. Piston Motion As shown in FIGURE 8.4.12, а piston is attached by means 


of a rod of length Г to a circular crank mechanism of radius r. Parameterize 


the coordinates of the point P in terms of the angle shown іп the figure. 


Piston 


FIGURE 8.4.12 Crank mechanism in Problem 37 


38. Witch of Agnesi Consider a circle of radius a, which is tangent to the x- 
axis at the origin. Let B be a point on the horizontal line у = 2a and let the line 
segment OB cut the circle at point A. As shown in FIGURE 8.4.13, the projection 
of AB on the vertical gives the line segment BP. Using the angle 0 in the 
figure as a parameter, find parametric equations of the curve traced by the 
point P as A varies around the circle. The curve, more historically famous 


than useful, is called the witch of Agnesi.* 


УА 
В 


ХХ, 


4/ 


О 


» X 


FIGURE 8.4.13 Witch of Agnesi in Problem 38 
Calculator/Computer Problems 


In Problems 39-44, use a graphing utility to obtain the graph of the given set 


of parametric equations. 


39. x =4sin2t, y 2510 < г < 27 


40. х = 6cos3t, у = 451124 0 < t < 27 

41. x = 6sindt, y = 4sint, O < t < 27 

42. x=cost+tsint, y 2sint—fcost, 0 < t < 3m 
43. x = 4cos t — cos4t, y = Asint — sindt, 0 < t < 27 
44. x cost, у = simt, 0 < t < 27 


45. Іп FIGURE 8.4.14 a blue circle of radius a rolls to the right without slipping 


on а horizontal line which we take to be the x-axis. The parametric equations 


X = at — bsinf, y = a — рсоѕі (6) 


y 


FIGURE 8.4.14 Rolling circle in Problem 45 


describe a family of curves, called trochoids, that are traced out by a point P 
that is located a distance b from the center of the blue circle. Note that the 
equations of a cycloid, (3) in Example 7, define a special trochoid when P lies 
on the circumference of the circle, that is, when b = a. If b < a, then the point 
P lies inside the circle and a trochoid is called a curtate cycloid. Use a 
graphing utility to obtain the graphs of the equations in (6) for the following 


cases. Use the parameter interval [0, 877]. 


(а) @=2, b= 1 


(b) а-1,5-0.9 


(d) а-3,5-23 


As a bicycle tire rotates the reflector іп its spokes travels in a 
curtate cycloid 


© Basov Mikhail/ShutterStock 


Some violin makers create the arching of the back plate using а 
series of parallel arches in the shape of curtate cycloids 


© StudioSource / Alamy 


46. If b > ain Problem 45, then the point P in Figure 8.4.14 lies outside the 
blue circle and the trochoid is called a prolate cycloid. Use a graphing utility 
to obtain the graphs of the equations in (6) for the following cases. Use the 
parameter interval |-7, 97r]. 


(E) rem ie 
(0) e tl loe s 
(©) @=2, nes 25 


,b=4 


In Problems 47-50, use (4) to parameterize the curve whose polar equation is 


given. Use a graphing utility to obtain the graph of the resulting set of 
parametric equations. 


а 


(4) 


b3l[— 


г = 2sin—, 0 = 0 = 87 


е» 
ІЛ 
D 
ІЛ 
сл 
= 


© 
ІЛ 
D 
ІЛ 
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For Discussion 


51. In FIGURE 8.4.15 the graphs of the parametric equations x = f(t), у = g(f) are 
given, respectively, in the tx- and ty-planes. From these graphs, sketch the 


plane curve C defined by these parametric equations in the xy-plane. 


52. The plane curve C defined by the parametric equations x = f(t), y = g(f) is 
given in FIGURE 8.4.16. From this graph, sketch possible graphs of x = f(t) and y 
= g(t), respectively, in the tx- and ty-planes. 


FIGURE 8.4.15 Graphs for Problem 51 


FIGURE 8.4.16 Graph for Problem 52 


Chapter 8 Review Exercises Answers to 


selected odd-numbered problems begin on page 
ANS-29. 


A. Fill in the Blanks 


In Problems 1-20, fill in the blanks. 


1. The rectangular coordinates of the point with polar coordinates 
( = V2, IT /4) 


2. Approximate polar coordinates of the point with rectangular coordinates 
(—1, 3) аге F 


are . 


3. Polar coordinates of the point with rectangular coordinates (0, -10) are 


4. On the graph of the polar equation г = 4cos0, two pairs of coordinates of 


the pole or origin are 
5. The radius of the circle r = cos is Е: 


6. If a > 0, the center of the circle r = — 2asin@ is 


p = - | 
7. Тһе conic section 2 + J COS 0 isa 


8. In polar coordinates, the polar graph of 0 = 7/3 is а 


9. The name of the polar graph of r = 2  cos0 is 


12 
г = 


10. 2 + С О ы 0. center aa, foci 


‚ vertices __ 


11. If the points (r, 0) and (—r, 7 — 0) are on the graph of the polar equation r 
= f(0), then the graph is symmetric with respect to 


12. The graph of the polar equation г = 2 + 2sin(0 — z/4) is a : 


13. A polar equation of the circle passing through (0, 0) and center (10, 772) 


is 
14. The point P with polar coordinates (0, 1) is the 


15. The rose curve r - 4cos 90 has petals. 


16. If (r, 0) is a point on the graph of r = f(0), then the point (r, 9+ y), y > 0, 


is on the graph of r = f )b 


17. The interior loop of the limagon r 2 1 — 2sin0, 0 < 0 < 2л, corresponds 


to <0< 


18. If rois а constant, the set of points P with polar coordinates (ro, 0) is а 


19. The equations 
x=tt2y=3+4,-~<t<«x 


parameterization of a 


Pare a 


20. The point on the curve C defined by the parametric equations x = —4 + 
2cos t, y = 2 + sin t,— œ X f € ee, corresponding to t = 57/2 is 


B. True/False 


In Problems 1—20, answer true or false. 
1. Rectangular coordinates of a point in the plane are unique. 
2. The graph of the polar equation r = 5 sec 0 is a line. 


3. (3,1/6) and (—3, -5л/6) are polar coordinates of the same point. 


в Я 
4. The graph of the ellipse | 5 mn ^ 1 П 0 


is nearly circular. 
5. The graph of the rose curve г = 5sin60 has 6 petals. 
6. The graph of r = 2 + 4siné is a limaçon with an interior loop. 


7. The graph of the polar r» - 4sin20 is symmetric with respect to the origin. 


8. The graphs of the cardioids г = 3 + 3cos0 and г = —3 + 3с050 are the same. 


9. The point (4, 37/2) is not оп the graph of r = 4cos20, because its 


coordinates do not satisfy the polar equation. 


10. The polar equation rsin 20 = 1 has the same graph as the rectangular 


y] 


FL — 


Г — 


equation +» 


11. The terminal side of the angle 0 is always in the same quadrant as the 


point (r, 0). 
12. The eccentricity e of a parabola satisfies 0 < e < 1. 


13. The graph of the polar equation tand = 7 is a line through the origin. 


14. The polar coordinates of the point of intersection of the lines rcos@ = 1 


and rsin@ = 1 are (1, 1). 
15. The graphs of the polar equations r = —5 and г = 5 are the same. 


16. The transverse axis of the hyperbola 


2 
2 + 3 COS 0 lies along the x-axis. 


үз 


17. If ais a constant, then the graph of the polar equation r = a is a line. 


18. If (r, 0) are polar coordinates of a point P, then for every nonnegative 


integer и, (ғ, 0 + 2nz) are also polar coordinates of Р. 


19. The curve C with parametric equations x = е, y = e: — 5, —ee <1< ee is 


the same as the graph of the rectangular equation y = x — 5. 


20. The curve С with parametric equations x = 1 + cost, y= 1 + sint, O < t 


< 27, is a circle of radius 1 centered at (1, 1). 
C. Review Exercises 


In Problems 1 and 2, find a rectangular equation that has the same graph as the 


given polar equation. 
1. r= cos0 + sind 
2. r(cos0 + sin) = 1 


In Problems 3 and 4, find a polar equation that has the same graph as the 


given rectangular equation. 
3. xot y -4yz0 
4. (x2 + y2 — 2x)2 = 9 + y2). 


5. Determine the rectangular coordinates of the vertices of the ellipse whose 


polar equation is r = 2/(2 — sind). 


6. Find a polar equation of the hyperbola with focus at the origin, vertices (in 


rectangular coordinates) й 2 апа (0, -4), and eccentricity 
2. 


In Problems 7 and 8, find polar coordinates satisfying (a) ғ > 0, -л < 0 < л, 


and (b) r < 0, —« 0 < л, for each point given in rectangular coordinates. 


(МЗ, — V3) 


4411 
154 


In Problems 9-20, identify and sketch the graph of the given polar equation. 


7. 


Ub PENS) 


10. 0 = -z/3 
11. = 55іп0 
12. г--4сов0 


13. r= 4 — 4cos0 
14. r= 1 + sing 
15. rz 2 + sin 
16. r= 1 – 2cos0 
17. г- sin30 


18. r= 3sin40 


% 
F — | 
19. 3 um 2 cos 
| 
py = | 
” | + cos0 


In Problems 21 and 22, find an equation of the given polar graph. 


21. 


X 
3 Polar 


axis 
FIGURE 8.R.1 Graph for Problem 21 
22. 
y 
—х 
3 Polar 
axis 


FIGURE 8.R.2 Graph for Problem 22 


In Problems 23 and 24, the graph of the given polar equation is rotated about 
the origin by the indicated amount. (a) Find a polar equation of the new graph. 


(b) Find a rectangular equation for the new graph. 


23. к= 2с050; counterclockwise, 77/4 


24. r= 1/(1 + cos0); clockwise, 77/6 


25. (а) Show that the graph of the polar equation 


г = 15110 + bcos0 


fora + O and b ж 0, іѕ а circle. 
(b) Determine the center and radius of the circle in part (a). 
(c) Does the case а - b have any graphical significance? 


26. (a) Find a rectangular equation that has the same graph as the given polar 
equation: rcoså = 1, rcos(0 — л/3) = 1, r= 1. Sketch the graph of each 


equation. 


(b) How аге the graphs of rcos@ = 1 and rcos(@ — 7/3) = 1 related? 


(5 24 2 ) 
(c) Show that rectangular point — is on the graphs of 


rcos(0 — 7/3) = 1 and = 


(d) Use the information in parts (a) and (c) to explain how the graphs of 


rcos(0 — 7/3) = 1 and r= 1 are related. 


27. Eliminate the parameter / and identify the curve C with parametric 


equations 


x(t) = 5 + tant, y(t) = sec*t, -т/2 < t < т/2. 


28. Without graphing, describe in words the graph of the polar equation 


| 
ГЕТЕ 


Ө , Where 0 > 0 is measured in radians. [Hint: 
Consider 0 > 0+ and 0 > оо.) 


In Problems 29 and 30, show the ellipse (Problem 29) and the hyperbola 
(Problem 30) has the indicated polar equation. In the polar equation e is the 


eccentricity of the conic. 


Э 2 Э 
х Уу А b* 
БЭ ий С аа 2. 2n 
29. а р | — e^cos^0 
9 9] ” 
x^ VÆ TE — р 
=-=- [l р PS ———— 
Э Э , Э е 2 
зо. а р | — егсов“0 


*For an animation of the rolling circle go to http://mathworld.wolfram.com/ 
Cycloid.html. 


*No, the curve has nothing to do with witches and goblins. This curve, called versoria, 
which is Latin for a kind of rope, was included in a text on analytic geometry written in 
1748 by the Italian mathematician Maria Agnesi (1718-1799). A translator of the text 
confused versoria with the Italian word versiera, which means female goblin. In 


English, female goblin became a witch. 
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Chapter 9 Review Exercises 


9.1 Systems of Linear Equations 


INTRODUCTION Recall from Section 2.3 that a linear equation in two 
variables x and y is any equation that can be put in the form ax + by = с, 


where a and b are real numbers and not both zero. In general, a linear 


equation in п variables хі, x», ..., x» is an equation of the form 
AX, + ах + +++ a,x, = Б, (1) 
where the real numbers ai, a2, ..., a» are not all zero. The real number P is 


called the constant term of the equation. The equation in (1) is also called a 
first-degree equation in that the exponent of each of the п variables is 1. In 
this and the next section we examine solution methods for systems of 


equations. 


[ Terminology A system of equations consists of two or more equations 
with each equation containing at least one variable. If each equation in a 
system is linear, we say that it is a system of linear equations or simply a 
linear system. Whenever possible, we will use the familiar symbols x, y, and 


z to represent variables in a system. For example, 


225 у- z=0 
x+3y+ 2-2 (2) 
—x— y+5z= 14 


is a linear system of three equations in three variables. The brace in (2) is just 


a way of reminding us that we are trying to solve a system of equations and 


that the equations must be dealt with simultaneously. A solution of a system 
of n equations in n variables consists of values of the variables that satisfy 
each equation in the system. A solution of such a system is also written as an 
ordered n-tuple. For example, as we see x = 2, y = –1, and z = 3 satisfy each 


equation in the linear system (2): 


substituting 
2 


25 у- 2-0 х=2, 2:2 (-1) 3 0 
x+3y+ т=2 € 2+3(-0+ 3=5-3=2 
—х- у%52-14 ЖТТ” 


and so these values constitute a solution. Alternatively, this solution can be 
written as the ordered triple (2, —1, 3). To solve a system of equations we 
find all solutions of the system. Often to solve a system of equations we 
perform operations on the system to transform it into an equivalent set of 
equations. Two systems of equations are said to be equivalent if they have 


precisely the same solution sets. 


[ Linear Systems in Two Variables The simplest linear system consists 


of two equations in two variables: 
ах + by = с, 


ad X + Бу = С2. 


Because the graph of a linear equation ax + by = с is a straight line, the system 


determines two straight lines in the xy-plane. 


[ Consistent and Inconsistent Systems As shown in FIGURE 9.1.1 on 


page 490 there are three possible cases for the graphs of the equations in 


system (3): 
* The lines intersect in a single point. < Figure 9.1.1(a) 
* Тһе equations describe coincident lines. <- Figure 9.1.1(b) 


* The two lines are parallel. < Figure 9.1.1(c) 


>X 


(a) (b) (с) 


FIGURE 9.1.1 Two lines іп the plane 
In these three cases we say, respectively: 


* The system is consistent and the equations are independent. The system 
has exactly one solution, that is, the ordered pair of real numbers 


corresponding to the point of intersection of the lines. 


* The system is consistent, but the equations are dependent. The system has 
infinitely many solutions, that is, all the ordered pairs of real numbers 


corresponding to the points on the one line. 


* The system is inconsistent. The lines are parallel and so there are no 


solutions. 


For example, the graphs of the equations in the linear system 


х-у= () 
х-у=3 


are parallel lines as in Figure 9.1.1(c). Hence the system is inconsistent. 


To solve a system of linear equations, we can use either the method of 


substitution or the method of elimination. 


[ Method of Substitution The first solution technique considered is called 


the method of substitution. 


Guidelines for the Method of Substitution 


* Use one of the equations in the system to solve for one variable in 
terms of the other variables. 


* Substitute this expression into the other equations. 


* If one of the equations obtained in the second step contains one 
variable, then solve it. Otherwise repeat the first step until one 
equation in one variable is obtained. 


* Finally, use back-substitution to find the values of the remaining 


variables. 


Method of Substitution 


Solve the linear system 


3x + 4y = —5 


We substitute this expression into the first equation and solve for x: 


3x T 4(2x — 4) --5 Or Ш = 11 or x= 1. 


Back-substitution 


We then substitute this value back into the first equation: 


3(1) + 4 = —5 ог 4у = —8 ог у = —2. 


Solution written as ап ordered pair. 


Thus the only solution of the system is (1, —2). The system is consistent and 


[ Linear Systems in Three Variables In Section 7.5 we saw that the 


the equations are independent. 


graph of a linear equation in three variables, 
=" 4 1 ъ= — г 
ах + by + cz = d, 


where а, b, and c are not all zero, is a plane іп three-dimensional space. Аз we 


have seen in (2), a solution of a system of three equations in three variables 


ax + by + сх = а, 
ах + boy + с = а, (4) 


азх + bay + с = dy 


is an ordered triple of the form (x, у, 2); an ordered triple of numbers 
represents a point in three-dimensional space. The intersection of the three 


planes described by the system (4) may be 
e a single point, 

* infinitely many points, or 

* по points. 


As before, to each of these cases we apply the terms consistent and 


independent, consistent and dependent, and inconsistent, respectively. Each is 


illustrated in FIGURE 9.1.2. 


Line of. 


Point of РА = 
бин 


intersection 


(а) Consistent and. (b) Consistent and. (c) Consistent and 
independent dependent dependent 
— No single line 


Parallel planes: эт 
/ of intersection ZX 
/ pue 


No points in 
common 


ul 


(d) Inconsistent (е) Inconsistent (0) Inconsistent 


FIGURE 9.1.2 Three planes in three dimensions 


[ Method of Elimination The next method that we illustrate uses 


elimination operations. When applied to a system of equations, these 


operations yield an equivalent system of equations. 


Guidelines for the Method of Elimination 


* Interchange any two equations in a system. 
* Multiply an equation by a nonzero constant. 


* Add a nonzero constant multiple of an equation in a system to 
another equation in the same system. 


We often add a nonzero constant multiple of one equation to other equations 


in a system with the intention of eliminating a variable from those equations. 


For convenience, we represent these operations by the following symbols, 


where the letter E stands for the word equation: 


E; o£; Interchange the ith equation with the jth equation. 
КЕ: Multiply the ith equation by a constant К. 


КЕ; + E; Multiply the ith equation by k and add to the jth equation. 


Reading a linear system from the top, Е represents the first equation, E» 


represents the second equation, and so on. 


Using the method of elimination it is possible to reduce the system (4) of three 


linear equations in three variables to an equivalent system in triangular form, 
aix + biy + ciz = d; 
by + с: = а, 
сз: = d}. 


A solution of the foregoing system (if one exists) can be readily obtained by 


back-substitution. The next example illustrates the procedure. 


Elimination and Back-Substitution 


Е 
+ £f 6 
4х — 27у — 2--4 
2х — y + 354 = 19. 


Solution We begin by eliminating x from the second and third equations: 


х+2у + $ = —6 x+2y + $ =-6 
4х — 2y -z= —4 20 10y — 5z = 20 (5) 
2х — y+ 35 = 19 -5y + & = 31. 


We then eliminate y from the third equation and obtain an equivalent system 


in triangular form: 


10у = 5: = 20 2° 54,4 -10y — 5z = 20 (6) 


We arrive at another triangular form that is equivalent to the original system 
| 2 
710) H 


by multiplying the second equation by | U and the third equation by #: 


x+2y+ 2--6 i х+2у+ z= —6 
—165 ` 
-10у-52-20)--- у%2--?2 


From this last system it is evident that z = 6. Using this value and substituting 


back into the second equation gives 


Therefore the solution of the system is (—2, —5, 6). 


The answer indicates that the three planes intersect at a point as in Figure 9.1.2(a). 


Elimination and Back-Substitution 


Solve the linear system 


x+ y+ 2-2 
5х — 2у + 25 = 0 (7) 
8x + у + 55 = 6. 


Solution Using the first equation to eliminate the variable x from the second 


and third equations, we get the equivalent system 


x+y+z=2 x+y+z=2 
^ , = -- —5E + E, H > --- 
5x — 2y + 22-0 күк?” Ty — 37 = —10 
8x + у+5@=6 —Ty — 3z = —10. 


This system, in turn, is equivalent to the following system in triangular form: 


х+у+ z=2 xty + $ =2 
Ty- = -l0j—R 7у5%-10 (8) 
—7y — 3z = —10 0z = 0. 


In the last system we cannot determine unique values for x, y, and z. At best 
we can solve for two variables in terms of the remaining variable. For 


example, from the second equation in (8), we obtain y in terms of z: 


X <= =: = 10 
у = —=< + 7. 


т 


Substituting this equation for у іп the first equation for x gives 


x+ (- +97) +2=2 o x--$-$. 


The answer indicates that the two planes defined in (8) intersect in a line as in Figure 
9.1.2(b). 


Thus in the solutions for y and x, we can choose z arbitrarily. If we denote z 
by the symbol a, where a represents a real number, then the solutions of the 


system are all ordered triples of the form 


(70 + 7, —5a + 7, o NN 


that for any real number а, we obtain а solution of (7). For example, by 


choosing а to be, say, 0, 1, and 2, we obtain the solutions 


4 10 (y 4 4 
(7, EE ) (0, 1, 1), and 13 7 2 


respectively. In other words, the system is consistent and has infinitely many 


solutions. 


In Example 3 there is nothing special about solving (8) for x and y in terms of 


z. For instance, by solving (8) for x and z in terms of y, we obtain the solution 
3 — = — + > | 

( л В 3? p. 3 B 0 “4 ‚ where £ is any 

real number. Note that by setting f equal to 7 Капа 7 , we get the same 

solutions in Example 3 corresponding, in turn, to a = 0, а = 1, and а = 2. 


No Solution 


Solve the linear system 


2Х- y-z=0 


2x + 3y = | 
BX — 35 = 4. 


Solution The elimination method, 


2х — у- &=0 P^ y 
af, + E, 

2x + Зу aljon 4y 

8x -32-4 4у 

2х — у- 2-0 Ax — у 
: -Е) + E ! 
4у + z=1 > 4у 
4у + 2-4 


+ 
ға 


woe © e — о 


shows that the last equation 02 = 3 is never satisfied for any number z since 0 


z 3. Thus, the system is inconsistent and so has no solutions. 


Elimination and Back-Substitution 


A force of smallest magnitude P is applied to a 300-Ib block on an inclined 


plane in order to keep it from sliding down the plane. See FIGURE 9.1.3. If the 


coefficient of friction between the block and the surface is 0.4, then the 


magnitude of the frictional force is 0.4N, where N is the magnitude of the 


normal force exerted on the block by the plane. Since the system is in 


equilibrium, the horizontal and the vertical components of the forces must be 


Zero: 


300 Ib 


FIGURE 9.1.3 Inclined plane іп Example 5 


Pcos30° + 0.4Ncos30? — Ncos60? = 0 
Psin30? + 0.4Nsin30? + Nsin60? — 300 = 0. 


Solve this system for P and N. 


: о — 09- 1 
_ 630° = cos60° = 5 
Solution Usine 4 
4 (Y? — anc о I. 
ы 51160? = cos30° = V3/2 E 
simplify the system above to 
V3P + (04V3 — 1)N = 0 
P+ (04 + V3)N = 600. 
By elimination, 
УЗР + (04N/3 — ИМ = в - var, [МЗР+ (04У3-1)М-0 
P+ (04 + V3)N= m | -4N = —600V3 
УЗР + (0.4V3 — 1)N = 0 у=, | VP + AVS - 7 
—4N = —600V3 = 1503. 
Тһе зесопа equation of the last system gives 
Nm | 50 4/3 к= 2 259. 8 | Ib By substituting 
this value into the first equation we obtain 


Р = 150(1 — 0.4V3) = 46.08 Ib 
Ше 


[ Homogeneous Systems А linear system in which all (һе constant terms 


are zero, such as 


ax + by = 0 
(9) 


ax + by = 0 


ax + by + с = 0 
or ах + Буу + суг (10) 


ах + bay + сз; = 0 


is said to be homogeneous. Note that systems (9) and (10) have the solutions 
(0, 0) and (0, 0, 0), respectively. A solution of a system of equations in which 
each of its variables is zero is called the zero solution or the trivial solution. 
Because a homogeneous linear system always possesses at least the zero 
solution, such a system is always consistent. In addition to the zero solution, 
however, there тау exist infinitely many nonzero solutions. These solutions 


can be found by proceeding exactly as in Example 3. 


A homogeneous system is consistent even in the case where the linear system consists of 


m equations in n variables, where m # n. 


A Homogeneous System 


Тһе same steps used to solve the system in Example 3 can be used to solve the 


related homogeneous system 


x+ yt 15:50 


- 


5Х- 2у + 22=0 
Sx y+Sz= 0. 


In this case the elimination steps yield 


+ 
= 
+ 
N 
| 
- 


Choosing z = а, where a is a real number, we find from the second equation of 


y = —5а 


the last system that ~ . Then using the first 


equation, we obtain Г 7 i Thus, the solutions of the 
system consist of all ordered triples of the form 


4 3 i 


% 


Ш 7 a, ш 7 С, а) Note that for а = 0, we 


obtain the trivial solution (0,0,0) but for, say, a = —7, we obtain the non-trivial 


solution (4, 3, —7). 


The two techniques in this section are also applicable to systems of п linear 
equations іп п variables for n > 3. See Problems 25 and 26 in Exercises 9.1. In 
addition, these techniques are applicable to linear systems where the number 
of equations is not the same as the number of variables. See Problems 27—30 
in Exercises 9.1. In the following example, we consider a system of 2 


equations in 3 variables. 


Note 


Two Equations in Three Variables 


Use method of elimination to solve the linear system 


x + 2у — 42-6 


Өле = 


2 


Solution We һауе 


х+2у-4=6 } —sE, + E, rz 2y — 42-6 


— 
5Х- y+2z= -3 — Пу + 225 = —33 
x+ 2- 4-6 АЕ, Xt 2у- 42-6 
—11у + 225 = —33 У-22-: 
Xt2y 45 =6| овь-к јх =0 
> 
у-21-3 у-22-3 


Тһе last system indicates that x = 0 and у = 22 + 3. As in Examples 3 and 6, 
we may now assign any value to z. Hence the solutions of the system are all 


ordered triples of the form (0, 2a + 3, а) where a is any real number. 


A homogeneous linear system, regardless of the number equations and 
variables is consistent. In our last example we consider an example from 
chemistry where we must solve a homogeneous system of 3 equations in 4 


variables. 


Balancing a Chemical Equation 


Balance the chemical equation C2H6 + O2 > СО + H20. 


Solution We seek positive integers x, y, z, and w so that the balanced equation 


ХС-Н, + vO, > zCO, + wH,O. 


Because the number of atoms of each element must be the same on each side 


of the last equation, we obtain the homogeneous system of 3 equations in 4 


variables: 
carbon (С): 2x =z 2x + 0у = z+ 0w = 0 
hydrogen (H): 6x = 2w or бх + Oy + 0z — 2w = 0 
oxygen (O): 2y =2z +w Ох + 2у – 25 - у/-0. 


Since the last system is homogeneous it must be consistent. Using elementary 


row operations, we find 


2х + 0y- z+0w=0 elimination X = iw =0 

бх + Oy + 05 – 2w = 0 ae y - 2, - 0 

Ox -2y —-27— w=0 i= iw - 0 
апа 50 а solution of the system 18 


cd sæl жаттар) pum 
X = 30, 2 ны ва. <> = 34, W — а In this case а 


must be a positive integer chosen in such a manner so that x, y, z, and w are 
positive integers. To accomplish this we pick a = 6. This gives x 22, y = 7, z 


- 4, and w - 6. The balanced equation is then 


2С,Н, + 70, > 4СО, + 6H;0. 


Exercises 9.1 Answers to selected odd-numbered 
problems begin on page ANS-29. 


In Problems 1—26, solve the given linear system. State whether the system is 
consistent, with independent or dependent equations, or whether it is 


inconsistent. 


тт 
+ 
< 
-- 
^ 
| 
ОО 


гч 


x — 2y + 
x+ y-z=-4 


2х + бу + z= -2 
Зх + 4y — 1-2 


М 


12. 


5x — 2y — 2-0 
x+ 7у- 42-1 
ХР ұл: 2-3 
—х — 18у + 132 = 2 

xt yt z= 


5z = —] 

y 322] 

Sx — Sy + 214 = 5 
x— Sy+ 2-0 
10х + у+32=0 
6+ 2y — 52 =0 


E 
Е 
(5757 2 
1: | 
| 


2х - yt3z- уз 


Жеп ут W 


AT у 


Xr ут 153 
2х — у+ 2: = 
a (4x + Зу — 65 = 


In Problems 27—30, solve the given linear system. 


x—y-c4z 
бх + у 


yr 
6x+2y+ z- w= 
+ 


25) 

х — 2у 2- Зу = 
8x — 8ЯУ- z— Sw 
тәме. ng. Зур 

26. 


4х — Ty + 3z — 10w = 


[2 


V үні 
г ж, 


М — 2y 4-2 


29. нэ 2 


x-y+tz=0 
xty-z-0 


30. x: 5 


In Problems 31-36, use the procedure illustrated in Example 8 (о balance the 


given chemical equation. 

31. Na + H20 > NaOH + Н 

32. КСІОз > KCl + O2 

33. BesO4 + C > Fe + CO 

34. CsHs + O2 > CO» + ЊО 

35. Cu + HNO: > Cu(NO3)2 + H20 + NO 
36. Cax(PO4)» + НзРО4 > Ca(H2POs)2 


In Problems 37-40, each system is nonlinear in the given variables. Use 
substitutions to convert the system into one that is linear in the new variables. 


Solve, and then give the solution of the original system. 


37. У 

| 2 

х у Zz 

2 1 4 

X y mz 

3 | | 5 

+= + = 
38. Х y < 2 


PUN + logiy = 2 
39. 


5108 + 2logigy = | 


cosx — siny = | 


2cosx + siny 5-1 


41. The magnitudes Ті and Tz of the tensions in the two cables shown in 


FIGURE 9.1.4 satisfy the system of equations 


Find Ті апа 7». 


200 Ib 


FIGURE 9.1.4 Cables in Problem 41 


42. If we change the direction of the frictional force in Figure 9.1.3 of 


Example 5, then the system of equations becomes 


Pcos30? — 0.4N cos 30° — Ncos60? = 0 
Psin30? — 0.4N sin30? + Nsin60? — 300 = 0. 


In this case, P represents the magnitude of the force that is just enough to start 
the block up the plane. Find P and N. 


In Problems 43-46, use the coordinates of the points given in the figure to find 
an equation of the indicated form for the graph. 


43. ax+by=c 


Line in Problem 43 


44. у= ао + bx+c 


(—5,—7) 


Parabola in Problem 44 


45. хо + у +ах+Бу+с=0 


FIGURE 9.1.7 Circle іп Problem 45 


46. x2- у +ах+Бу+с=0 


FIGURE 9.1.8 Hyperbola іп Problem 46 
Applications 


47. Speed An airplane flies 3300 mi from Hawaii to California in 5.5 h with a 
tailwind. From California to Hawaii, flying against a wind of the same 
velocity, the trip takes 6 h. Determine the speed of the plane and the speed of 
the wind. 


48. How Many Coins? A person has 20 coins, consisting of dimes and 


quarters, which total $4.25. Determine how many of each coin the person has. 


49. Number of Gallons A 100-gal tank is full of water in which 50 Ib of salt 
is dissolved. A second tank contains 200 gal of water with 75 Ib of salt. How 


much should be removed from both tanks and mixed together in order to 


make a solution of 90 gal with 9 Ib of salt per gallon? 


50. Playing with Numbers The sum of three numbers is 20. The difference 
of the first two numbers is 5, and the third number is 4 times the sum of the 


first two. Find the numbers. 


51. How Long? Three pumps РІ, P», and Ps working together can fill a tank 
in 2 hours. Pumps Рі and P» can fill the same tank in 3 hours, whereas pumps 
P» and Рз can fill it in 4 hours. Determine how long it would take each pump 
working alone to fill the tank. 


52. Projectile Motion In (5) of Section 2.4 we saw that when a projectile is 
launched straight upward from an initial height of so feet with an initial 
velocity of vo ft/s, its height s above ground at time / > 0 is given by s(t) = 
—16£2 + vot + so. If it is known that s(1) = 104 апа s(2) = 146, then determine 
5(3). 


53. Area Find the area of the right triangle shown in FIGURE 9.1.9. 


УА 


—4x %3у-9 


–11х+ 2у = 6 


3x + 4y = —38 


FIGURE 9.1.9 Triangle in Problem 53 


54. Current According to Kirchhoff s law of voltages, the currents ii, р, and 


13 in the parallel circuit shown in FIGURE 9.1.10 satisfy the equations 


1, + 201, m 15) + UR — 6 
21, + 4(13 цан 15) + Oi, — 12. 


Solve for ii, i», and із. 


1 ohm 3 ohms 2 ohms 
VA —A^- МММ 
6 7 M 12 
© 2 ohms 4 ohms © " 
volts volts 
-| ; : : + 
1] 12 13 


FIGURE 9.1.10 Circuit in Problem 54 


55. The A, B, C's When Beth graduated from college, she had completed 40 
courses, in which she received grades of A, B, and C. Her final GPA (grade 
point average) was 3.125. Her GPA in only those courses in which she 
received grades of A and B was 3.8. Assume that A, B, and C grades are 
worth four points, three points, and two points, respectively. Determine the 
number of A's, B's, and C's that Beth received. 


56. Conductivity Cosmic rays are deflected toward the poles by the Earth's 
magnetic field, so that only the most energetic rays can penetrate the 
equatorial regions. See FIGURE 9.1.11. As a result, the ionization rate, and hence 
the conductivity о of the stratosphere, is greater near the poles than it is near 


the equator. Conductivity can be approximated by the formula 
-— aid 1/2 
т = (A + B sino)”, 
f 


where ф is latitude and А and B are constants that must be chosen to fit the 


physical data. Balloon measurements made in the southern hemisphere 
indicated a conductivity of approximately 3.8 x 10-12 siemens/meter at 35.5? 
south latitude and 5.6 x 10-12 siemens/meter at 51? south latitude. (A siemen is 
the reciprocal of an ойт, which is a unit of electrical resistance.) Determine 
the constants A and B. What is the conductivity at 42? south latitude? 


The Aurora Borealis and Aurora Australis are caused by charged 
particles directed toward the poles by Earth's magnetic field 


О SurangaSL/Shutterstock, Inc. 


Cosmic 
N 
rays 


Magnetic 
field 


FIGURE 9.1.11 Earth's magnetic field in Problem 56 
For Discussion 


57. Determine conditions on ai, a2, bi, and b» so that the linear system (9) has 


only the trivial solution. 


58. Determine a value of k such that the linear system 


Ax — 3y — 10 
бх — 9у =k 


is (a) inconsistent, and (b) dependent. 


In Problems 59 and 60, devise a system of linear equations whose solution is 


given. There is more than one answer. 
59. two equations, (2, —5) 


60. three equations, (-1, 3, —2) 


9.2 Determinants and Cramer's Rule 


INTRODUCTION 1f a linear system of equations has the same number of 
equations as it does variables, say two equations and two variables, then it 
may be possible to solve the system using determinants. If ап, ар, ... 


represent real numbers, then the symbols 


ац 15 13 
ац аә 
апа a> an 53 ( 1 ) 


ад ао 
32 433 


are called determinants of order 2 and order 3, respectively. Although а 


determinant can be апу order п, п a positive integer, most of the elementary 
applications of determinants in calculus utilize second- and third-order 


determinants. 


[ Determinant of Order 2 A determinant is a number. In the case of a 


determinant of order 2 we have the following definition. 


DEFINITION 9.2.1 Determinant of Order 2 


A determinant of order 2 is the number 


ай dp 
= ана» — 41201 
ад 0 


Determinant of Order 2 


Evaluate the determinant 


Solution From (2) of Definition 9.2.1, 


= 2(5) — 3(4) -10-12--2. (sm 


Ås a mnemonic for the formula in (2), remember that the determinant is the 


difference of the products of the diagonal entries: 


subtract 
multiply multiply products 
= (4114422 шан (412021. 
^ d 


Even though a determinant is a number it is convenient to think of it as a 
square array. Thus determinants of orders 2 and 3 are also referred to as 2 x 2 


(read “two by two") and 3 x 3 (“three by three") determinants, respectively. 


Determinants of order 2 play a fundamental role in the evaluating of 
determinants of order n, n > 2. In general, a determinant of order n can be 
expressed in terms of determinants of order n — 1. Thus, for example, a 3 x 3 
determinant can be expressed in terms of determinants of order 2. In 
preparation for a method for finding the value of a 3 x 3 determinant we need 


to introduce the notion of a cofactor determinant. 


[ Minor and Cofactor If аў denotes the entry in the ith row and jth column 
of a determinant of order n, then the minor Му of ау is defined to be the 
determinant of order n — 1 obtained by deleting the ith row and the jth column 


of the determinant of order п. Thus for the 3 x 3 determinant 


I 5 3 
2 4 5 (3) 
1-:2-3 


the minors of ап = 1, ар = 5, az = 4, and аз = 2 are, in turn, the determinants 


delete first column 


delete first row — 4 5 
Ми = = 2 3 = 4(3) 5(2) 22 
delete second column 
delete first row — .|3——4$——3 ЫР 
Мо-|24 5| = | 3520-5051 
1 2 3 
1 ] 3 i 
delete second row >My = |2 5 | 1(3) — 3(1) =0 
1 2 3 
1 $ 3 13 
М» = |2 4 5|- 2 : = (5)- 3(2) = -1 


delete third row >  -2-3 


The cofactor Ау of the entry ау is defined to be the minor Му multiplied by 


(—1)+у„ that is, 


Ay = (-D'?M;. (4) 


ij 


(—1)ну18 1 if i + j is even, (-1)u;is —1 if i + j is odd. 


Thus for the determinant in (3) the cofactors associated with the foregoing 


minor determinants are 


P2 


Ay = (=) М = 
Ар-(-і1) M, = -1 

Ay = (- 1)? **M5 = 0 

Ay = (—1)°*?М = —(—1) = 1 


and so оп. For a 3 x 3 determinant, the coefficient (—1)i+; of the minor Му 


follows the pattern 


This “checkerboard” pattern of signs extends to determinants of greater order 


as well. 


Cofactors 


Find the cofactor of the given entry: (a) 0 (b) 7 (c) —1 for the determinant 


Solution (a) The number 0 is the entry of the first row (i = 1) and third 


column (/ - 3). From (4) the cofactor of 0 is the determinant 


5 -3 


As = CDM, = (| 3 6 


(b) The number 7 is the entry in the second row (i = 2) and third column (j = 
3). Thus the cofactor is 


-2 1 
Aj, = (71)? “Ма, = (-1 
з-(-1)“М,; ЈЕ 7 


| (=1): [=12 = (=1)] = 114 


(с) Finally, because —1 is the entry іп the third row (i = 3) and first column (/ 


= 1), its cofactor is 


2 1 
Аз = (-1)3 Мы = ШЕ 


We аге now іп a position to find the value of а determinant of order 3. 


Although the next theorem is stated for 3 x 3 determinants, it is equally valid 


for any determinant of order n. 


THEOREM 9.2.1 Expansion Theorem 


The value of a 3 x 3 determinant can be found by multiplying 


each entry in апу row (or column) Бу its cofactor and adding the 


results. 


When we use Theorem 9.2.1 to find the value of a determinant we say that we 


have expanded the determinant of A by a given row or by a given column. 


For example, the expansion of the determinant of the 3 x 3 matrix 


the first row is 


ац ар dis 


ад ао» 03| = аА + ар Ар + азАз 
азр d3 a 
а» 5 2101 423 
-ay(- D) ajo - D? +аз(—1 
аз) (33 d3 33 
аи än аз i 
an 4 ад 4 ад 
ог ад an 43| = а 12 + аз 
аз @зз йазу (33 аз 
з] аз аз 


Expansion by the First Row 


Evaluate the 3 x 3 determinant 


2 —3 


Solution Using the expansion by the first row given in (5) we һауе 


65 3 Ч 4 р 4 104 
4 4 b S bz 
24 5-26 =5 +8 
2 -3 -3 2 
1 2 -3 
-6-(-22) - 5.(-11) + 3-0 = —77. 


in (1) by 


LE аз) а» 


Азр йуу 


55 


: (5) 


432 


Theorem 9.2.1 states that а determinant сап be expanded Бу апу row ог апу 


column. For example, the expansion of the 3 x 3 determinant in (1) by, say, 


the second row is 


а ар ад 


ад а» an| = адАд + аА» + 023434 


Аз) a32 @зз 


2 dij 443 242, |4 (із 2+3, |@и 412 
20-13 ас +(=1) an +(—1)° За» 
аҙ) @зз азу зз ау аз 
а» аз ац а, ац di 
--а, Tod» — dy Я 
а» аз аз] аза аз ау 


Example 3 Revisited 


The expansion of the determinant in Example 3 by the third column is 


6. 5 3 2.4 5 6 
24 5| 23(-D'? | 51) Э + (308 1 
1 = 7 i i 
24 . 6 5 6 5 
= 3 +5(—1) + (-3) 
1 2 1 2 2 4 
3:0+5:(—1):7 + (-3):14 = -77. Ша 


Іп the expansion of a determinant, since the entries іп а row (ог column) 


multiply the cofactors of that row (or column), it makes sense that if a 


determinant has a row (or column) with several 0 entries that we expand the 


determinant by that row (or column). It also follows, that if a determinant has 


an entire row (or column) of 0 entries, then the value of the determinant is 0. 


Note 
[ Cramer's Rule Suppose the linear equations 


ах + by = 


ах + byy 


(6) 


are independent. If we multiply the first equation by b2 and the second by —bi, 


we obtain the equivalent system 


а|/рэх + Бру = сір» 
—dyb,x — bby = =}. 
Then we can eliminate the y-variable and solve for x by adding the two 
equations: 


22 Cb, сн Бс» 7) 
Же a,b, = Ба, | 


Similarly, by eliminating the x-variable, we find 


aC — Cd 
= ———. (8) 
ab» — bia 


The numerators and the common denominator in (7) and (8) can be written as 


2 x 2 determinants. If we denote these determinants by 


(9) 


then we can summarize the discussion in a compact fashion. 


THEOREM 9.2.2 Two Equations in Two 
Variables 


If = 0, then the system (6) has the unique solution 


By comparing the determinant D in (9) with the system (6) we see that D is 


the determinant of the coefficients of x and y. Moreover, а careful inspection 
of Dx and Ру reveals that these determinants are, in turn, D with the x- 


coefficients and the y-coefficients replaced by the numbers сі and c». 


Using (10) 


Solve the linear system 


3x — у=-3 


-2х + 4y = 6. 


Solution Since 


3 
р = = 10 0, 
-2 4 


Theorem 9.2.2 guarantees that the system has а unique solution. Continuing, 


we find 
ier x 6, D яйш, 
„ж= = —6, = = 12) 
6 4 М —2 6 
From (10) the solution is given by 
—6 2 2 6 
Х------ and у-----. E 
0 s “ > 1g s 


In like manner, the solution (10) can be extended to larger systems of linear 


equations. In particular, for a system of three equations in three variables, 


ax + by + сд = а, 


ах + by + сх = а, 


азх + Бау Са 


ll 
Pi 
M 

ө 


the determinants that correspond to those in (9) are 


ар b с а b, с, а йа а b 


р = |а, № coD,-—|d; bə c|. Dy = |2 d; с©.0.=|@ by 


a, by су 4, В с, а dj C a, b, 


(11) 


d, 
а. 
а; 


. (12) 


As in (10), the determinants Dx, Әу, and D: are obtained from the determinant 


D of the coefficients of the system, by replacing the x-, y-, and z-coefficients, 


respectively, by the numbers di, d», and ds. The solution of (11) that is 


analogous to (10) is given next. 


THEOREM 9.2.3 Three Equations in Three 
Variables 


If D = 0 then the system (11) has the unique solution 


The solutions in (10) and (13) are special cases of a more general method 


known as Cramer's Rule, named after the Swiss mathematician Gabriel 


Cramer (1704—1752) who was the first to publish these results. 


Using Cramer's Rule 


Solve the linear system 


—x + 2у + 47 = 9 
x- yt6z= -2 
4x + бу — 25 = -1. 


Solution We must evaluate four determinants using the cofactor expansion 
(4). We begin by finding the value of the determinant of the coefficients of the 


variables in the system: 


р = | —] 6| = 126 = 0. 


The fact that this determinant is nonzero is sufficient to indicate that the 


system is consistent and has a unique solution. Continuing, we find 


F 2 .4 -1 9 4 -1 2 9 
D,=|-2 -1 $6 --37&D,-| 1-2 6|-252D,-| 1 -1 —2| = 63. 
-І 6 -2 4 -1 -2 4 6-1 
From (13), the solution of the system is then 
—378 252 63 | 
X 3, у 2» £ = 
126 126 126 2 


Using Cramer’s Rule 


Solve the linear system 


—Зу + 24 = 4. 


Solution As in Example 6 we begin by finding the value of (һе determinant of 


the coefficients of the variables: 


2 3 


| 
0 -3 2 


Because the first column of this determinant has two zero entries we expand D 


by the first column: 


x22 (=2)(=3) 9 


—3 2 


Because D ж 0 we continue and find the values 


3 3 1 D. H 271 2-3 3 
р, 8 11-21 -32,0,-10 -8 -2 16,D,=/0 1 —8 40. 
-3 2 0 4 2 0-3 4 
From (13), the solution of the system is then 
32 —16 -40 
X 4, y 2, z 5 ШЕШ 
-8 : -8 -8 


When the determinant D of the coefficients of the variables іп a linear system 
is 0, Cramer's Rule cannot be used. As we see in the next example, this does 


not mean the system has no solution. 


Consistent System 


For the linear system 
4х — 16y = 3 
—x + 4y = —0.75 


we see that 


4 —16 
-1 


= 16 — 16-0. 


Although we cannot apply (10), the method of elimination would show us that 


the system is consistent but that the equations in the system are dependent. 


As mentioned previously, Cramer’s Rule can be extended to systems of n 
linear equations in n variables for n > 3. But as a practical matter, Cramer’ s 
Rule is seldom used on systems with a large number of equations simply 


because evaluating the determinants by hand becomes a Herculean task. 


Exercises 9,2 Answers to selected odd-numbered 
problems begin on page ANS-29. 


In Problems 1—4, find the minor and cofactor determinants for each entry in 


the given determinant. 


4 ( 


— 


83 -2 
6 —2 
Js 1 
| -7 6 
2 | 0 
‚| —3 0 5 
4-3 0 
2 —] 6 
ше 4 | 


In Problems 5-18, evaluate the given determinant. In Problem 10, assume that 
(01 53 (Ub o с3 (0, 


C4 


-6 


41 
© 


“л = 
СЕЕ 


-1 
12 4 


Іп Problems 19-34, use Cramer’s Rule, if applicable, to solve the given linear 


== Зу = —7 


2x + у- 22-4 
4x — у+ 2: = –] 
2х + Зу + 82 = 3 
х+ у+ 2-2 
4х —8y + 3z = -2 
2x — 2y + 2z = |] 


| 

i ET 
ЫГ 

| 


| 
Ф 


кч уут 2 
àx + у = 0 
—Зх — бу + 9: = 2 

х- yt5z=0 
х+2у- 3z = |] 


33. 


ir у= 1-6 


In Problems 35 апа 36, solve for x. 


34. 


х 1 =] 
] x 1| 0 
36. ЕЕ | X 2 


In Problems 37-40, verify the given identity by evaluating each determinant. 
> " "] 7 
c d a b 


a b c d 


ka kb a b 
k 


38. C d C d 
a b 
= 0 
da b 
a b | qa b 
Eka-c-c (р-ға le d 


41. Show that 


1 a а 
1 b bP|-(b-ayc-ayc – Б). 
l c c 


42. Verify that an equation of the line through the points (xi, y1), (x2, у2) is 
given by 


In Problems 43-46, find the values of à for which given determinant is 0. 


1-4 2 
—4 — Л 


9 


43. 


as. 0 


„| 0 0 -7-A 
Applications 


47. Echo Sounding This problem shows how the depth of an ocean and the 
speed of sound in water can be measured by a procedure known as echo 
sounding. Suppose that an oceanographic vessel emits sonar signals and that 
the arrival times of the signals reflected from the flat ocean floor are recorded 
at two trailing sonobuoys. See FIGURE 9.2.1. Using the relation distance = rate x 
time, we see from the figure that 2/i = уй and 2/2 = viz, where v is the speed of 
sound in water, t: and г are the arrival times of the signals at the two 


sonobuoys, and /1 and /2 are the indicated distances. 


FIGURE 9.2.1 Echo sounding procedure in Problem 47 


(a) Show that the speed of sound in water v and ocean depth D satisfy the 


system of equations 


=. 
-21-2 
= 
Тэ 
| 
= 
1-2 
| 
С" 
OT 


[Нїт Use the Pythagorean theorem to relate /1, di, and D, and b, d», and D.] 


(b) Use Cramer's Rule to solve the system of equations in part (a) to obtain 
formulas for v» and D». Then express v and D in terms of the measurable 


quantities di, d», tı, and 12. 


(c) The sonobuoys, trailing at 1000 m and 2000 m, record the arrival times of 
the reflected signals at 1.4 s and 1.8 s, respectively. Find the depth of the 


ocean and the speed of sound in water. 


48. Take Your Vitamins The United States recommended daily allowance 
(U.S. RDA), in percent of vitamin content per ounce of food groups X, Y, and 


2,18 given in the following table. 


X Y Z 
VitaminA 9 
VitaminB, 3 5 0 
VitaminC 24 10 5 


Use Cramer's Rule to determine how many ounces of each food group one 


27 
4 


must consume each day in order to get 100% of the daily recommended 
allowance of vitamin A. 3046 of the daily recommended allowance of vitamin 


Bi, and 200% of the daily recommended allowance of vitamin C. 
For Discussion 


In Problems 49 and 50, evaluate each determinant given that 


а 4:2 di3 


ауд а» 98| = 3. 


49. 


а 412 413 
—– 2431 — 2045 — 2433 
50.1 421 — an — (23 


In Problems 51 and 52, extend Theorem 9.2.1 to 4 x 4 determinants and then 


evaluate the given determinant. 


бо ==] 0 4 
3 Ж — U 


| 
0 3 6 9 


9.3 Systems of Nonlinear Equations 


52; 


INTRODUCTION As FIGURE 9.3.1 illustrates, the graphs of the parabolas y = 


x2 — 4х and y = —x2 + 8 intersect at two points. Thus the coordinates of the 


points of intersection must satisfy both equations, 


с (1) 
у = —х2 + 8. 


2 о 


y=-x +8 


FIGURE 9.3.1 Intersection of two parabolas 


Recall from Sections 2.3 and 9.1 that any equation that can be put in the form 
ах + by = c is called a linear equation in two variables. A nonlinear 
equation is simply one that is not linear. For example, in system (1) both 
equations y = x» — 4х and y = — + 8 are nonlinear. А system of equations іп 
which at least one of the equations is nonlinear will be referred to as a system 


of nonlinear equations or simply a nonlinear system. 


In the examples that follow, we will use the methods of substitution and 


elimination introduced in Section 9.1 to solve nonlinear systems. 


Solution of (1) 


Find solutions of system (1). 


Solution Since the first equation already expresses y in terms of x, we 
substitute this expression for y into the second equation to get a single 


equation in one variable: 


^ 5 
x^ — 4x = —x^ + 8, 


Simplifying the last equation we ii а quadratic equation x2 — 2x — 4 = 0 that 


we solve using quadratic formula: 


r= - V5 
x and 
X + 4/5 We then substitute each of these 


numbers back into the T equation in (1) to solve for the corresponding 


values of y. This gives 


у (1-У5 
апа у= (1+ V5)? — 4(1 + V5) = 


are solutions of 


he system. 


Solving a Nonlinear System 


Find solutions of the nonlinear system 


е 
4 
| 
һә 
—. 
--- 
>, 
2 
— 
" | 


0 
nn = 0. 


Solution From the second equation, we have x = 10), and therefore x2 = 102). 


Substituting this last result into the first equation gives 


x – 2x? – 3 = 0, 
ог (22 — 3) +1) = 0. (2) 


Since x + 1 > 0 for all real numbers x, it follows that x» = 3 or 


X = + уз! Ви x = 10; > 


for all y; therefore, we 


3 


must take ы Solving 
V3 = 10: 

= for y gives 

y = log V3 or y= 3102193. 

г = V3, y = Нор 
Hence, ” май AR 4. 1 210- is the 


only real solution of the system. 


Solution written by specifying values of the variables. 


Nonlinear systems of equations can have complex solutions. Observe in 


Example 2 that equation (2) is also satisfied when x» + 1 = 0 or for x = zi, 


where l V | The corresponding values of y are 


also complex but will not be given since that entails working with the 


logarithm of a complex number. For the rest of this section we are concerned 
only with finding the real solutions of nonlinear systems. 


Dimensions of a Rectangle 


Consider a rectangle in the first quadrant bounded by the x- and y-axes and the 
graph of y = 20 — x». See FIGURE 9.3.2. Find the dimensions of such a rectangle 
if its area is 16 square units. 


УА yz20- x? 


FIGURE 9.3.2 Rectangle in Example 3 
Solution Let (x, y) be the coordinates of the point P on the graph of y = 20 — 
x2 shown іп the figure. Then the 


area of the rectangle — xv Or 16 — xy. 


Thus we obtain the system of equations 


ху = 16 
у = 20 — x’. 


The first equation of the system yields у = 16/х. After substituting this 


expression for y in the second equation, we get 


16 


— = 20 — x < multiply this equation by x 


ог 16 = 20х — № ог x — 20x + 16 = 0. 


Now from the Rational Zeros Theorem in Section 3.4 the only possible 
rational roots of the last equation are +1, +2, +4, +8, and +16. Testing these 


numbers by synthetic division eventually shows that 


4| 1 0 —20 16 
4 16 —16 
1 4 —4 O=r 


and so 4 is a solution. But the division above gives the factorization 
3 : а А 2 Ay 
x — 20x + 16 = (x — 4)(х + 4x — 4). 


Applying the quadratic formula to x2 + 4х — 4 = 0 reveals two more real roots: 


4+ 4/32 
гэг та 


2 


The positive number 2 | — V2 is another 


solution. Since dimensions are positive, we reject the negative number 


— шә V2 In other words, there are two 


rectangles with area 16 square units. 


То пи № we ume y = lobe IN x = 4. (en у e 4 ФИ st 


X — -2 -- J 2 = 0.83 then 
у = 16/(—2 + 2V2) = 19.31 


dimensions of the two rectangles are 


Thus the 


4x 4 and 0.83 х 19.31 (approximately). Ба 


Note: In Example 3 observe that the equation 16 = 20x — хз was obtained by 
multiplying the equation preceding it by x. Remember, when equations are 
multiplied by a variable, there is the possibility of introducing an extraneous 
solution. To make sure that this is not the case, you should check each 


solution. 


Solving a Nonlinear System 


Solve the nonlinear system 
2 2 
r+ уі-4 
| 2 ` 2 (3 ) 


Solution In preparation for eliminating an x2-term, we begin by multiplying 


the first equation by 2. The system 


2% + ?2у? = 8 
4.2 2 
—2х + Ту = 7 


is equivalent to the given system. Now, by adding the first equation of this last 
system to the second equation, we obtain yet another system equivalent to the 


original system. In this case, we have eliminated x2 from the second equation: 


From the last equation, we see that = mu 3 ~ р 


Substituting these two values of y into x: + y» = 4 then gives 


solutions. The graphs of the given equations and the four points corresponding 


to the ordered pairs are indicated by the red dots in FIGURE 9.3.3. 


FIGURE 9.3.3 Intersection of a circle and а hyperbola in Example 4 


In Example 4 we note that the system (3) can also be solved by the 


substitution method by substituting, say, y» = 4 — x2 into the second equation. 


In the next example, we use the third elimination operation to simplify the 


system before applying the substitution method. 


Solving a Nonlinear System 


Solve the nonlinear system 


х? – 2у + у? = 0. 


х – 2х + у? = 0 


Solution By multiplying the first equation by —1 and adding the result to the 


second, we eliminate x» and y» from that equation: 


һә 


) ? 
х – 2х + у = 0 
2Х- 2y = 0. 


Тһе second equation of the latter system implies that у = x. Substituting this 


expression into the first equation then yields 
? 
x —2x t x = 0 ог 2х(х - 1) = 0. 


It follows that x 2 0, x = 1 and, correspondingly, у = 0, у = 1. Thus solutions 


of the system are (0, 0) and (1, 1). 


By completing the square in x and y, we can write the system in Example 5 as 


(х= 1) + у? 21 
х? + (у = 1)? = 1. 


From this system we see that both equations describe circles of radius г = 1. 


Тһе circles and their points of intersection are illustrated in FIGURE 9.3.4. 


(х= 124 yz 


FIGURE 9.3.4 Intersecting circles in Example 5 


Exercises 9.3 Answers to selected odd-numbered 
problems begin on page ANS-29. 


In Problems 1—10, determine graphically whether the given nonlinear system 


has any real solutions. 


x=5 


ху =: 
= 10 


453 


2-2 

бх? 7 = 16у 
y ү“ 

+ ay = = 26 


y=x(x+ 1) 


er, 
4, 
ВМ 
pa 
les 
% 


31. 


32. 


ү = 


33. 


y = cosx 
2y tanx = V3 
2y sinx = | 


34. 


у = 2sinx 


35. 


у = sin 2х 


—^— — /,--”--- Ы. тт”-- т”-- 
a | | | 
о и, 
> B 
жал 


у = sinx 


36. 


ү 
>. = los 
f 510 
5 + 
4 
18 T log 
тэвч - y 
[uw e" 4 | 
ds AE 10° 
| = А 
og у 1 
тый £i0% = | | 
у 
y=) 
— log í 
= кіл gio(X + 
C 
y — | 
P. 
754 - 2х Z 
5 
AX — 
log» y 


2х+А=0 
2у+А=0 
ху-3-0 


—2x T A-0 
y—y А = 0 
44. y х= 0 


| у“ = 2хА 
\ 2ху = 2yÀ 
х? +у—1=0 
8х + Sy = 2xyA 
аа 
ху — 1000 = 0 


Applications 


47. Dimensions of a Corral The perimeter of a rectangular corral is 260 ft 
and its area is 4000 ft. What are its dimensions? 


48. Inscribed Rectangle Find the dimensions of the rectangle(s) with area 10 
cn» inscribed in the triangle consisting of the blue line and the two coordinate 
axes shown in FIGURE 9.3.5. 


FIGURE 9.3.5 Rectangle in Problem 48 


49. Sum of Areas The sum of the radii of two circles is 8 cm. Find the radii 


if the sum of the areas of the circles is 3277 cm». 


50. Intersecting Circles Find (һе two points of intersection of the circles 


- 


ы 


shown іп FIGURE 9.3.6 if the radius of each circle is 2! 


у 


"m 
7 


FIGURE 9.3.6 Circles in Problem 50 


51. Golden Ratio The golden ratio for the rectangle shown in FIGURE 9.3.7 is 
defined by 


Л у 


y x+y 


This ratio is often used іп architecture and іп paintings. Find the dimensions 


of a rectangular sheet of paper containing 100 in.» that satisfy the golden ratio. 


y — > 


= 


— 


FIGURE 9.3.7 Rectangle in Problem 51 


52. Length The hypotenuse of a right triangle is 20 cm. Find the lengths of 
the remaining two sides if the shorter side is one-half the length of the longer 


side. 


53. Topless Box A box is to be made with a square base and no top. See 
FIGURE 9.3.8. The volume of the box is to be 32 Из, and the combined areas of 
the sides and bottom are to be 68 ft». Find the dimensions of the box. 


FIGURE 9.3.8 Open box in Problem 53 


54. Dimensions of a Cylinder The volume of a right circular cylinder is 637 
in.3, and its height Л 15 1 in. greater than twice its radius ғ. Find the 


dimensions of the cylinder. 


For Discussion 


55. A tangent to an ellipse is defined exactly as it was for the circle, namely, 
a straight line that touches the ellipse at only one point (хі, уі). See Problem 
60 in Exercises 7.2. It can be shown (see Problem 56 that follows) that an 
equation of the tangent line at a given point (xi, ут) оп an ellipse x2/a2 + y2/b2 = 


il ig 


ха му 


> = 1. 4 
а р? е) 


(a) Find the equation of the tangent line to the ellipse x2/50 + y2/8 = 1 at the 
point (5, —2). 

(b) Write your answer in the form of y = mx + b. 

(c) Sketch the ellipse and the tangent line. 


56. In this problem, you are guided through the steps to derive equation (4). 


(a) An alternative form of the equation x2/a2 + y2/b2 = 1 is 


bx + а?у? = a’b’. 


Since the point (xi, yı) is on the ellipse, its coordinates must satisfy the 


foregoing equation: 


Р ? E. 4 EN E 2 9 
bx? + а?у: = ай”, 
Show that 


b(x^ — xt) + a*(y* — yt) = 0. 


(b) Using the point-slope form of a line, the tangent line at (xi, у) is y - yı = 


m(x — хі). Use substitution in the system 
2/4 2 Б; Тақ, NE E 
bx — м) -ақу-у)-0 
y—-y,7m(x — x) 

to show that 


2 


х2) dnx = x)? + 2a’my,(x — ху) = 0. (5) 


pg 


The last equation is a quadratic equation in x. Explain why xi is a repeated 


root or a root of multiplicity 2. 


(c) By factoring, (5) becomes 


(x — x) [(6?(х + x) + m(x — ху) + 2à?my,] = 0 


and so we must have 


b(x + хү) + ат?(х – xj) + 2a’my, = 0. 


Use the last equation to find the slope m of the tangent line at (xi, y1). Finish 
the problem by finding the equation of the tangent as given in (4). 


9.4 Systems of Inequalities 


INTRODUCTION In Chapter 1 we solved linear and nonlinear inequalities 
involving a single variable x and then graphed the solution set of the 
inequality on the number line. In this section our focus will be on inequalities 


involving two variables x and y. For example, 
x-2y—420, v=r+1, x-yzl 


are inequalities in two variables. A solution of an inequality in two variables 
is any ordered pair of real numbers (xo, yo) that satisfies the inequality—that 
is, results in a true statement—when xo and yo are substituted for x and y, 
respectively. A graph of the solution set of an inequality in two variables is 


made up of all points in the plane whose coordinates satisfy the inequality. 


Many results obtained in calculus are valid only in a specialized region either 
in the xy-plane or in three-dimensional space, and these regions are often 
defined by means of systems of inequalities in two or three variables. In this 
section we consider only systems of inequalities involving two variables x and 


у. 


Recall, a linear equation in two variables x and y is one that can be written 
either as ах + by = c, or equivalently, as ах + by + c = 0. In the discussion on 


linear inequalities in two variables that follows we will use both forms. 


[ Linear Inequalities A linear inequality in two variables x and y is any 


inequality that has one of the forms 


ax + by t c«0, ax t by t c 0, (1) 


ах + БбуУ+с<=0, а + ру +с= 0. (2) 


Since the inequalities in (1) and (2) have infinitely many solutions, the 


notation 


{(x, y)|ax + by*c«0), {(x, y)|ax + by + cz 0}, 


and so on, is used to denote a set of solutions. Geometrically, each of these 
sets describes a half-plane. As shown in FIGURE 9.4.1, the graph of the linear 
equation ax + by + c = 0 divides the xy-plane into two regions, or half-planes. 
One of these half-planes is the graph of the set of solutions of the linear 
inequality. If the inequality is strict, as in (1), then we draw the graph of ax + 
by + c=0 as a dashed line, because the points on the line are not in the set of 
solutions of the inequality. See Figure 9.4.1(a). On the other hand, if the 
inequality is nonstrict, as in (2), the set of solutions includes the points 
satisfying ax + by + c = 0, and so we draw the graph of the equation as а solid 
line. See Figure 9.4.1(b). 


X 


(b) 


FIGURE 9.4.1 A single line determines two half-planes 
Graph of a Linear Inequality 


Graph the linear inequality 2x — Зу > 12. 


Solution First, we graph the line 2x - 3y - 12, as shown in FIGURE 9.4.2(a). 


Solving the given inequality for y gives 


: 
y =зх — 4. 


(b) 


Half-plane in Example 1 


Since the y-coordinate of any point (x, y) on the graph of 2x — Зу > 12 must 
satisfy (3), we conclude that the point (x, y) must lie on or below the graph of 


the line. This solution set is the region that is shaded blue in Figure 9.4.2(b). 


Alternatively, we know that the set 
{(x, y)| 2x — Зу — 122 0} 


describes а half-plane. Thus we can determine whether the graph of the 
inequality includes the region above or below the line 2x - 3y - 12 by 
determining whether a test point not on the line, such as (0, 0), satisfies the 
original inequality. Substituting x = 0, y = 0 into 2x — Зу > 12 gives 0 > 12. 
This false statement implies that the graph of the inequality is the region on 
the other side of the line 2x — Зу = 12, that is, the side that does not contain 
the origin. Note that the blue half-plane in Figure 9.4.2(b) does not contain the 


point (0, 0). 


In general, given a linear inequality of the forms in (1) or (2), we can graph 


the solutions by proceeding in the following manner. 
e Graph the line ax + by + c =0. 
* Select a test point not on this line. 


* Shade the half-plane containing the test point if its coordinates satisfy the 
original inequality. If they do not satisfy the inequality, shade the other half- 


plane. 


Graph of a Linear Inequality 


Graph the linear inequality 3x + y — 2 < 0. 


Solution In FIGURE 9.4.3 we draw the graph of 3x y - 2 as a dashed line, 
since it will not be part of the solution set of the inequality. Then we select (0, 
0) as a test point that is not on the line. Because substituting x = 0, у = 0 into 
3x + у — 2 < 0 gives the true statement — 2 < 0 we shade that region of the 


plane containing the origin. 


FIGURE 9.4.3 Half-plane in Example 2 


[ Systems of Inequalities We say (xo, yo) is a solution of a system of 
inequalities when it is a member of the set of solutions common to all 
inequalities. In other words, the solution set of a system of inequalities is the 


intersection of the solution sets of the individual inequalities in the system. 


In the next two examples we graph the solution set of a system of linear 


inequalities. 


System of Linear Inequalities 


Graph the system of linear inequalities 


IV 


Л 


Solution The sets 
{(х,у)|х = 1} апа {(x, y)| y = 2} 


denote the sets of solutions for each inequality. These sets are illustrated in 
FIGURE 9.4.4 by the blue and the red shading, respectively. The solutions of the 


given system are the ordered pairs in the intersection 


{ух = п fay) [у= 2) = {(х,у)]х = Landy = 2}. 


This last set is the region of darker color (overlapping red and blue colors) 


shown in the figure. 


y 


FIGURE 9.4.4 Solution set in Example 3 


System of Linear Inequalities 


Graph the system of linear inequalities 


| rr »-] (4) 
—x + 2у > 4. 


Solution Substitution of (0, 0) into the first inequality in (4) gives the true 
statement 0 < 1, which implies that the graph of the solutions of x+y < lis 
the half-plane below (and including) the line x + у = 1. This is the shaded blue 
region in FIGURE 9.4.5(a. Similarly, substituting (0, 0) into the second 
inequality gives the false statement 0 > 4, and so the graph of the solutions of 
—x + 2y > 415 the half-plane above (and including) the line —x + 2y = 4. This 
is the shaded red region in Figure 9.4.5(b). The graph of the solutions of the 
system of inequalities is then the intersection of the graphs of these two 
solution sets. This intersection is the darker region of overlapping colors 
shown in Figure 9.4.5(c). 


FIGURE 9.4.5 Solution set іп Example 4 


Often we are interested in the solutions of a system of linear inequalities 
subject to the restrictions that x > 0 and y > 0. This means that the graph of 
the solutions is a subset of the set consisting of the points in the first quadrant 
and on the nonnegative coordinate axes. For example, inspection of Figure 
9.4.5(с) reveals that the system of inequalities (4) subject to the added 


requirements that x > 0, y > 0, has no solutions. 


Systems of Linear Inequalities 


The graph of the solutions of the system of linear inequalities 


-2Х- y=? 


x+2y=8 


is the region shown in FIGURE 9.4.6(a). The graph of the solutions of 


FÅ 


-2Х-- v 


x+2y=8 
x20, y20 


is the region in the first quadrant along with portions of the two lines and 


portions of the coordinate axes illustrated in Figure 9.4.6(b). 


YA 2x4 y=2 


x+2y=8 


(b) 


FIGURE 9.4.6 Solution sets in Example 5 


[ Nonlinear Inequalities Graphing nonlinear inequalities іп two 


variables x and y is basically the same as graphing linear inequalities. In the 


next example we again utilize the notion of a test point. 


Graph of a Nonlinear Inequality 


To graph the nonlinear inequality 


х2 + у2 – 4 2 0) 


we begin by drawing the circle x» + y» = 4 using a solid line. Since (0, 0) lies 


in the interior of the circle we can use it for a test point. Substituting x = 0 and 
y = 0 in the inequality gives the false statement —4 > 0 and so the solution set 
of the given inequality consists of all the points either on the circle or in its 


exterior. See FIGURE 9.4.7. 


FIGURE 9.4.7 Solution set in Example 6 


System of Inequalities 


Graph the system of inequalities 


Solution Substitution of the coordinates of (0, 0) into the first inequality gives 
the true statement 0 < 4 and so the graph of y < 4 — x» is the shaded blue 


region in FIGURE 9.4.8 below the parabola y = 4 — x». Note that we cannot use 
(0, 0) as a test point for the second inequality since (0, 0) is a point on the line 
y = x. However, if we use (1, 2) as a test point, the second inequality gives the 
true statement 2 > 1. Thus the graph of the solutions of y > x is the shaded red 
half-plane above the line y = x in Figure 9.4.8. The line itself is dashed 
because of the strict inequality. The intersection of these two colored regions 
is the darker region in the figure. 


FIGURE 9.4.8 Solution set in Example 7 


Exercises 9.4 Answers to selected odd-numbered 
problems begin on page ANS-30. 


In Problems 1—12, graph the given inequality. 


1. x+3y > 6 

2. х-у < 4 

3. х+2у<-х+3у 
4. 2х+5у>х-у+6 
5. -y > 2(x 3) – 5 


6. x > З(х+ 1) +у 


7 y S @= l 

й! | i 
Ex + ду < | 
у= 1 = Мх 
„у = Мх + 1 
11. у> |x 4 2] 


In Problems 13-36, graph the given system of inequalities. 


у =х 
xz2 


13. 


—x+ у=0 
-x + sy =O 
xt у-8=0 
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In Problems 37—40, find a system of linear inequalities whose graph is the 


36. 


shaded region given in the figure. 


37: 


FIGURE 9.4.9 Region for Problem 37 


38. 


FIGURE 9.4.10 Region for Problem 38 


39. 


FIGURE 9.4.11 Region for Problem 39 


40. 


(5, 18) 
(10, 13) 


(5, 10) (10, 10) 


FIGURE 9.4.12 Region for Problem 40 


In Problems 41-44, find a system of nonlinear inequalities whose graph is the 
shaded region given in the figure. 


41. 


FIGURE 9.4.13 Region for Problem 41 


42. 


FIGURE 9.4.14 Region for Problem 42 


43. 


FIGURE 9.4.15 Region for Problem 43 


44. 


FIGURE 9.4.16 Region for Problem 44 
For Discussion 
In Problems 45 and 46, graph the given inequality. 
45. -1 < х+у < 1 


46. -х 


IA 
= 
IA 
= 


47. Recent History and USPS Some years ago the restrictions оп first-class 
envelope size were a bit more confusing than they are today. Consider the 
rectangular envelope of length x and height y shown in FIGURE 9.4.17 and the 
following postal regulation of November 1978: 


АП first-class items weighing one ounce or less and all single-piece third-class 


items weighing two ounces or less are subject to an extra mailing fee when the 


| 


Q a) 
height is greater than 69 in., or the length is greater than 11 & in., or the 
length is less than 1.3 times the height, or the length is greater than 2.5 times 


the height. 


In parts (a)-(c) assume that the weight specification is satisfied. 


(a) Using x and y, interpret the above regulation as а system of linear 


inequalities. 


(b) Graph the region that describes envelope sizes that are not subject to an 


extra mailing fee. 


(c) Under this regulation does an envelope of length 8 in. and height 4 in. 


require an extra fee? 
“------- 


FIGURE 9.4.17 Envelope in Problem 47 


9.5 Partial Fractions 


Calculus 
PREVIEW 


INTRODUCTION When two rational functions, say, 


Је) х + 5 " 


2 | 
p(x) = | 
- X + 1 are added, the terms аге 


combined by means of a common denominator: 


"PE 2 (4). 1 (=) a 
х+5 x+1 х+5\х+1/ х+1\х+5/ 


Adding numerators on the right-hand side of (1) yields the single rational 


expression 


3x +7 
(x + 5)(х + 1) 


An important procedure in the study of integral calculus requires that we be 
able to reverse the process; in other words, starting with a rational expression 
such as (2) break it down, or decompose it, into simpler component fractions 


2/(x + 5) and 1/(х + 1) called partial fractions. 


[ Terminology Тһе algebraic process for breaking down а rational 


expression such as (2) into partial fractions is known as partial fraction 
decomposition. For convenience we will assume that the rational function 
P(x)/Q(x), ОО) ж 0, is a proper fraction or proper rational expression; 
that is, the degree of P(x) is less than the degree of Q(x). We will also assume 


once again that the polynomials P(x) and Q(x) have no common factors. 


In the discussion that follows we consider four cases of partial fraction 
decomposition of P(xyQ(x) The cases depend on the factors in the 
denominator Q(x). When the polynomial Q(x) is factored as a product of (ax + 
b). and (ax2 + bx + c)u n2 1, 2, ...,m- 1, 2,..., where the coefficients a, b, c 
аге real numbers and the quadratic polynomial ax» + bx + c is irreducible 
over the set of real numbers (that is, does not factor using real numbers), the 
rational expression P(x)/Q(x) can be decomposed into a sum of partial 


fractions of the form 


Арх “В, 


с, 
апа Ot кла. OR 
(ах + bx + с) 


(ах + by 


CASE 1: Q(x) Contains Only Nonrepeated Linear Factors 


We state the following fact from algebra without proof. If the denominator 


can be factored completely into linear factors, 
Q(x) = (ах + В) (ах + b,):--(a,x + b,), 


where all the aix + bi, i= 1, 2, ..., n are distinct (that is, no two factors аге the 
same), then unique real constants Ci, C», ..., C» can be found such that 


Ci с, C, 
(3) 


| 
ах + Б, 


Р(х) 
О(х) ax+ b; 


Іп practice we will use the letters A, B, C, ... in place of the subscripted 


coefficients C1, C2, C3, .... The next example illustrates this first case. 


Distinct Linear Factors 


2х + I 
meee (x — 1)(х + 5H 


individual partial fractions we make the assumption, based on the form given 


in (3), that the rational function can be written as 


2x + | _ 
(x — 1)(x + 3) B 


We now clear (4) of fractions; this can be done by either combining the terms 


on the right-hand side of the equality over a least common denominator and 
equating numerators or by simply multiplying both sides of the equality by 


the denominator (x — 1)(x + 3) on the left-hand side. Either way, we arrive at 


2x + I = A(x + 3) + Ва — 1). (5) 


Multiplying out the right-hand side of (5) and grouping by powers of x gives 


2x + 1 = A(x + 3) + B(x — 1) = (А + Ву + (3A - В). (6) 


Each of the equations (5) and (6) is an identity, which means that the equality 
is true for all real values of x. As a consequence, the coefficients of x on the 
left-hand side of (6) must be the same as the coefficients of the corresponding 


powers of x on the right-hand side, that is, 


I equal 1 
2x + 120 = (A + В)х + (ЗА — В)х. 
1 equal 1 


The result is a system of two linear equations in two variables A and B: 


(7) 


ЇНЕ A+B 
| = ЗА — B. 


By adding the two equations we get 3 = 4A and so we find that 


A ES о this value into either equation іп (7) then 


В = 


yields A Hence the desired decomposition is 


AI 


2x + 1 
(x — 1)(х + 3) Х 


| 
= 
+ (әмме 
“ 


You are encouraged to verify the foregoing result by combining the terms on 


the right-hand side of the last equation by means of a common denominator. 


[ A Shortcut Worth Knowing If the denominator contains, say, three 


linear factors such as in 


Ах“ — x + 1 
(x = 1)(x + 3)(x — 6) 


| s / , then the partial 
fraction decomposition looks like this: 


4d — х +1 LA ye E 
(х= 1)(х+3)(х—6) x-1 х-3 x-6 


By following the same steps as in Example 1, we would find that the analog of 
(7) is now three equations in the three unknowns A, B, and C. The point is 
this: The more linear factors in the denominator the larger the system of 
equations we must solve. There is a procedure worth learning that can cut 
down on some of the algebra. To illustrate, let's return to the identity (5). 
Since the equality is true for every value of x, it holds for x = + and x = —3, the 


zeros of the denominator. Setting x = 1 in (5) gives 3 = 4A, from which it 
7 
7 


— = 


follows immediately that ` A 


5 


(5), we obtain —5 -(-4)В ог. 4. 


Similarly, by setting x = —3 in 


CASE 2: Q(x) Contains Repeated Linear Factors 


If the denominator Q(x) contains a repeated linear factor (ах + b)n, n > 1, then 


unique real constants СІ, Со, ..., C» сап be found such that Фе partial fraction 


decomposition of P(x)/Q(x) contains the terms 


с C; C, ; 
| Б... (8) 


ах+ b (ах + by (ax + b)" 


Repeated Linear Factors 


6x — | 


To decompose X ( 2X | ) into partial fractions we 


first observe that the denominator consists of the repeated linear factor x and 


the nonrepeated linear factor 2x — 1. Based on the forms in (3) and (8) we 


assume that 


according to Case 2 according to Case I 


Orem's ,-----. 


бх- 1 A B " C D (9) 
(2x = 1) хо rx 2x — 1 
Multiplying (9) by x:(2x — 1) clears it of fractions and yields 
6x — 1 = AX (2x — 1) + Bx(2x — 1) + Cx — 1) + ру? (10) 
or бх — 1 = (24 + D)? + (-A + 28)? + (-B + 20x — С. (11) 


Now the zeros of the denominator in the original expression are x - 0 and 


х=» „Хх =» 
a. If we then set x = 0 and i іп (10), we 
find, in turn, that C = 1 and D = 16. Because the denominator of the original 


expression has only two distinct zeros, we can find A and B by equating the 


corresponding coefficients of x: and x» in (11): 


0 = 2A + D, 0 = —А + 2B. 


The coefficients of хз and x2 оп the left-hand side of (11) are both 0. 


Using the known value of D, the first equation yields A = —D/2 or A = -8. The 


second then gives B = A/2 or В = —4. The partial fraction decomposition is 


6x— 1 8 4 1 16 
2 sæd (em 


ХОх-1і) x y y 2x-V 


CASE 3: Q(x) Contains Nonrepeated Irreducible Quadratic Factors 


If the denominator Q(x) contains nonrepeated irreducible quadratic factors aix: 
+ bix + ci, then unique real constants Ат, A», ..., An, Bi, B», ..., Bn сап be found 


such that the partial fraction decomposition of P(x)/Q(x) contains the terms 


Ax + B, | Ax + B, E A,X + B, 
ax + bx + с, i ax? + Бүх + Cx | ах + b X су 


(12) 


Irreducible Quadratic Factors 


Ах 
(х2 + 1)(x7 + 2x + 3) 


To decompose 3 
into partial fractions we first observe that the quadratic polynomials x» 4 1 and 


x2 + 2x + 3 are irreducible over the real numbers. Hence by (12) we assume 
that 


Use the quadratic formula. For either factor you will find that b2 — 4ac < 0. 


4х _ Ax В п Cx + р 
(2+ 1)(2 + 2х +3) 1 x + 2x + 3] 


After clearing fractions in ће preceding line, we find 


4х = (Ax + B)GO + 2x + 3) + (Cx + ХХ + 1) 
(А + B)? + (2А + B + р) + (3A + 2B + Cy + (3B + D). 


Because the denominator of the original fraction has no real zeros, we һауе по 


recourse except to form a system of equations by comparing coefficients of all 


О-А-С 
О-2А-Б-)) 
4 = 3A + 2B + C 
0 = 3B + D. 


eliminate C and D in the second and third equations: 


О-А-В 
2 — A + B. 


Solving this simpler system of equations yields А = 1 and В = 1. Hence, С = 


—1 and D = —3. The partial fraction decomposition is 


4x х + 1 x+3 
(P+ 002 + 2+3) +1 2-04 3 


CASE 4: Q(x) Contains Repeated Irreducible Quadratic Factors 


If the denominator Q(x) contains а repeated irreducible quadratic factor (ах + 
bx + c)n, n > 1, then unique real constants Ai, A», ..., An, Bi, B», ..., Bn can be 


found such that the partial fraction decomposition of P(x)/Q(x) contains the 


terms 
Ax tB | А,х + B; "m А,х t B, (13) 
а? bxc (ad bxc) -— (ах? + bx + с)" ` 
Repeated Quadratic Factor 
2 
Xo 
‚_ 7 7 
(x^ + 4): 
Decompose *" : into partial fractions. 


Solution The denominator contains only the repeated irreducible quadratic 


factor x» + 4. As indicated in (13) we assume a decomposition of the form 


x _ АхХ+ В " FED 
(7-4: +4 (+4 


Clearing fractions Бу multiplying both sides of the preceding equality by (x2 + 
4)» gives 


х = (Ax + B)(x + 4) + Cx + D. (14) 


As in Example 3, the denominator of the original has no real zeros and so we 
must solve a system of four linear equations for A, B, C, and D. To that end 


we rewrite (14) as 


OX) + Lx? + Ox + Ox? = AX + Bx? + (4А + С)х + (4B + Пу 


and compare coefficients of like powers (match the colors) to obtain 
О = 4A + C 
0 = AB + D. 
From this system we find that A = 0, B = 1, С= 0, and D = —4. The required 


partial fraction decomposition is then 


ҒЫ | 4 
(+4) 01744 (2-4) 


Combination of Cases 


Determine the form 


(x — 5)(x + 2 (2 + 1)2 


Solution The denominator contains a single linear factor x — 5, a repeated 


the decomposition of 


linear factor x + 2, and a repeated irreducible quadratic factor x» + 1. By Cases 


1, 2, and 4 the assumed form of the partial fraction decomposition is 


Case | Case 2 Case 4 
ХЗ __А " B " C Dx + E : Ех + С 
(х= 5)(х+2)( 1? х-5 х+2 (x42) P41 (2+ 1)? 


NOTES FROM THE CLASSROOM 


© Corbis 


We assumed throughout the foregoing discussion that the degree 
of the numerator P(x) was less than the degree of the 
denominator Q(x). If, however, the degree of P(x) is greater than 
or equal to the degree of Q(x), then P(x)/Q(x) is an improper 
fraction. We can still do partial fraction decomposition but the 
process starts with long division until a polynomial quotient and 
a proper fraction is attained. For example, long division gives 


improper fraction | | proper fraction 
э+х-1 | 10х — 1 
ег о 5 
х2 — 3x x(x — 3) 


Then by using Case 1 we finish the problem with the 
decomposition of the proper fraction term in the last equality: 


3 1 29 
аы B= = Ер 
oa Le з сик i 

x = Зх x(x — 3) Ж 


See Problems 35-40 іп Exercises 9.5. 


Exercises 9.5 Answers to selected odd-numbered 
problems begin on page ANS-31. 


Іп Problems 1-8, write ош the appropriate form of the partial fraction 
decomposition of the given rational expression. Do not evaluate the 


coefficients. 


2 

2. X ud | 
р. 

2х — 3 


„(22 = DG + 1)? 
3х2 —x +4 


zx c 
Э ч 2 
a(x + 1) 
—x + Зх + 7 
Е (м +х- 2) (7 + x + 1) 


In Problems 9-32, find the partial fraction decomposition of the given rational 


| 
„x(x + 2) 
2 
Х(4х- I) 
—9x + 27 
wx? — 4х — 5 
—5x + 18 
вх” + 2x — 63 


expression. 


10 


| 


14, "V = 


16. Jr m | 


17. (Х — 3)- 
5x 
x(x - 7) 


[3 


18. 


| 
x(x + 2)? 
—4х + 6 
Зх — | 


19. 


„(х= DG? + 9) 
2х + 10 


No +x 


Дх? + 4х — 6 
20 — x+7 
[8 


2m f син | 
y+] 


Lai 


Bx + 2) + 1) 
ж(Х2--2х + 5) G8 + 6x + 10) 


(x + 1) 
go + 1) 


Э 


(Хх — 2 + 4) 
40 
тэ = 31х + 10 


In Problems 35-40, first use long division followed by partial fraction 
decomposition. 


x + Зх 


Nr + 2x + | 


x? 


2 


а илч 
39. X m 23: + = 2 
X +x -x+ 


ox + 3x7 + Зх + | 


For Discussion 


In Problems 41 and 42, the given fractional expression can be decomposed 


into partial fractions. Discuss how this can be done and carry out your ideas. 


el 


Ро 


22 


€ 
le + 1) 


Chapter 9 Review Exercises Answers to 


selected odd-numbered problems begin on page 


ANS-31. 


A. Fill in the Blanks 


In Problems 1-10, fill in the blanks. 


1. The linear system 


-іх + у=р 


is consistent for р = 


a а + | 
а+2 ач 


25 


х 1 | 
| | хіс-0 
tl x | T 


4. By Cramer's Rule the solution of the linear system 


JE 
№ 
= 

| 


a #0,f + 0, 15 : 


5. The graph of a single linear inequality in two variables represents a 


in the plane. 


6. A solution of the nonlinear system 


у = Шх 
y—-l-x 


is 


7. Тһе solution of the linear system 
Зх+у+ = 
y + 25 = | 


- 


1-2 


18 


8. If the system of two linear equations in two variables has an infinite 


number of solutions, then the equations are said to be 


9. If the graph of y = ax: + bx passes through (1, 1) апа (2, 1), then a = 
and b= 


10. The graph of the nonlinear system of inequalities 
2 + y = 25 
je 1-9 


х+1<0 


lies in the quadrant. 
B. True/False 


In Problems 1-10, answer true or false. 


1. The graphs of 2x + 7y = бапа x: + 8xy — Зуб = 0 intersect at (—4, 2). 


2. The homogeneous linear system 
x + 2y—32=0 
x+ y+ 2-0 


—2x — 4y + 6 = 0 


possesses only the zero solution (0, 0, 0). 


3. The nonlinear system 


х? + у =k 


always has two solutions when m # 0 and > 0. 


4. If the determinant of the coefficients in a system of three linear equations 
and three variables is 0, then Cramer's Rule indicates that the system has no 


solution. 


5. The nonlinear systems 


y — Vx у? =х 
апа 5 


у = У4-х у =4-х 


are equivalent. 
6. (1, 22) is a solution of the inequality 4x — Зу+5 < 0. 


7. Тһе origin is in the half-plane determined by 4x — 3y < 6. 


8. The system of linear inequalities 
х+у>4 
х+у< —] 


has по solutions. 


9. The system of nonlinear equations 


has exactly three solutions. 


10. The form of the partial-fraction decomposition of 


X (x + 1)? 


C. Review Exercises 


In Problems 1-14, find all real solutions of the given system of equations. 


х + у 2-0 


х + 2y + 3 = 0 


X— у- 150 


1. 4 =” 


+ 


“л 
— 
+ 
QN 
] 
| 


101у = = 10” + 10% 
у — 10* = 0 


Ё 
Бос 
НЬ - D = Ч 
| 
\ 


Ах? + = |6 
x* + "m — 16 


у = 
[s EMEN 
-= + т — 

ie — 108:/Х = 0 
— 4logiox +4 = 0 


xy = 63 
(У = 16 — x 


Bus | — 


2шх + у= 3 


SInx + 2iny = 8 


12. ж 


13. 


2 2 
x у = 4 


15. Playing with Numbers In а two-digit number, the units digit is 1 greater 


14. 


than 3 times the tens digit. When the digits are reversed, the new number is 45 


more than the old number. Find the old number. 


16. Lengths A right triangle has an area of 24 cm». If its hypotenuse has a 
length of 10 cm, find the lengths of the remaining two sides of the triangle. 


17. Got a Wire Cutter? A wire 1 m long is cut into two pieces. One piece is 


bent into a circle and the other piece is bent into a square. The sum of the 


areas of the circle and the square is | 6 m». What are the lengths of the sides 
of the square and the radius of the circle? 


18. Coordinates Find the coordinates of the point P of intersection of the line 
and the parabola shown in FIGURE 9.R.1. 


FIGURE 9.8.1 Graphs for Problem 18 


In Problems 19-22, find the partial fraction decomposition of the given 


rational expression. 


2x — | 


(хх + 2x — 3) 


19 


X 
(x^ + 9) 
х +2x + 5х — 1 


22. (x un 1)” 


In Problems 23—28, graph the given system of inequalities. 


21. 


и 
у+х=0 


ti =] 


x+ у=4 
24 = Sy = e 
‘Зх — 2y = 12 


== 
+ 

2 
FÅ 
“л 


25. 


26. 


27. 


1 =х=4 
2 = у < 6 
х+уж5 


Ї 
| 
B 


28. 


29. In words, describe the graph of the inequality 1 < x — y < 4. 


30. Using the equations y = 9 — x2 and y = 4 — x», give: 


(а) a system of two inequalities that has no solution, 


(b) a system of two inequalities for which (1, 9) is a member of the solution 


set. 


In Problems 31-34, use the functions y = x» and y = 2 — x to form a system of 


inequalities whose graph is the shaded region given in the figure. 


31. 


FIGURE 9.R.2 Graphs for Problem 31 


32. 


FIGURE 9.5.3 Graphs for Problem 32 


33. 


FIGURE 9.R.4 Graphs for Problem 33 


34. 


FIGURE 9.8.5 Graphs for Problem 34 


In Problems 35-40, match one of the systems of equations given in (a)-(f) 
with the graphs given in the figure. 


ху = | 
(а) MT Bi 


(b) M6 


m Цан 


(4) | 


X 2y = 2 
2x — ү 3 


1622 + 9y? = 144 


А | 
X — y — () 


^ 
+ 


v=x — X 


FIGURE 9.8.6 Graphs for Problem 35 


36. 


FIGURE 9.R.7 Graphs for Problem 36 


37. 


38. 


Graphs for Problem 37 


Graphs for Problem 38 


39. 


y 
4 2 
3 
2 
| 
Х 
| 2 3 
Graphs for Problem 39 
40. 
X 


N 
44 


FIGURE 9.8.11 Graphs for Problem 40 


41. Give a system of inequalities whose graph is the shaded region given in 


FIGURE 9.R.12. 


У 


FIGURE 9.R.12 Graphs for Problem 41 


42. Give an example of a nonlinear system of two equations that has four 


solutions but the graphs of the equations intersect at only two points. 
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Chapter 10 Review Exercises 


10.1 Sequences 


INTRODUCTION Most people have heard the phrases "sequence of cards," 
"sequence of events," and "sequence of car payments." Intuitively, we can 
describe a sequence as a list of objects, events, or numbers that come one 
after the other, that is, a list of things given in some definite order. The months 


of the year listed in the order in which they occur, 


January, February, March, . .. , December (1) 


and 3,4,5,..., 12 (2) 


are two examples of sequences. Each object in the list is called a term of the 
sequence. The lists in (1) and (2) are finite sequences: The sequence in (1) 


has 12 terms and the sequence in (2) has 10 terms. A sequence such as 


Р (3) 


— 
le 
> 
ә | 
> 
3-1- 


where по last term is indicated, is understood to be an infinite sequence. The 
three dots in (1), (2), and (3) is called an ellipsis and indicates that succeeding 


terms follow the same pattern as that set by the terms given. 


Note 


In this chapter, unless stated to the contrary, we will use the word sequence to 


mean an infinite sequence of real numbers. 


Тһе terms of a sequence can be put into a one-to-one correspondence with the 
set N of positive integers. For example, a natural correspondence for the 


sequence in (3) is 


Because of this correspondence property, we can give a precise mathematical 


definition of a sequence. 


DEFINITION 10.1.1 Sequence 


A sequence is a function f with domain the set N of positive 


ИЕ ЗН, 2,9, зов 


You should be aware that in some instances it is convenient to take the 
domain of a sequence to be the set of nonnegative integers (0, 1, 2, 3,...}. A 
finite sequence is also a function and its domain is some subset (1, 2, 3, ..., 
n) of N. 


[ Terminology The elements in the range of a sequence are simply the 


terms of the sequence. We will assume hereafter that the range of a sequence 
is some set of real numbers. The number /(1) is taken to be the first term of the 
sequence, the second term is f(2), and, in general, the nth term is f(n). Rather 
than using function notation, we commonly represent the terms of a sequence 
using subscripts: f(1) 2 ai, f(2) - a», ..., and so on. The nth term f(n) - ал is 


also called the general term of the sequence. We denote a sequence 


FPE Тү: CRESPRPIPE ника 


by the notation (an). If we identify the general term in (3) as 1/n, the sequence 


1 Aa Л k s è 
9 2 , 3 1 , can then be written compactly as (1/ 
п}. The subscripted variable n is called the index of the sequence. Although 


we will consistently use n, the index of a sequence can be any letter. For 


example, a sequence is often denoted by {ax} or {ai}. 


Terms of a Sequence 


List the first five terms of the following sequences. 


(а) ((-І)») 
n—2 
n 


(b) 
( 


y a 
үл 
E 
с) ю“? » 
Solution By substituting n = 1, 2, 3, 4, 5 in the respective general term of 


each sequence, we obtain: 


(a) (—1)1, (=1)2, CDs, (-1)4, (-1)5, ... or —1, 1, -1, 1, -1, ... 


50-18 


[ Graph of a Sequence Because a sequence (ал) is a function of а single 
variable n it can be graphed on a two-dimensional coordinate system. The 
graph of a sequence {an} is simply the plot of the points (1, a1), (2, a2), (3, аз), 
.. Which appear as dots in the plane. With the aid of a graphing utility, the 
graphs of the first ten terms of the sequences in parts (a), (b), and (c) in 


Example 1 are given FIGURE 10.1.1. 


ma ++ n 
12345678910 


@ {с} өрті) 


FIGURE 10.1.1 Graphs of sequences іп Example 1 
[ Sequences Defined Recursively Instead of giving the general term of a 
sequence ап, 42, аз, ..., An, атм, ..., Sequences are often defined using a rule or 


formula in which ана is expressed using the preceding terms. For example, we 


can set ai = 1 and require that anı = an + 2 for n = 1, 2,.... Then 
а-а, + 2 = I + 
аз =a, + 2 = 3 + 
5 + 


N 
| 


3 


һә 
|| 
сл 


7 


N 
| 


1, = б 2 
d, = а, т 2 


and so on. Sequences {an} such as this are said to be defined recursively ог 
that {an} is a recursive sequence. In this example, the rule that алы = an + 2 is 


called a recursion formula. 


Sequence Defined Recursively 


List the first five terms of the sequence defined by ai = 2 and ап +: = (n + 3)an. 


Solution The first term of the sequence is ai = 2. For n = 1, 2, 3, 4, ... the 


recursion formula gives 


given 


- 8 
"8 = 40 
40 = 240 
:240 = 1680 


~ 
— 
~ 


(Т + 3 t 
аз = (2 + 3 


Q 
+ 
— 
„ә 
+ 
к 
у ёыг 
1 | | 
ч су tn & 
М 
| 


ds - (4 +3 


and so on. Including the given first term, the first five terms of the sequences 


are 


8, 40, 240, 1680, 
ШЕШ 


Тһе sequence in Example 2 сап also be obtained using a slightly different 
recursion formula, that is a: = 2 and a; = (n + 2)a;-:. In this case, note that the 
four terms following аг are obtained by letting the index n take on the values n 
= 2, 3, 4, 5, .... Moreover, if we specify a different value for a: in Example 2 
we obtain an entirely different sequence. For example, if we choose, say, ai = 


3, then first five terms of the sequence are 


12, 60, 360, 2520, 


Sequence Defined Recursively 


List the first five terms of the sequence defined by ai = 1 and ал = nasi. 


Solution For n = 2, 3, 4, 5, ... we get 


сіуеп 


a, = 2a, = 2:1 = 2 

аз = За, = 3: (2:1 

ад = 4a; = 4: (3-2. 
2 


а = Sa, = 


and so оп. The first five terms of the sequence are 


1, 2, 6, 24, 120,.... 
== 


You might recognize that the general term in the recursive sequence in 
Example 3 is an = n!. We saw in Problem 61 of Exercise 2.1 that if n is a 
positive integer, then n! is called the factorial symbol and is defined as the 


product of the first n positive integers: 


n!=n-(n—1):--3-2-1. (4) 


For purpose of convenience and to ensure that certain formulas such as n! = 


n(n — 1)! are valid when n = 1, we define 0! = 1. 


For the remainder of this section we will examine two special types of 


recursively defined sequences. 


[ Arithmetic Sequence In the sequence 1, 3, 5, 7,..., note that each term 
after the first is obtained by adding the number 2 to the term preceding it. In 
other words, successive terms in the sequence differ by 2. A sequence of this 


type is known as an arithmetic sequence. 


DEFINITION 10.1.2 Arithmetic Sequence 


A sequence such that the successive terms ал+1 and an, for n = 1, 
2, 3, ..., have a fixed difference ал +1 — a» = d is called an 
arithmetic sequence. The number d is called the common 


difference of the sequence. 


From ал-1- an = d, we obtain the recursion formula 


Qn4, =a, +d (5) 


for an arithmetic sequence with common difference d. 


An Arithmetic Sequence 


The first several terms of the recursive sequence defined by ai = 3 and dn+1= 


and 4 ate 
a, = 3 

а =а+4=3+4=7 

аз = а +4 = 7 +4 = 11 

ад = а +4 = 11 + 4 = 15 

а; = а, + 4 = 15 +4 = 19 


or 3, 7, 11, 15, 19, .... This is an arithmetic sequence with common difference 
4. 


If we let a: be the first term of an arithmetic sequence having common 


difference d, we find from the recursion formula (5) that 
a = а td 
аз = a, + d = a, + 2d 


a, = а + d = a, + 3d 


à, = а, + d=a, + (n — (а 


and so on. In general, an arithmetic sequence with first term а! and common 


difference d is given by 


ia + (п — 1)4}. (6) 


For example, with ai = 3 and d = 4 in (6) the recursively defined arithmetic 


sequence in Example 4 can be written (3 + (n — 1)4}. Because 


3 + (п = 1)4 = 3 + 4п – 4 = 4п – | 


this sequence can also be written as (4n — 1). Indeed, if let b = а! — d, then (6) 
can be written in the form (nd + b}. Geometrically this shows that the graph 
of an arithmetic sequence lies on the line f(x) = dx + b, where x is any real 
number. In FIGURE 10.1.2 we see that the graph (the red dots) of the sequence 
(4n — 1} in Example 4 lies on the graph (the blue line) of f(x) = 4x — 1. 


а, 


40 
354 
30 — 
25+ 
20+ 
15-- 
10-- 
5-- 


12345678910 


FIGURE 10.1.2 Graph of arithmetic sequence in Example 4 


Conversely, any sequence of the form (nd + b), where b and d are arbitrary 


real numbers, is necessarily an arithmetic sequence because 


Ans} — à, = (n t I)d + b — (nd + b) = d. 


Arithmetic Sequence Using (6) 


A woman decides to jog a particular distance each week according to the 
following schedule. The first week she will jog 1000 m per day. Each 
succeeding week she will jog 250 m per day farther than she did the preceding 


week. 
(a) How far will she jog per day in the 26th week? 
(b) In which week will she jog 10,000 m per day? 


Solution The example describes an arithmetic sequence with a: - 1000 and d 
=250. 


(а) To find the distance the woman jogs per day іп the 26th week, we set n = 


26 and compute azs using (6): 


а = 1000 + (26 — 1)(250) = 1000 + 6250 = 7250. 


Thus she will jog 7250 m per day in the 26th week. 


(b) Here we are given a» - 10,000 and we need to find n. From (6) we have 
10,000 = 1000 + (n — 1)(250) or 9000 = (n — 1)(250). Solving for n gives 


9000 
n — | = x, = 36 Or п = 37. 


Therefore, she will jog 10,000 m рег day in the 37th week. 


Find the First Term 


The common difference in an arithmetic sequence is —2 and the sixth term is 


3. Find the first term of the sequence. 


Solution From (6) the sixth term of the sequence is 
ав =a, + (6 — Па. 


Setting ав = 3 and d = -2, we һауе 3 = ai + 5(-2), or ai = 3 + 10. Thus the 


first term is ai = 13. 


Check: The sequence with ai = 13 and d = —2 is 13, 11, 9, 7, 5, 3, .... The 


sixth term of this sequence is 3. 


[ Geometric Sequence In the sequence 1, 2, 4, 8, ..., each term after the 


first is obtained Бу multiplying the term preceding it by the number 2. In this 
case, we observe that the ratio of a term to the term preceding it is a constant, 


namely, 2. A sequence of this type is said to be a geometric sequence. 


DEFINITION 10.1.3 Geometric Sequence 


A sequence such that the successive terms ал-і and ап, for n — 1, 
2, 3, ..., have a fixed ratio an+1/an = г, is called a geometric 


sequence. The number r is called the common ratio of the 


sequence. 


From dn+i/an = r in Definition 10.1.3, we see that a geometric sequence with a 


common ratio r is defined recursively by the formula 


а, = ак. (7) 


Geometric Sequence Using (7) 


The sequence defined recursively by ai = 2 and dn+1 = —3an is 
2 SZ 
эж % 6 * | 9 ң 2 4 қ + а е ж 


This is a geometric sequence with common ratio r = —3. 


If we let ai = a be the first term of a geometric sequence with common ratio r, 


we find from the recursion formula (7) that 


—n! a a — ] 
а,л--а,аҒғ- а! 


{1 


and so on. Іп general, a geometric sequence with first term а and common 


ratio r is 


{ат |}. (8) 


Find the Third Term 


2|ҺЬ2 


Еша ТЭХ term of a geometric sequence with common ratio № and sixth 


29 
term 8| ! 


Solution Ws, first find a. Since #6 | апа 
" — Z 
F—35 

„1, we have from (8) that 


128 sA 
81 ^43 


[6 


(л 3 


Тһе third term of the sequence is = 


[ Compound Interest An initial amount of money deposited in a savings 


account is called the principal and is denoted by P. Suppose that the annual 


rate of interest for the account is r. If interest is compounded annually, then 


at the end of the first year the interest on P is Pr and the amount Ai 


accumulated in the account at the end of the first year is principal plus 


interest: 


A, = P + Pr = Р(1 + r). 


The interest earned on this amount at Фе end of the second year is P(1 + уг. 
If this amount is deposited, then at the end of the second year the account 


contains 


A, = Р(1 + r) + РА + гг 
= Р(1 + 2r + г?) = Р(1 + ry. 


Continuing іп this fashion, we can construct the following table. 


The amounts in the second column of the table form a geometric sequence 
with first term P(1 + г) and common ratio 1 + r. Thus from (8) we conclude 
that the amount in the savings account at the end of the nth year is An = [P(1 + 
r)] (1 + r)n-1 or 


A, = Р(1 + ry. (9) 


Compound Interest 


On January 1, 2010, a principal of $500 was deposited in an account drawing 
4% interest compounded annually. Find the amount in the account on January 
1, 2024. 


Solution We make the identification P = 500 and г = 0.04. As of January 1, 
2024, the principal will have drawn interest for 14 years. Using (9) and a 


calculator, we find 


Aj4 = 500(1 + 0.04)“ 
500(1.04)'* 
= 865.84. 


То the nearest dollar amount, the account will contain $866 at the end of 14 


years. 


NOTES FROM THE CLASSROOM 


It may be impossible to give the general term of a sequence {an} 
as an explicit function f(n). For example, the terms in the 
sequence 


31415. 
consisting of the digits in the number л = 3.14159... have по 


explicit defining formula. See Problems 35 and 36 in Exercises 
10.1. 


Exercises 10.1 Answers to selected odd- 
numbered problems begin on page ANS-31. 


In Problems 1-10, list the first five terms of the given sequence. 


(—1)""! 


И 


10. {(-Dn-1 (1 + 03] 


In Problems 11 and 12, list the first six terms of a sequence whose general 


term is piecewise defined. 


—2" nodd. 
n^, n even 


Vn. пода. 


n i 
5 1/п, neven 


11. 


In Problems 13-16, discern a pattern for the given sequence and determine the 


next three terms. 


14. 

1.2.1.4. + 
: А - Qs ‚725, n n 
ПО 2B, 3), 35 Bs Besos 


In Problems 17—24, list the first five terms of the sequence defined recursively. 


( 22 | гы 
17. a, - 1 


= L i 2 
a; = 5,4, = (—1)"(a,-1) 


19. а = 0, an=2 +3ап-1 
"———— түр 
ај = 2,а,-чпа, | 


| 
diga 1, a, = 44-1 


22а! e a2 = il. ап = ün- 1 — ün-2 


20. 


Ар 20-41 Greil Sande D 
= | БЕ ЛБ 
24. a, ЕЕ -0, dn +17 3 dn 


In Problems 25-34, the given sequence is either an arithmetic or a geometric 
sequence. Find either the common difference or the common ratio. Write the 


general term and the recursion formula of the sequence. 


25. 4,-1,-6,-11,... 


I I 
2. 16? 87 As 


1 
2? 
9 2 
"E 
| 3 
m2 1,3, 25... 


30. 


31. 0.1, 0.01y, 0.001y», 0.0001y;, ... 


Әр), ике Wee, Oke, EEE aus 


3 1 | | 


эз. 97 45 6: gs +... 
34. 10532, 10634, 10638, log316.... 


In Problems 35 апа 36, write out the first five terms of the sequence {an} if 
the general term a; is the nth digit in the decimal representation of the given 


number. 


37. Find the twentieth term of the sequence —1, 5, 11, 17, ... 
38. Find the fifteenth term of the sequence 2, 6, 10, 14, .... 


39. Find the fifth term of a geometric sequence with first term 8 and common 


г = -2 


ratio 


40. Find the eighth term of the sequence 


1 111 
1024: 128: 165 2» * eee 


41. Find the first term of a geometric sequence with third and fourth terms 2 


and 8, respectively. 


42. Find the first term of an arithmetic sequence with fourth and fifth terms 5 


and —3, respectively. 


43. Find the seventh term of an arithmetic sequence with first and third terms 


357 and 323, respectively. 


44. Find the tenth term of a geometric sequence with fifth and sixth terms 2 


and 3, respectively. 


45. Find an arithmetic sequence whose first term is 4 such that the sum of the 


second and third terms is 17. 
46. Find a geometric sequence whose second term is 1 such that as/as - 64. 


47. If $1000 is invested at 796 interest compounded annually, find the amount 


in the account after 20 years. 


48. Find the amount that must be deposited in an account drawing 5% interest 


compounded annually in order to have $10,000 in the account 30 years later. 


49. At what rate of interest compounded annually should $450 be deposited 


in order to have $750 in 8 years? 


50. At 696 interest compounded annually, how long will it take an initial 


investment to double? 
Applications 


51. Cookie-Jar Savings A couple decides to set aside $5 each month the first 
year of their marriage, $15 each month the second year, $25 each month the 
third year, and so on, increasing the monthly amount by $10 each year. Find 


the amount they will set aside each month of the fifteenth year. 


52. Cookie-Jar Savings—Continued In Problem 51, find a formula for the 


amount the couple will set aside each month of the nth year. 


53. Population Growth The population of a certain community is observed 
to grow geometrically by a factor of 2 each year. If the population at the 
beginning of the first year is 1000, find the population at the beginning of the 


eleventh year. 


54. Profit A small company expects its profits to increase at a rate of $10,000 
per year. If its profit after the first year is $6000, how much profit can the 


company expect after 15 years of operation? 


55. Family Tree Everyone has two parents. Determine how many great- 


great-great-grandparents a person will have. 


56. How Many Rabbits? Besides its famous leaning bell tower, the city of 
Pisa, Italy, is also noted as the birthplace of Leonardo Pisano, aka Leonardo 
Fibonacci (1170-1250). Fibonacci was the first in Europe to introduce the 
Hindu-Arabic place-valued decimal system and the use of Arabic numerals. 
His book Liber Abacci, published in 1202, is basically a text on how to do 
arithmetic in this decimal system. But in Chapter 12 of Liber Abacci, 
Fibonacci poses and solves the following problem on the reproduction of 
rabbits: 


Rabbit multiplication 
€ Anikakodydkova/Shutterstock, Inc. 


How many pairs of rabbits will be produced in a year beginning with a single 
pair, if in every month each pair bears a new pair that become productive 


from the second month on? 


Discern the pattern of the solution of this problem and complete the following 
table. 


57. Write out five terms, after the initial two, of the sequence defined 


recursively by Fn+1 = Fn + Fn-1, Е! = 1, Р = 1. This sequence is called the 


Fibonacci sequence and the terms of the sequence are called Fibonacci 


numbers. Reexamine Problem 56. 


58. Verify that the general term of the sequence defined in Problem 57 is 


1 (1+ У5Үү | /1- м5 \" 
"4/5 2 V5 3 


by showing that this expression satisfies the recursion formula. Use this 


general term to find Fi, Е>, апа Ез. 


59. Doubling Time In (9) of this section we saw that if a principal of P 
dollars was deposited into a savings account paying an annual rate of interest 


ғ, then the amount accumulated in the account after n years is Ал = P(1 + ғ)». 
(a) In how many years will the principal P double? 


(b) ТЕР = $1000 and r = 0.01, how many years are required to accumulate 
$2000? 


60. Falling Ball (a) When a ball is dropped from a great height, the total 
distance (in feet) that it travels in n seconds, where n = 0, 1, 2, 3, ..., is given 
by sn = 16r». If а» denotes the distance the ball travels during the nth second, 
then 


a, = 5,- § 


= P. 
n n n-p ” 1,2,3.... 


Show that {an} is an arithmetic sequence by finding a constant d such that ал» 


1— da = d. 


(b) Determine how far does the ball travels during the sixth second by listing 


the first six terms of the sequence {an}. 
Calculator/Computer Problems 


In Problems 61-64, use a graphing utility to plot the first ten terms of the 


given sequence. 
9 
И 


t + 
62. E 
ШТ 


=] n— 1 
0) n + 3 


64. 


For Discussion 


65. Find two different values of x such that 


3 б 


л, X. 7797... 


- 
15 а geometric sequence. 


66. If {an} and {bn} are geometric sequences, then show that {anbn} is a 


geometric sequence. 


67. Find a piecewise-defined formula for the general term ал of the sequence 


68. Area Under a Graph In Problem 66 of Exercises 2.1 you were asked to 
find the areas find Ат, A», Аз, ..., An, ... of the blue isosceles triangles bounded 
between the graph of the function y = f(x) whose graph is given in Figure 
2.1.20 and the intervals 


| 3 7 9 23 235 
[5,5]. [44], [3» 54.4 ММ 


Show that (An) is a geometric sequence. 


In Problems 69 and 70, find a value of а and a recursion formula that defines 


the given sequence. Find as of each sequence. 


69. V3, V3 + VÀ, Мз+ V3 УЗ, Va + Va + уз + VÀ... 
O jp NE 
243 | 
70. 2+ 
71. Give an example of a sequence (an) that is both arithmetic and geometric. 
72. Тһе positive odd integers аге 

Вто 


What is the (n — 1)st positive odd integer? 


10.2 Series 


INTRODUCTION In the following discussion, we will be concerned with the 
sum of the terms of a sequence. Of special interest are the sums of the first п 
terms of arithmetic and geometric sequences. We begin by reviewing a special 


notation that is used as a convenient shorthand for an indicated sum of terms. 


[ Summation Notation Suppose we аге interested in (һе sum of the first л 


terms of a sequence {an}. Rather than writing 


dy та T^t 6, 


mathematicians have invented a notation for representing such sums in a 


compact manner: 
п 
Уа = а TÆT" ға, 
k=] 


Because ) is the capital Greek letter sigma, the notation 


п 


К — is referred to as summation or sigma notation 
and is read “the sum from k = 1 to k = n of a sub К.” The subscript К is called 
the index of summation and takes on the successive values 1, 2, ..., п: 


See Section 3.7. 


sum ends with this number 


sum starts with this number 


Summation Notation 


Write out each sum. 


X 


(а) К = | 

20 
(ЭК 1) 

wk= ] 


(с) k =] 


2-1-2-344-144-49-Ч416 
Solution (a) k=1 


20 
(ЭК + 1) = (301) +1) +0302) 41) 4-(3(3) 41) c (320) +1) 
k=1 
(b) =4+7+10+:::+61 
DEV Ma = (Hay, + (71)? May (71) Tay + ++ 6 (1) "а, 
k=1 
(c) = а + а + ( уға, = 


The choice of the letter used as the index of summation is arbitrary. Although 


we will consistently use the letter k, we note that 


and so оп. Also, as we see in the next example, we may sometimes allow the 


index of summation to start at a value other than k = 1. 


Using Summation Notation 


14101 | 
… Шара” g tet: + 756 


summation notation. 


using 


Solution We observe that the Аһ term of the sequence 


"Ја Ма а... : 
e T S can be written as 


Е a= ^" where К = 0, 1, 2, .. We note too that 
, ‚ Т 58 
256 2. Therefore, 
: 1 1 íi i 
k | | П 
x ус ийн гайг 5 ЖТТ га 


| Properties Some properties of summation notation are listed іп the 


theorem that follows next. 


THEOREM 10.2.1 Properties of Summation 
Notation 


Suppose c is a constant (that is, does not depend on K), then 


n n 


Sica, = сУа, 


Property (/) of Theorem 10.2.1 is simply factoring a common term from а 


sum: 


n n 
Уса Cay + са + + са, = с(а ta tta) с а. 
k=1 k=1 


To understand property (ii) of Theorem 10.2.1, consider the following simple 


examples: 


three 275 four 7% 


(4 — C, &=—C,..., @ — C. 
Consequently, 
n n terms 


Me-ctctcetot6-nc 


10 


6 = 10:6 = 60. 


For example, — 


[ Finite Arithmetic Series Recall, we saw in (5) of Section 10.1 that an 


arithmetic sequence could be written as {ai + (n — Па}. The addition of the 


first n terms of an arithmetic sequence, 


2 
5,- Day + (k= Dd) = ay + (ay d) + (ay + 24) 5 (a + (n= Dd) (1) 
к= 1 


is called a finite arithmetic series. It is possible to find a formula for the sum 


of the first n terms of an arithmetic sequence. Since dn = ai + (n — Па the 


finite series (1) can be rewritten as 


Reversing the terms in (1), we have 


S, = (a, + (n = Па) +--+ (a, + 24) + (a, + а) 


п 


Adding (2) and (3) gives 


а. 


25, = (а + ap) + (a, + a,) ++ (а, + а„) + (а +а,) = п(а 


Thus, 


+ d,). 


(3) 


(4) 


In other words, the sum of the first n terms of an arithmetic sequence is the 


number of terms п times the average of the first term а! and the nth term ал of 


the sequence. 


Arithmetic Series 


Find the sum of the first seven terms of the arithmetic sequence (5 — 4(n — 


D 


Solution The first term of the sequence is 5 and the seventh term is —19. By 
identifying а! = 5, a; = –19, and n = 7 it follows from (4) that the sum of the 


seven terms in the arithmetic series 


57 = 5 + I + (-3) + (77) + (-11) + (7-15) + (—19) 


18 


Sum of the First 100 Positive Integers 


Find the sum of the first 100 positive integers. 


Solution The sequence of positive integers 


1,2,3 


қ та мба + + + 


is ап arithmetic sequence with common difference 1. Thus, from (4) the value 
of $100 =1+2+3 +... + 100 is given by 


| + 100 
блод = D - ) - 50(101) - 5050. SE 


An alternative form for the sum of an arithmetic series can be obtained by 


substituting ai + (n — 1)d for a» in (4). We then have 


2a, + (n = Га 
S, = n( ы > | ( 


which expresses the sum of an arithmetic series in terms of the first term, the 


m 


number of terms, and the common difference. 


Paying Off a Loan 


A woman wishes to pay off an interest-free loan of $1300 by paying $10 the 
first month and increasing her payments by $15 each succeeding month. How 
many months will it take to pay off the entire loan? Find the amount of the 


final payment. 


Solution The monthly payments form an arithmetic sequence with first term 
а! = 10 and common difference d = 15. Since the sum of the arithmetic series 
formed by the sequence of payments is $1300, we let 5» = 1300 in (5) and 


solve for n: 


2(10) + (n = 1)15 
2 


1300 = n 


5 + [5n 
2 


=n 


^ 


2600 = 5n + 150и. 


By dividing by 5 the last equation simplifies to 3m2 + n — 520 = 0 or (3n + 40) 


40 


(n — 13) - 0. Thus, | 4 ог п= 13. Since n must be а 
positive integer, we conclude that it will take 13 months to pay off the loan. 


The final payment will be 


a = 10 + (13 — 1)15 = 10 + 180 = 190 dollars. иш 


[ Finite Geometric Series The addition of the first n terms of a geometric 


sequence (ars -1) is 


n 
= pa = 
S, = Sart l! =a+ar+ar +-+ аг"! (6) 
Ізі 


is called a finite geometric series. Like arithmetic sequences, it is possible to 
find a formula for the sum of the first и terms of a geometric sequence. To see 


this we multiply (6) by the common ratio r: 


r$, = ar + а? + ar + +" + ar”. (7) 


Subtracting (7) from (6) and simplifying gives 


5, 


: 2 - 7 
= r$, = (a + ar + ar? +++: + ar" )-(аг ar” + t ar") =а- ar" 


or (1 — D$, = a(1 — r”). 
Solving this equation for 5», we obtain a formula for the sum of a geometric 


series containing n terms: 


(1 _ „п 
к „Ж = m 
|= 


Sum of a Geometric Series 


Compute the sum 
3 3 3 3 3 


Solution This geometric series is the sum of the first six terms of the 


geometric sequence : . Identifying the first term 
= і 
4 5 | 
a = 3, the common ratio 2, and n = 6 in (8), we have 
(1-(99 5(1-а)  (63\ 189 
So = | -1 = 1 (4) = 32: Бей 


Sum of a Geometric Series 


A developer constructed one house in 2002. With his profits, he was able to 
build two houses in 2003. With the profits from these, he constructed four 
houses in 2004. Assuming that he was able to continue doubling the number 
of houses he built each year, find the total number of houses he constructed at 
the end of 2012. 


Solution The total number of houses he constructed in the 11 years from 2002 
through 2012 is the sum of the geometric series with first term a — 1 and 


common ratio r 2 2. From (8) the total number of houses constructed is 


1-(0—2"). 1 — 2048 
1-2 -1 


Su = = 2047. = 


NOTES FROM THE CLASSROOM 


The notion of a finite series is not confined to arithmetic and 
geometric sequences. If {an} is any sequence, then the sum of its 
first n terms, 


n 
S, = Sa, =a, +a “ау “>>: “а, 
k-1 


is called a finite series. Using finite series it is possible to assign 
meaning to the sum of all the terms the sequence, or infinite 


series, 


20 


тат 
k=1 
Indeed, in the context of a course in calculus, the word series is 


often used interchangeably with the words infinite series. We will 


examine the concept of infinite series in Section 10.7. 


Exercises 10.2 Answers to selected odd- 
numbered problems begin on page АМ5-31. 


In Problems 1—6, compute the given sum. 


Dk ЛЮ 
10. k — 0 


In Problems 11—16, write the given series in summation notation. 


11. 3+5+7+9+11 


Еее 
++ -9% 
3 E с 

з524-1-:%-5 
| ; 33 
а thay + bag + hag 8-9 таз 


In Problems 17-22, find the sum of the given arithmetic series. 
17. 1+4+7 - 10 + 13 


18. ІЗІ +111 +91 +71 +51 € 31 


У [3 + (k — D8] 


1-2 


19. k — | 

20 

X [—6 + (k = 03] 
20. К = | 


22. -5-3-1 +--+25 


In Problems 23-28, find the sum of the given geometric series. 
83 T 9 + 27 + 81 
24. 7 + 14 + 28 +56 + 112 + 224 


25. 60 + 6 + 0.6 + 0.06 + 0.006 


26. 


27. К =] 


> ` 
Он 
ж К — | 


29. If {an} is an arithmetic sequence with d = 2 such that 510 = 135, find a 


and a10. 


30. If {an} is an arithmetic sequence with ai = 4 such that Ss = 86, find as and 
d. 


31. Suppose that а! = 5 and аһ = 45 are the first and nth terms, respectively, of 


an arithmetic series for which Sn = 2000. Find п. 


| 
-3|-- 


32. If {an} is a geometric sequence with = such that 


1 — 09 
$6 = 


5 , find the first term a. 


33. The sum of the first n terms of the geometric sequence {2л} is Sn = 8190. 
Find n. 


34. Find the sum of the first 10 terms of the arithmetic sequence 


x + Зу 
КӨЛІ Lees 


- 


35. Find the sum of the first 15 terms of the geometric sequence 
X y 
EE | * E * 


y X 


. . + 


36. Find a formula for the sum of the first n positive integers: 
1+2+3+---+n. 


37. Find a formula for the sum of the first n even integers. 
38. Find a formula for the sum of the first n odd integers. 


39. Use the result obtained in Problem 36 to find the sum of the first 1000 


positive integers. 


40. Use the result obtained in Problem 38 to find the sum of the first 50 odd 


integers. 


The line y = mx + b that best fits а set of n data points (xi, уз), (x2, ур), ..., (Ха, 
yn) is called a regression line or least squares line. The coefficients m and b 


are solutions of the linear system: 


x, |m + nb = > уу 
~ > 


k= k=1 
п п п 
Ух m + x, |b = Уху; 
k= k=1 k-1 


In Problems 41—46 on page 551, find the regression line for the given data. 
2 5 (65 IDE (22 (e (б 2)) 

42. (0, 21), (1, 3), (2,5), (3, 7) 

43. (1, 1), (2, 1.5), (3, 3), (4, 4.5), (5, 5) 

44. (0, 0), 2, 1.5), (3,3), (4, 4.5), (5,5) 


AS (02) 01599) @ ab a (259) (558) ©, 0) 


46 Пато» 
Applications 


47. Cookie-Jar Savings A couple decides to set aside $5 each month the first 
year of their marriage, $15 each month the second year, $25 each month the 
third year, and so on, increasing the monthly amount by $10 each year. Find 


the total amount that they will have set aside by the end of the fifteenth year. 


48. Cookie-Jar Savings—Continued In Problem 47, find a formula for the 


total amount that the couple will have set aside by the end of the nth year. 


49. Distance Traveled An automobile accelerating at a constant rate travels 
2 m the first second, 6 m the second second, 10 m the third second, and so on, 
traveling an additional 4 m each second. Find the total distance that the 


automobile has traveled after 6 seconds. 


50. Total Distance Find a formula for the total distance traveled by the 


automobile in Problem 49 after п seconds. 


51. Annuity If the same amount of money P is invested each year for n years 
at a rate of interest r compounded annually, then the amount accumulated 


after the nth payment is given by 


$ = Р(1 + ry + P(Y + ry ? ++ PA + r) ЖР. 


Such a savings plan is called an annuity. Show that the value of the annuity 


after the nth payment is 


+," 1 
s = pj | 


r 


52. Watch the Bouncing Ball A ball is dropped from an initial height of 15 


2 


ft onto a concrete slab. Each time it bounces, it reaches a height of 3 its 
preceding height. What height does it reach on its third bounce? On its nth 


bounce? How many times does the ball have to hit the concrete before its 


| 


height is less than 2 ft? 


See FIGURE 10.2.1. 


FIGURE 10.2.1 Bouncing ball in Problem 52 


Display of soup cans 
€ Melvyn Longhurst/Alamy 


53. Total Distance In Problem 52, find the total distance the ball has traveled 


up to the time when it hits the concrete slab for the seventh time. 


54. Desalinization A solution of salt water containing 10 kg of salt is passed 
through a filter that removes 20% of the salt. The resulting solution is then 
filtered again, removing 20% of the remaining salt. If 20% of the salt is 
removed during each filtration, find the amount of salt removed from the 


solution after 10 filtrations. 


55. Drug Accumulation A patient takes 50 mg of a drug each day and of the 
amount accumulated, 90% is excreted each day by bodily functions. 
Determine how much of the drug has accumulated in the body immediately 


after the eighth dosage. 


56. Pyramid Display А grocer wants to display canned soup in a pyramid 
with 20 cans on the bottom row, 19 cans on the next row, 18 on the next row, 
and so on, with a single can at the top. How many cans of soup are required 


for the display? 


57. A Chess Master According to legend, the king of a Middle Eastern 
country was so taken with the new game of chess that he queried its peasant 
inventor on how he might reward him. The inventor's modest request was for 
the sum of the grains of wheat that would fill the chess board according to the 
rule: 1 grain on the first square, 2 grains on the second square, 4 on the third 
square, 8 on the fourth square, and so on, for the entire 64 squares. The king 
immediately acceded to this request. If an average bushel contains 106 grains 
of wheat, how many bushels did the king owe the inventor? Do you think the 


peasant lived to see his reward? 


Chess board 
О Fesus Robert/ShutterStock, Inc. 


58. Save Your Pennies Instead grains of wheat as in Problem 57, place a 
penny (US one cent piece), on the first square of the chess board, stack 2 
pennies of the second square, stack 4 pennies of the third square, stack 8 


pennies of the fourth square, and so on for the entire 64 squares. 
(a) What the monetary value in US dollars of the filled chessboard? 


(b) The thickness of a penny is 0.061 inches. Find the height of the stack of 


pennies on the 64n square measured in inches, feet, and miles. 


(c) Find a distance in science that compares with your answer to part (b). 


Stack of pennies in Problem 58 


© topseller/Shutterstock, Inc. 


10.3 Mathematical Induction 


INTRODUCTION Frequently, a mathematical statement or proposition that 
depends on the positive integers М = (1, 2, 3, ...} can be proved using а 
technique known as mathematical induction. Suppose we can show two 
things: 


• а statement is true for the number 1; and 


* whenever the statement is true for the positive integer К, then it is true for 
the next positive integer k + 1. 


In other words, suppose we can demonstrate that the 


statement is true for 1 | (1) 


and that the 


statement is true for К| implies the |statement is true for k + 1. (2) 


What can we conclude from this? From (1) we have that: 


the statement is true for the number |. 


and by (2) 

the statement is true for the number I + I = 2. 
In addition, it now follows from (2) that: 

the statement 1$ true for the number 2 + | = 3, 


the statement is true for the number 3 + | = 4, 
the statement 1$ true for the number 4 + ] — 5 


and so on. Symbolically, we can represent this sequence of implications by 


statement is true for || = | statement is true for 2| = | statement is true for 3| = ++ © 


It seems clear that the statement must be true for a// positive integers n. This 


is precisely the assertion of the following principle. 


THEOREM 10.3.1 Principle of Mathematical 
Induction 


Let S(n) be a statement involving a positive integer n. If 


(i) S(1) is true, and 


(ü) the truth of S(k) implies the truth of S(k + 1) for every 
positive integer К, 


then the statement S(n) is true for all positive integers n. 


Falling dominoes 
€ Monkey Business Images/ShutterStock, Inc. 


Although we have stated the Principle of Mathematical Induction as a 


theorem, it is actually considered to be an axiom of the natural numbers. 


By way of a physical analogy to the foregoing principle, imagine that we have 
an endless row of correctly spaced dominoes each standing on its end. 


Suppose we can demonstrate that whenever a domino (give it a name, say, the 


kth domino) falls over that its neighboring domino (the (К + 1)st domino) also 
falls over. Then we conclude that all the dominoes must fall over provided we 


can show one more thing, namely, that the first domino falls over. 


We now illustrate the use of induction with several examples. We begin with 


an example from arithmetic. 


Using Mathematical Induction 


Prove that the sum of the first n positive integers is given by 


п(п + 1) 
1+2+434-:4 1 = -— (3) 


Solution Here the statement S(n) is the formula in (3). The first step is to 


show that S(1) is true, where S(1) is the statement 


Since this is clearly true, condition (i) of the Principle of Mathematical 


Induction is satisfied. 


The next step is to verify condition (її). This requires that from the hypothesis 
“5(К) is true," we prove that *S(k + 1) is true." Thus we assume that the 
statement S(K), 


_ kk +1) 


5 


1+2+3+---+k 


is true. From this assumption we wish to demonstrate that S(k + 1), 


түлі (К + DEG +1) + 1] 
2 ә шаа ан | - 
1+24+3+ (К + 1) 5 (5) 


is also true. Now we сап obtain a formula for the sum of the first k + 1 


positive integers by using the equality (4) and some algebra: 


by (4) this equals АНИ 
4 S k(k + 1) 
1+2+3+---+k+(k+1) 5 + (k + 1) 


k(k + 1) + 2(k + 1) 


> 


_ (k+ D +2) 
oe 
(k DIG 0) +1] 


+ this is (5) 


N 


Thus we have shown that the statement S(k + 1) is true. It follows from the 


Principle of Mathematical Induction that 5(п) is true for all positive integers n. 


In basic algebra we learned how to factor. In particular, from the 


factorizations 


XY KV, 


9 2 
x — у = (x — y)(x + у), < see(1)of Section 1.5 
3 — » (= yao? T xy + уз. <= see (2) of Section 1.5 
5 9 2 p ? 9 
é- y = (02 — у°)(х^ + у”) = (х = у)(х Жуух + у”) 


а reasonable conjecture is that x — y is a factor of xn — ул for all positive 


integers n. We now prove that this is so. 


Using Mathematical Induction 


Prove that x — y is a factor of xn — yn for all positive integers n. 


Solution For the statement S(n), 


x — y is a factor of x" — у" 


ж 


we must show that the two conditions (7) and (її) are satisfied. For n = 1 we 


have the true statement S(1), 


x — yis a factor of x! — y’. 


Y 


Now assume that $(К), 


x — y is a factor of x* — y 


Y 


is true. Using this assumption, we must show that S(k + 1) is true; that is, x — y 
is a factor of xx+1 — ук+1. To this end we perform a bit of cleverness, namely, 


let's subtract and add хук to Xk+1 — ук+1: 


X — yis assumed hereisa 
to be a factor of factor of 
0 this term rey 


xttl уб = ktl — ху* + xyk — ук = yk — yb + у(х — у). (6) 


But by hypothesis, x — y is a factor of xx — ук. Therefore, x — y is a factor of 
both terms on the right-hand side of (6). It follows that x — y is a factor of the 
right-hand side, and thus we have shown that the statement S(k + 1), 


. ~ - cT c+ 
X — yis а factor of х у! 


v 


is true. It follows by the Principle of Mathematical Induction that x — y is a 


factor of x; — y» for all positive integers и. 


Using Mathematical Induction 


Prove that 8; — 1 is divisible by 7 for all positive integers n. 


Solution We let 5(п) be the statement “8, — 1 is divisible by 7 for all positive 
integers n." With n = 1 we see that 8: — 1 2 7 is obviously divisible by 7. 


Therefore S(1) is true. Now let us assume that S(K) is true; that is, 8x — 1 is 


divisible by 7 for some positive integer k. Using that assumption we must 


show that 8+ 1 — 1 is divisible by 7. Consider 


stt! — ] = 88 — 1 
8% | + 7) - | < rearrange terms 
= (8 — 1) + 7-85. 


— ге” ———— 


assumed to Бе divisible by 7 
divisible by 7 


The last equality proves S(k + 1) is true because both 8 — 1 and 7. 8« are 
divisible by 7. It follows from the Principle of Mathematical Induction that 


S(n) is true for all positive integers n. 


NOTES FROM THE CLASSROOM 


Sometimes a mathematical statement S(n) is not true for, say, the 
first m — 1 positive integers, but is true for all positive integers n 
> m. The Principle of Mathematical Induction can be modified 
in the following manner. 


Let S(n) be a statement involving a positive integer n. If 
(i) S(m) is true, and 


(1) the truth of S(k) implies the truth of S(k + 1) for all 
positive integers k > m, 


then the statement S(n) is true for all positive integers n > т. 


This version of Theorem 10.3.1 is referred to as the Extended 
Principle of Mathematical Induction. See Problems 21 and 22 in 
Exercises 10.3. 


Exercises 10.3 Answers to selected odd- 
numbered problems begin on page ANS-32. 


Іп Problems 1-20, use the Principle of Mathematical Induction to prove that 


the given statement is true for all positive integers л. 
1.24+4+6+--+2n=mt+n 
2.1%3-5----(2лп-І)-т 


3+ 22+3 +... +1? = сп(п + 1)(2n + 1) 


В+ 22+ 33+... + п = ии + 1)? 


1 | | | п 
+ + ++ = 
7 1:2 2:3 3:4 п(п+1) n-cl 
1 1 1 1 п 
+ + +-+ = 
8 2:3 3.4 4-5 (n + 1)(n +2) 2n + 4 


1+4 + 42+... +4"! = 104" — 1) 
19, 10 + 10? + 10° + --- + 10" = 4(10"*! — 10) 
11. пз + 2n is divisible by 3 
12. m + nis divisible by 2 


13. 4 is a factor of 5. — 1 


14. біз а factor оҒтз-п 

15. 7 is a factor of 32n - 2; 

16. x+ yis a factor of x2n-1 + у?л-1 
17. Ға > -1, then (1 +a) > 1 na. 
18. 2n < 2, 

19. If r» 1, then m> 1. 

20. ШО < г< 1, Шеп 0 < љ < 1. 


In Problem 21 and 22, verify that the given statement is false for n = 1, 2, ..., 
m — 1. Use the form of the Principle of Mathematical Induction given in the 
Notes from the Classroom at the end of this section to prove that the statement 


is true for all positive integers n > т. 
Ы 25» бу ЕЗ 

2p), (tg ae Пр 2р un 3 

For Discussion 


23. If we assume that 
2-4-6-:--20л-т“п-І 


is true for n = К, show that the formula is true for n = k + 1. Show, however, 
that the formula itself is false. Explain why this does not violate the Principle 


of Mathematical Induction. 


10.4 The Binomial Theorem 


INTRODUCTION When (а + Б), is expanded for an arbitrary positive integer 


n, the exponents of a and b follow a definite pattern. For example, from the 


expansions 


(a + by = а? + 2ab + b 
(a + by = à? + ЗаЬ + Зар? + D? 
(a + b)* = а + ДаЬ + ба + Дар? + D* 


we see that the exponents of a decrease by 1, starting with the first term, 
whereas the exponents of b increase by 1, starting with the second term. In the 


case of (а + b)4, we have 
powers decreasing by 1 
(a+ b)* = a + Ad b! + ба?  Aalb? + b. 


powers increasing by 1 


To extend this pattern, we consider the first and last terms to be multiplied by 


bo and ao, respectively; that is, 


(a + Ь)% = atb? + Ab! + ба?Ь? + Да») + а. (1) 


We also note that the sum of the exponents in each of the five terms of the 


expansion (a + b) is 4. For example, in the second term we have 


4-3-1 
ЕЗЕТ 
Зар. 
Using (1) 


Expand (y2 — 1)4. 


Solution With the identifications а = y» and b = — 1, it follows from (1) and 


the laws of exponents that 


(32 = 1) = (у (-1)) 
= (у?)# + 4(у2)%(=1) 4 
уб — 4y® + 6y* — 4y? 


2,2 


6(у?)?(—1)? + 4(y?)(-1)? + (-1) 
+ 1. 


[ The Coefficients The coefficients in the expansion of (а + b)» also follow 


a pattern. To illustrate, we display the coefficients in the expansions of (a + 


Б), (а + b)i, (a + b), (а + Б)з, and (a + b) іп a triangular array 


Observe that each number in the interior of this array is the sum of the two 
numbers directly above it. Thus the next line in the array can be obtained as 


follows: 


/ 


| 6 4 
“мүм “м Ұл 
1 5 10 10 5 | 


- 


As you might expect, these numbers аге the coefficients of the powers of а 


and b in the expansion of (a + b)s; that is, 


(a + by = 1а + 5а% + 108b? + 10а + Sab? + №. (3) 


Тһе array obtained by continuing in this manner is called Pascal's triangle 

after the French philosopher and mathematician Blaise Pascal (1623-1662). 
Using (3) 

Expand (3 - х)з. 


Solution From (3), with a = 3 and b = —x, we can write 


(3 — x) = (3 + (—х))* 
= 1(3) + 5(3)*(—x) + 10(3)%(—х)? + 10(3)2(=х)3+ 5(3)(—х)# + 1(—х)* 
243 - 405x + 2702 — 90:8 + 15x* — 22. иш 


[ Factorial Notation Before we give a general formula for the expansion 


of (a + b), it will be helpful to introduce factorial notation. Recall, the 


symbol r! is defined for any positive integer r as the product 


H SPES ER eee) Ee РАА!| (4) 


See Problem 61 in Exercises 2.1 and (4) of Section 10.1. 


and is read “r factorial." For example, 1! = 1 and 4! =4.3.2.1= 24. Also, 


it is convenient to define 


A Simplification 
rir + 1) 


Р 1)! 
Simplify ( ! " where ris a positive integer. 


Solution Using the definition of r! in (4) we can write the numerator as 


r!(r + 1) = (rt ри = (r+ 1)r(r — 1)---2-1 = (r + Dr — 1)! 


Thus, 


r!(r + 1) (r+ l)r(r— 1)! 
= = (r+ ly. иш 
(т = 1)! (r — 1)! 


[ Тһе Binomial Theorem The general formula for the expansion of (a + 


b)n is given in the following result, known as the Binomial Theorem. 


THEOREM 10.4.1 Binomial Theorem 


For any positive integer п, 


n(n—l), 


ap 
2! 


п 
(а + Б)" = а + ue 2 + 


Жане byesqe rs Т) ыг 
с анг На 
r 


By paying attention to the increasing powers on b in (5) we see that the 


expression 


n(n = 1)---(n— r+1) 


r! 


a" V (6) 


is the (r + 1)st term in the expansion of (a + b)n. For r = 0, 1, ..., n, the 


numbers 


п(п = lD)--:(n—r- 1) 


(7) 


r! 


are called binomial coefficients and are, of course, the same as those obtained 
from Pascal’s triangle. Before proving the Binomial Theorem Бу 


mathematical induction, we consider some examples. 


Using (5) 


Expand (a + b). 


Solution We use the Binomial Theorem (5) with coefficients given by (7). 
With n = 4 we obtain: 


4 4*3 42,2, 432 4.3.2.1 
(а + b)* = а + ар 4 а 2524 a* 3p? 4 ы 
1! 2! 3! 4! 
12,, 24 24 
a^ + 4а%Ь + 2 ab + 6 ab? 4 24 p 
= а + 4а + ба?Ь? + Aab? + p. БЕН 


Finding the Sixth Term 


Find the sixth term in the expansion of (x2 — 2y)7. 


Solution Since (6) is the (r + 1)st term in the expansion of (a + b)n, the sixth 
term in the expansion of (x2 — 2y)7 corresponds to г = 5 (that is, r + 1 = 5 + 1 = 
6). With the identifications n = 7, r = 5, a = x», and b = — 2y, it follows from 
(6) that the sixth term is 


d exem | 
(32)7:3(-2уу = 2154(— 32у?) 


= -672x4y°. иш 


[ An Alternative Form Тһе binomial coefficients сап be written іп a more 


compact manner using factorial notation. If r is any integer such that 0 < г < 


n, then 


this fraction is I 
h(n—1):-:(n—r-J4-1) (G6—nmn-—r—-1)-:3*2*1 
І "(n—r(n-r-1)--3-2 
n(n—l)::-:(n—-rtl1)(n—-r(n—-r-—l1):::3:2:1 
(n—r)í(n—-r-1):::3:2:1 


пп = 1): (п г+ 1) = 


Thus the binomial coefficients of ab. for г = 0), 1, ..., n given in (7) аге the 


same as n!/r!(n — r)!. This latter quotient is usually denoted by the symbol 


n 


r 


. That is, the binomial coefficients are 


n n! й 
-------. (8) 
ғ ri(n — r)! 


Hence the Binomial Theorem (5) can be written in the alternative form 
(a + Б)" = (7) + (re Tee 00:52 ШАЛДАН (ум. (9) 
rz n 


It is this form that we will use to prove (5). Note that by combining (2) and (3) 
and using the notation in (8), the first six rows of Pascal's triangle can be 


written 


3 
ә 
N 


22 
UA 
о tA 
шә tA 
P tA 
Un (л 


0 | 


[ Summation Notation The Binomial Theorem сап be expressed іп a 


compact manner by using summation notation. Using (6) and (8), the sums in 


(5) and (9) can be written as 


n 


2. n(n— 1):::(п = К+ 1) 
(a + b) S Т 


a" А 


п A 
(а + Б)" = У ар 
AU 


respectively. From these forms it is apparent that since the index of 
summation starts at 0 and ends at п, а binomial expansion contains n + 1 


n 


г 


The following property of the binomial coefficient will play a 
pivotal role in the proof of the Binomial Theorem. For any integer r, O < r < 


Е ) М (^) E 8 j ) (10) 


We leave the verification of (10) as ап exercise (see Problem 63 in Exercises 
10.4). 


n, we һауе 


[ Proof of Theorem 10.4.1 We now prove the Binomial Theorem by 


mathematical induction. Substituting n = 1 into (9) gives a true statement, 
Е I l „l l lo 
(a+b) = 0 а + | b=a+b 


since 


This completes the verification of the first condition of the Principle of 


Mathematical Induction. 


For the second condition, we assume that (9) is true for the positive integer n 
=k: 


k k k k 
(а + Ь)“ = СУ + "x Tec ( yw Tec 62 (11) 
* А 


Using this assumption we then must show that (9) is also true for n = k + 1. To 
do this we multiply both sides of (11) by (a + b): 


[2 ^k k k 
(а + Буба + bY = (a + o( 2 Ч y bee ( 5 "xe ( y] 
0, 1 r, k 
k т ki k B і-1,2 (к kort к-гу+1 к Гай! 
= |g E + ab) +| ifo antes | ст eate JU ++ › (12) 
р ү 
= (Сын + (5 «(Fes + (9 «(Pew +... + ( $ ) + ( Ги eo ҮРЬ 
0 0 1 1 2 r-i г k 


Using (10) to rewrite the coefficient of the (r + 1)st term in (12) as 
к — 1 ғ r 
and the facts that (a + b)(a + b = (a + b)r+1, 


5) =: ӨКҮН 


the last line in (12) becomes 


(a + by = k И jen + E 5 Қ ЗЕ ( Ju шт з ( H ie. 
0 І r к-1 


Il 
Il 
M CN 
> > 
+ + 
М] 


Because this is (9) with л replaced by К + 1, the proof is complete by ће 


Principle of Mathematical Induction. 


Exercises 10.4 Answers to selected odd- 
numbered problems begin on page ANS-33. 


In Problems 1-12, evaluate the given expression. 
1. 3! 


25 Si 


xpression. 


In Problems 13-16, simplify the given e 


13 


1)! 


13. ( И 


(n — 1)! 
nn + 1)! 
(2n + 1)! 


In Problems 17-26, use factorial notation to rewrite the given product. 


16. 


17. 5-4-3-2-1 
18. 7-6-5-4-3-2-1 
EL ШИ йе Ио осо 52 [| 


2 


> 


(1- 1(1-2)---3-2.1 


21. 4-3-2-1)5-4-3-2-1) 


22. (6-5-4-3-2.1)(3.2.1) 


23. 4.3 


24. 10.9.8 


25. пп- 1), п> 2 


26. n(n- 1)(п– 2) --- (п-г+ 1), п> г 


In Problems 27-32, answer true or false. 
ОПА 221! 


28. 3! +3! 2 6! ж 


8! 
= 2) 
„4! 


8! 
-2 č 
30. 4 


31. п!(п+1)=(п+1)!____ 


-1(0-1)! 
a. И 


In Problems 33-42, use the Binomial Theorem to expand the given 


expression. 

33. (x2 — 5у4)2 
34. (xai + y-1)3 
35. (x2 — y2)3 
36. (x + Гу 
37. (x12 + yuz)4 
38. (3 — y» 


39. (xo + уз)» 


42. (х+у+ 2)4 


43. By referring to Pascal's triangle, determine the coefficients in the 


expansion of (а + b); for n = 6 and n = 7. 


44. If f(x) 2 x», where n is a positive integer, use the Binomial Theorem to 


simplify the difference quotient: 


f(x + h) — f(x) 
h 
In Problems 45—54, find the indicated term in the expansion of the given 
expression. 
45. Sixth term of (a + Бу 
46. Second term of (x — y)s 
47. Fourth term of (x2 — у2)6 
48. Third term of (x — 5)s 
49. Fifth term of (4 + x); 
50. Seventh term of (a — b) 
51. Tenth term of (x + у) 


52. Fifth term of (t + 1)4 


53. Eighth term of (2 — у)» 


54. Ninth term of (3 — z)io 


55. Find the coefficient of the constant term in (x + 1/x)io. 


56. Find the first five terms in the expansion of (x2 — у). 


57. Use the first four terms in the expansion of (1 — 0.01); to find ап 


approximation to (0.99)5. Compare with the answer obtained from a 


calculator. 


58. Use the first four terms in the expansion of (1 + 0.01):0 to find an 


approximation to (1.01). Compare with the answer obtained from а 


calculator. 
For Discussion 


59. Without adding the terms, determine the value of 


07 
MUT 


во. rk = 0 К 


61. Use the Binomial Theorem to show that 


0 


, what is x? 


62. Use the Binomial Theorem to show that 


n n n 
0 | п 


63. Ргоуе Шаї 


п п п + 1 
( )=(*)=( ) БЕРЕ 
r — I r r 


64. Prove that 


n n-r(n 
= А О = г< л. 
( + ) r + I (^) 


65. Suppose that the first seven rows of Pascal's triangle are expressed as a 


right triangle as given in FIGURE 10.4.1. Form a sequence whose terms are the 


sum of the numbers on each diagonal row. Does the sequence look familiar? 


| 
15 20156 1 


FIGURE 10.4.1 Pascal's triangle in Problem 65 


10.5 Principles of Counting 


INTRODUCTION А wide variety of practical problems involve counting the 
number of ways in which something can occur. For example, the telephone 
prefix at a certain university is 642. If the prefix is followed by four digits, 
how many telephone numbers are possible before a second prefix is needed? 
We will be able to solve this problem (see Example 2) and others using the 


counting techniques discussed in this section. 


[ Tree Diagram We begin by considering a more abstract problem. How 


many different arrangements can be made of the three letters a, b, and c using 
two letters at a time? One way to solve this problem is to list all the possible 
arrangements. As shown in FIGURE 10.5.1, a tree diagram can be used to 
illustrate all the possibilities. From the point labeled "Start," line segments 
lead to each of the three possible choices for a first letter. From each of these, 
a line segment leads to each of the possible choices for a second letter. Each 
possible arrangement corresponds to a path, or branch of the tree, beginning 
at the "Start" and traveling to the right through the tree. We see that there are 


6 different arrangements of the three letters: 


ар. ас. ba. bc. са. cb. 


First — Second Six 
letter letter arrangements 


ab 
ac 
Start ba 
bc 


ca 


b cb 


FIGURE 10.5.1 Tree diagram for number of arrangements of a, b, с 
taken two at a time 


Another way to solve the foregoing problem is to recognize that each 
arrangement consists of a selection of letters to fill the two blank positions 


indicated by the red lines: 
first second 
letter — letter 


Any one of the three letters a, b, or c сап be chosen for the first position. Once 
this choice is made, any one of the two remaining letters can be chosen for the 
second position. Since each of the three letters for the first position can be 
associated with either of the remaining two letters, the total number of 


arrangements is given by the product 


із: 2 =D. 
first second 
letter letter 


This simple example illustrates the Fundamental Counting Principle. 


THEOREM 10.5.1 Fundamental Counting 
Principle 


If one event can occur in т different ways and, after it has 
happened, a second event can occur in n different ways, then the 
total number of ways in which both events can take place is the 
product mn. 


Тһе Fundamental Counting Principle can be extended to three or more events 


in an obvious way: 


Simply multiply the number of ways each event сап occur. 


Number of Outfits 


A college student has 5 shirts, 3 pairs of slacks, and 2 pairs of shoes. How 
many different outfits can he wear consisting of a shirt, a pair of slacks, and a 


pair of shoes? 


Solution Three selections or events are to occur, with 5 choices for the first 
event (choosing a shirt), 3 choices for the second event (choosing a pair of 
slacks), and 2 choices for the third event (choosing a pair of shoes). By the 


Fundamental Counting Principle, the number of different outfits is the product 


5:3-2-30. 


We now return to the problem given in the introduction. 


Telephone Numbers 


Тһе telephone prefix at a certain university is 642. If the prefix is followed by 
four digits, how many different telephone numbers are possible before a 


second prefix is needed? 


Solution Four events are to occur: selecting the first digit after the prefix, 
selecting the second digit after the prefix, and so on. Since repeated digits are 
allowed in telephone numbers, any one of the 10 digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 
9 can be selected for each position. Hence there are 10 - 10 - 10 · 10 = 10,000 
possible different phone numbers with the single prefix 642. 

Ex 


Arrangements of Letters 


How many different ways are there to arrange the letters in the word 
RANDOM? 


Solution Since RANDOM has 6 distinct letters, there are 6 events: choosing 


the first letter, choosing the second letter, and so on. Any опе of the 6 letters 
can be chosen for the first position, then any of the remaining 5 letters can be 
chosen for the second position, then any of the remaining 4 letters can be 


chosen for the third position, and so on. The total number of arrangements is 6 


-5.4.3-2.1= 720. 


[ Permutations A permutation is ап arrangement that is made by using 
some or all of the elements of a set without repetition. This means that no 
element of the set appears more than once in the arrangement. For example, 
312 is a permutation of the digits in the set (1, 2, 3), but 112 is not. In 
Example 3, each of the rearrangements of the six letters in the word 
RANDOM (for instance, MODRAN) is a permutation. More generally, we 


have the following definition. 


DEFINITION 10.5.1 Permutation 


An ordered arrangement of r elements selected from a set of n 


distinct elements is called a permutation of n elements taken r at 
a time (n > г). 


[ Notation We will use the symbol P(n, r) to denote the number of 


permutations of n distinct objects taken r at a time. Using the notation P(n, r), 


we write the number of permutations of 5 objects taken 3 at a time as P(5, 3). 


It is possible to find an explicit formula for P(n, r), that is, the number of 
permutations of n distinct objects taken r at a time for O < г < n. Forr > 1, 
we can think of the process of forming a permutation of n objects taken r at a 
time as r events: choose the first object, choose the second object, and so on. 
When we make the first choice, there are n objects available; when we make 
the second choice, there are п — 1 objects; for the third choice, there are n — 2 
objects; and so on. When we choose the rth object, there are n — (r — 1) 


objects to choose from. Thus from Theorem 10.5.1, 


r factors 
P(n, г) = n(n = D(n—2):-:(n—(r—1) 
or Pin г) = п(п = l)(n—2):::(n— rt 1). (1) 


An alternative expression for Р(п, г) involving factorial notation can be found 


by multiplying the right-hand side of (1) by 


(n = r)! 24 
(n — r)! | 


The result is 


(п—г)! 
n(n—1)(n—2):::(n—r* Dn-rnom-r-1):-2:1 
(n — r)! 


n! 


P(n, r) = 


or P(n, r) = 5 
(n= 


When г = n, formula (2) reduces to 


мэ 
Р(п,п) = 0! = gn! 


because 0! is defined to be 1. This result is the same as that obtained by using 


the counting principle in Theorem 10.5.1: 


P(n,n) = n(n — 1)(n — 2)---2-1 =n! (3) 


since any one of the n objects can be chosen first, any one of the remaining 
objects can be chosen second, and so on. In Example 3, the number of 6-letter 
arrangements of the words RANDOM is the number of permutations of the 6 
letters taken 6 at a time, that is, P(6, 6) = 6! = 720. 


If r = 0, we define P(n, 0) = 1, which is consistent with (2). 


Using (2) and (3) 


Evaluate (а) P(5, 3) (b) Р(5, 1) (c) Р(5,5). 


Solution In (a) and (b) we use formula (2): 


Baud e LENS 2l 6 
(a) 9,9) = 5-3! 2 2! ni 
4! 
Pomme rcm 
5! 51 554*3-2-] 
Р(5,1) - =--= =5 
(b) (S— 1)! 4! 4! 
(c) From formula (3) we find that 
Р(5,5) = 5! = 5:4:3:2:1 = 120 Ба 


Awarding Medals 


At a track meet 6 athletes are entered in the 100 m dash. In how many ways 


can gold, silver, and bronze metals be awarded? 


Solution We wish to count the number of ways of arranging 3 of the 6 
athletes in the winning positions. The solution is given by the number of 


permutations of 6 things (athletes) taken 3 at a time: 


6! 6! 
Р(6, 3) = ———— = — = 120. 
(6-3)! 3! 


This problem сап also be solved using the Fundamental Counting Principle. 
Since there are 3 choices to be made, with 6 athletes available for the gold 
medal, 5 for the silver, and 4 for the bronze, we find 6 · 5 · 4 = 120. 


Arrangements of Books 


How many arrangements are possible for 10 different books on a bookshelf? 


Solution We wish to find the number of permutations of 10 objects taken 10 
at a time, or P (10, 10) = 10! = 3,628,800. 


Ten books on a shelf 


О Sergielev/ShutterStock, Inc. 


[ Combinations In the preceding discussion we were concerned with the 


number of ways of arranging or choosing r elements from a set of n elements, 
where the order in which they were arranged or chosen was considered. 
However, in certain applications the order of the elements is not important. 
For example, if a committee of two is to be chosen from the four students 
Angie, Brandon, Cecilia, and David, the committee formed by choosing 
Angie and Brandon is the same as the committee formed by choosing 
Brandon and Angie. A selection of objects in which the order does not make 
any difference is called a combination. 


DEFINITION 10.5.2 Combination 


A subset of r elements of a set of n distinct elements is called a 


combination of n elements taken г at a time (п > г). 


[ Notation We use the symbol С(п, r) to denote the number of combinations 


of n distinct objects taken r at a time. By using (2) it is possible to derive a 


formula for C(n, r). At the beginning of this section we saw that there are 6 


arrangements (permutations) of the 3 letters а, b, and c taken 2 at a time: 


same same | 
combination combination 


ab ac ba bc ca cb. (4) 


same 
combination 


In (4) we see that if we disregard the order in which the letters are listed, then 
there are only 3 combinations of the letters: ab, ac, and bc. Thus, C(3, 2) = 3. 
We see that each of these combinations can be arranged in 2! ways to yield 


the list of permutations in (4). By the Fundamental Counting Principle, 
Р(3, 2) = 6 = 2! C(3, 2). 


In general, for 0 < < n, each of the C(n, r) combinations can be rearranged 


in r! different ways, so that 


Р(п, ғ) = г! С(п, г) 
п! 
P(nr) (п- г)! 


r! r! 


or С(п. г) = 


п! 
Thus, С(п, г) = (5) 
(n — r)!r! 


For r= 0, we define C(n, 0) = 1, which is consistent with formula (5). 


y+ 


Note that C(n, r) is identical to the binomial coefficient in the 
expansion of (a + b)», where n is a nonnegative integer. See (7) and (8) in 


Section 10.4. 


Using Formula (5) 


Evaluate (a) C(5, 3) (b) C(5, 1) (c) С(5, 5). 


Solution Using formula (5), we have the following: 


5! 5! 5.4.1! 
С(5,3) = = = = 10 
(a) (5 — 3)!3! 213! 2! 3! 
4324 
^(& 5! 5! 5:4! 
(b) (5— D)! 411! 4! 1! 
5! T 
о 7? (05-55 os w^! = 


Number of Card Hands 


How many different 7-card hands can be dealt from a deck of 52 cards? 


Solution Since a hand is the same regardless of the order of the cards, we are 
talking about the number of combinations of 52 cards taken 7 at a time. Using 


(5), the solution is 


521 52-51-50-49-48-47-46-45! 
C(52,7) = = 
45!7! 4517! 
52-51-5049: 48-47-46 


= 133,784,560. 
7! 


Note that we cancelled the larger of the two factorials 45! and 7! to simplify 


the calculations of C(52,7). 


Organizing a Club 


A card club has 8 members. 


(а) Іп how many ways сап 3 members be chosen to be president, secretary, 


and treasurer? 
(b) In how many ways can a committee of 3 members be chosen? 


Solution In choosing officers, order does matter, whereas in choosing a 
committee, the order of the selection does not affect the resulting committee. 
Thus in (a) we are counting permutations and in (b) we are counting 


combinations. We find: 


A 3) — 5 = 336 


8! 
C(8,3) = = 
ыг ) ^ 351 


Note of Caution 


In deciding whether to use the formula for P(n, r) or C(n, r), consider the 


following two informal rules. 


* Permutations are involved if you are considering arrangements in which 


different orderings of the same objects are to be counted. 


* Combinations are involved if you are considering ways of choosing objects 


in which the order of the chosen objects makes no difference. 


Choosing Reporters 


A college newspaper staff has 6 junior reporters and 8 senior reporters. In how 
many ways can 2 junior and 3 senior reporters be chosen for a special 


assignment? 


Solution Two events are to occur: the selection of 2 junior reporters and the 
selection of 3 senior reporters. Because the order in which the 2 junior 
reporters are chosen makes no difference, we count combinations. Therefore, 


the number of ways of choosing 2 junior reporters is 


Likewise іп selecting the 3 senior reporters order does not matter, so we again 


count combinations: 


Thus we choose the junior reporters in 15 ways and, for each of these 
selections, there are 56 ways of selecting the senior reporters. Applying the 


Fundamental Counting Principle gives 


C(6, 2): C(8, 3) = 15-56 = 840 


ways to make the choices for the special assignment. 


Selecting a Display 


A cheese store has 10 varieties of domestic cheese and 8 varieties of imported 
cheese. In how many ways can a selection of 6 cheeses, consisting of 2 


domestic and 4 imported varieties, be placed on a display shelf? 


Solution The domestic varieties can be chosen in C(10, 2) ways and the 
imported varieties in C(8, 4) ways. Thus by the Fundamental Counting 
Principle the 6 cheeses can be selected in C(10, 2) - C(8, 4) ways. Up to this 
point in the solution, order has not been important in making the selection of 
the cheeses. Now we observe that each selection of 6 cheeses can be placed or 


arranged on the shelf in P(6, 6) ways. Thus the total number of ways the 


cheese сап be displayed is 


| 10! 8! 6! 
C(10, 2) - C(8,4)- P(6,6) = : : 
812! 4141 (6-6)! 


= 2,268,000. al 


Exercises 10.5 Answers to selected odd- 
numbered problems begin on page ANS-33. 


In Problems 1-4, use a tree diagram to solve the given problem. 
1. List all possible arrangements of the letters a, b, and c. 


2. If a coin is tossed 4 times, list all possible sequences of heads (Н) and tails 


(T). 

3. If a red die and a black die are rolled, list all possible results. 

4. If a coin is tossed and then a die is rolled, list all possible results. 
In Problems 5-8, use the Fundamental Counting Principle. 


5. Number of Meals A cafeteria offers 8 salads, 6 entrees, 4 vegetables, and 
3 desserts. How many different meals are possible if one item is selected from 


each category? 


6. Number of Systems How many different stereo systems consisting of 
speakers, receiver, and CD player can be purchased if a store carries 6 models 


of speakers, 4 of receivers, and 2 of CD players? 


7. Number of Prefixes How many different 3-digit telephone prefixes are 


possible if neither 0 nor 1 can occupy the first position? 


8. Number of License Plates If a license plate consists of 3 letters followed 
by 3 digits, how many license plates are possible if the first letter cannot be O 


or I? 


In Problems 9-16, evaluate P(n, r). 


2) JA, 3) 

10. P(6, 4) 

11. P(6, 1) 

12. P(4, 0) 

13. P(100, 2) 
14. P(4, 4) 

15. P(8,6) 

16. P(7, 6) 

In Problems 17-24, evaluate С(и, г). 
17. C(4, 2) 

18. C(4, 1) 

19. C(50, 2) 

20. C(2, 2) 

21. COLE ШИ) 
22. C(8,2) 

23. C(2,0) 

24. C(7, 4) 
Applications 


In Problems 25-28, use permutations to solve the given problem. 


25. Family Portrait In how many ways can a family of four line up in a row 


to have their family portrait taken? 


А family of four 
© juan carlos tinjaca/ShutterStock, Inc. 


26. Volunteer Work As part of a fund-raising drive, a volunteer is given 5 
names to contact. In how many different orders can the volunteer complete the 
task? 


27. Scrabble A Scrabble game player has the following 7 letters: A, T, E, L, 
M, Q, F. 


(a) How many different 7-letter “words” can be considered? 
(b) How many different 5-letter “words”? 


28. Politics From a class of 24, elections are held for president, vice 
president, secretary, and treasurer. In how many ways can the offices be 
filled? 


The game Scrabble® 
€ Tony Rolls/Alamy 
In Problems 29-32, use combinations to solve the given problem. 


29. Good Luck! A student must answer any 10 questions on a 12-question 


exam. In how many different ways can the student select the questions? 


30. Chem Lab For a chemistry lab class, a student must correctly identify 3 
"unknown" samples. In how many ways can the 3 samples be chosen from 10 


chemicals? 


31. Volunteers In how many ways can 5 subjects be chosen from a group of 


10 volunteers for a psychology experiment? 


32. Potpourri In how many ways can 4 herbs be chosen from 8 available 
herbs to make a potpourri? 


In Problems 33-44, use one or more of the techniques discussed in this 


section to solve the given counting problem. 


33. Spelling Bee If 10 students enter a spelling bee, in how many different 


ways can first- and second-place awards be made? 


34. Show Business A theater company has a repertoire consisting of 8 
dramatic skits, 6 comedies, and 4 musical numbers. In how many ways can a 


program be selected consisting of a dramatic skit followed by either a comedy 


or а musical number? 


35. Take Your Pick A pediatrician allows a well-behaved child to select any 
2 of 5 small plastic toys to take home. How many different selections of toys 


are possible? 


A three color ink-drop spatter picture 
€ RazorGraphix/Shutterstock 


36. Tournament Rankings If 8 teams enter a soccer tournament, in how 
many different ways can first, second, and third place be decided, assuming 


ties are not allowed? 


37. Another Jackson Pollock If 8 colors are available to make an abstract 
spatter-paint picture, how many different color combinations are possible if 


only 3 colors are chosen? 


38. Seating Arrangements Three couples have reserved seats in a row at the 


theater. In how many different ways can they be seated 
(a) if there are no restrictions? 
(b) if each couple wishes to sit together? 


(c) if the 3 women and 3 men wish to sit together in 2 groups? 


39. Mastermind In a popular board game that originated in England called 
Mastermind, one player creates a secret "code" by filling 4 slots with any one 


of 6 colors. How many codes are possible 

(a) if repetitions are not allowed? 

(b) if repetitions are allowed? 

(c) if repetitions and blank slots are allowed? 


40. Super Mastermind Some advertisements for the game Super 
Mastermind (a more difficult version of the Mastermind game described in 
Problem 39) claim that up to 59,000 codes are possible. If Super Mastermind 
involves filling 5 slots with any one of 8 colors and if blanks and repetitions 


are allowed, is the claim correct? 


The game Mastermind® 
Courtesy of Pressman Toy Corporation 


41. Playing with Letters From 5 different consonants and 3 different vowels, 
how many 5-letter “words” сап be made consisting of 3 different consonants 


and 2 different vowels? 


42. Defective Lights A box contains 24 Christmas tree bulbs, 4 of which are 


defective. In how many ways can 4 bulbs be chosen so that 


(a) all 4 are defective? 

(b) all 4 are good? 

(c) 2 are good and 2 are defective? 
(d) 3 are good and 1 is defective? 


43. More Playing with Letters How many 3-letter “words” can be made 


from 4 different consonants and 2 different vowels 
(a) if the middle letter must be a vowel? 


(b) if the first letter cannot be a vowel? Assume that repeated letters are not 


allowed. 


44. Store Display A wine store has 12 different California wines and 8 
different French wines. In how many ways can 6 bottles of wine consisting of 


4 California and 2 French wines 
(a) be selected for display? 


(b) be placed in a row on a display shelf? 


10.6 Introduction to Probability 


INTRODUCTION As we mentioned in the chapter introduction, the 
development of the mathematical theory of probability was initially 
motivated by questions arising in the seventeenth century about games of 
chance. Today, applications of probability are found in medicine, sports, law, 
business, and many other areas. In this section we present a brief introduction 


to this fascinating subject. 


[ Terminology Consider an experiment that has a finite number of possible 
results or outcomes. The set S of all possible outcomes of a particular 
experiment is called the sample space of the experiment. For our purposes we 
will assume that each outcome is equally likely to occur. Thus, if the 


experiment consists of tossing, or flipping, a fair coin, there are two possible 


equally likely outcomes: obtaining а head or obtaining a tail. If the outcome of 
obtaining a head is denoted by H and the outcome of obtaining a tail is 
denoted by T, then the sample space of the experiment can be written in set 
notation as 


S = {H.T}. (1) 


Any subset E of a sample space 5 is called an event. Generally, an event E is 


one or more outcomes of an experiment. For example, 


E = {Н} (2) 


is the event of obtaining a head when a coin is tossed. 


There аге two possible outcomes in tossing a coin 


© James Steidl/ShutterStock, Inc. 


Sample Space and Three Events 


As shown in the photo on the left a die has 6 faces. So in a single roll of a fair 
die there are 6 equally likely outcomes, that is, the top face of the die could 
show 1, 2, 3, 4, 5, or 6. Thus the sample space of the experiment of rolling a 


fair die is the set 


(a) The event of obtaining a 4 on a roll of a die is the subset Ei = {4} of S. 


(b) The event of obtaining an odd number on а roll of a die, is the subset E» = 
{1.3.51 OFS. 


(с) The event of obtaining a number that is not a 4 is the subset Ёз = (1, 2, 3, 
SNO RSS 


Six equally likely outcomes when a die is rolled once 


© Rodrigo Riestra/Shutterstock, Inc. 


We will use the notation n(S) to denote the number of outcomes in a sample 
space 5 and n(E) to denote the number of outcomes associated with an event 
E. Thus, in (3) of Example 1 we see that n(S) = 6; for the events Ei, E» and Ез 
in parts (a), (b), and (c) of the example n(E1) = 1, n(E») = 3, and п(Ез) = 5, 


respectively. 


The definition of the probability P(E) of an event E is expressed in terms of 
n(S) and "(Е). 


DEFINITION 10.6.1 Probability of ап Event 


Let S be the sample space of an experiment and let E be an event. 
If each outcome of the experiment is equally likely, then the 
probability of the event E is given by 


n(E) 
п(5) 


where n(E) and n(S) denote the number of outcomes in the sets E 
and S, respectively. 


The Probability of Tossing a Head 


Find the probability of obtaining a head if a coin is tossed. 


Solution From (1) and (2), E = {H}, 5 = (H, T}, and so n(E) = 1 and n(S) = 2. 
From (4) of Definition 10.6.1 the probability of obtaining a head is 


n(E) _ 


| иш 
п(5) 2 


Three Probabilities-Example 1 Revisited 


On a single roll of a fair die, find the probability 


(a) of obtaining a 4, (b) of obtaining an odd number, (c) of obtaining a 


number that is not а 4. 


Solution In the three parts of this example we use 5 = (1, 2, 3, 4, 5, 6} and the 


events found in Example 1. 


(a) From part (a) of Example 1, Ei = {4}, и(Ё1) = 1 and n(S) = 6. From (4), the 
probability of obtaining a 4 when a die is rolled is then 


| п(Е,) | 
P(E) == 
п(5) 6 


(b) From part (b) of Example 1, E» = (1, 3, 5}. Using п(Е») = 3, n(S) = 6, and 
(4), the probability of obtaining an odd number is found to be 


п(Е,) 3 | 
n(S) 6 2 


P(E) ээ 


(с) From part (с) of Example 1, £3 = (1, 2, 3, 5, 6}. Using п(Ез) = 5, n(S) = 6, 
and (4), the probability of rolling a number that is not a 4 is 


P(E;3) = - = 


Probability of Rolling a 10 


When two dice are rolled once, find the probability of obtaining a total (the 


sum of the two dice) of 10. 


Solution Because there are 6 numbers on each die, we conclude from the 
Fundamental Counting Principle of Section 10.5 that there are 6 - 6 = 36 
possible outcomes in the sample space 5; that is, n(S) = 36. To distinguish the 
dice let us suppose that one die is red and the other is blue. In FIGURE 10.6.1 we 


have shown the entire sample space 5 as ordered pairs of numbers, such аз (2, 
6). The first red number in an ordered pair represents the number showing on 
the face of a red die and the blue number is the number on the face of a blue 
die. We see at a glance from Figure 10.6.1 that the event of throwing a total of 
10 is Е = ((4, 6), (5, 5), (6, 4)}, so n(E) = 3 and its probability is then 


3 
2028 | 736^ a = 
Blue die 

Ш 8 Шї Н 

@ | (1, D (1, 2) (1,3) (1, 4) (1, 5) (1, 6) 

(| (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6) 

3 | G, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3,6) 

3 @ (4,1)(4,2)(4,3)(4,2) (4, 5) 67 

(5, 1) (5,2) (5, 3) (5, 4)|6: 5) 5. 6) 

(6, 1) (6, 2) (6, 3)[(6, 4) (6. 5) (6, 6) 


FIGURE 10.6.1 Sample space іп Example 4 


Using Combinations 


A bag contains 5 white marbles and 3 red marbles. A person reaches into the 
bag and randomly withdraws 3 marbles. What is the probability that all the 


marbles will be white? 


Solution The sample space S of the experiment is the set of all possible 
combinations of 3 marbles drawn from the 8 marbles in the bag. The number 
of ways of choosing 3 marbles from a bag of 8 marbles is the number of 
combinations of 8 objects taken 3 at a time; that is, n(S) - C(8, 3). Similarly, 
the number of ways of choosing 3 white marbles from 5 white marbles is the 
number of combinations n(E) - С(5, 3). Since the event E is “аП marbles are 


white," we have 


[ Bounds оп the Probability of an Event Since any event E is a subset 


of a sample space 5, it follows that 0 < n(E) < n(S). By dividing the last 
inequality by n(S) we see that 


p n(E)  n(S) 
— n(S) n(S) 
ог 0 = PE) = 1. 


! 


If = S, then n(E) = n(S) апа P(E) = n(S)/n(S) = 1; whereas if E has no 
elements, we take E = Ø, п(@) = 0, and P(E) = n()/n(S) = O/n(S) = 0. If P(E) 
= 1, then Е always happens and E is called a certain event. On the other 


hand, if P(E) = 0, then E is an impossible event, that is, E never happens. 


Rolling a Die 


Suppose a fair die is rolled once. 

(a) What is the probability of obtaining a 7? 

(b) What is the probability of obtaining a number less than 7? 

Solution (a) Because the number 7 is not in the set 5 of all possible outcomes 


(3) the event E of “obtaining а 7" is an impossible event; that is, Е = Ø, п(@) 
- 0. Therefore, 


(b) Because the outcomes of rolling a fair die are all positive integers less than 


7 we have = {1, 2, 3, 4, 5, 6 } = S. Thus Е is а certain event and 


Е 6 
NE LI, = 
n(S) 6 


P(E) — 


[ Complement of an Event The set of all outcomes in the sample space 5 
that do not belong to an event Е is called the complement of E and is denoted 
by the symbol £'. For example, in rolling a die, if E is the event of "obtaining 
a 4," then E' is the event of "obtaining any number except 4." Because events 
are sets, we can describe the relationship between an event E and its 


complement £' using the operations of union and intersection: 


EUE'-S and EnE'- ©. 


In view of the foregoing properties we can write n(E) + п(Е') = n(S). Dividing 
both sides of the last equality by n(S) we see that the probabilities of E and E’ 


are related by 
n(E) "ЕУ _ n(S) 
п(5) п(5) n(S) 
or P(E) + P(E’) = 1. (5) 


For instance, the complement of the event Ei = {4} in part (a) of Example 3 is 
the set Е1- Ез = (1, 2, 3, 5, 6} in part (c). Observe in accordance with (5), we 


have P(E) + P(E;) = P(E) + PE) =4+2=1 


The relationship (5) is useful in either of the two forms: 


P(E) = I — P(E’) ог Р(Е') = I = Р(Е). (6) 


The second of the two formulas in (6) allows us to find the probability of an 
event if we know the probability of its complement. Sometimes it is easier to 
calculate P(E’) than it is to calculate P(E). Also, it is interesting to note that 
the equation P(E) + P(E’) = 1 can be interpreted as saying that something 


must happen. 


[ Deck of Cards A standard deck of playing cards consists of 52 cards. As 


shown in FIGURE 10.6.2 below, there are four suits each consisting of 13 cards: 


spades ( ^ ) hearts (Y ) clubs ( Т ) and diamonds 


( * ) The suits consisting of spades and clubs are black, whereas hearts 
and diamonds are red. In each suit there are 9 number cards (2-10), 3 face 


cards J (jack), Q (queen), K (king), and 1 A (ace). 
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FIGURE 10.6.2 Standard deck of 52 playing cards 


€ Oleksiy Maksymenko / Alamy 


Probability of an Ace 


If 5 cards are drawn from a well-shuffled standard 52-card deck without 


replacement, find the probability of obtaining at least one ace. 


Solution We let E be the event of obtaining at least one ace. Since Е consists 
of all 5-card hands that contain 1, 2, 3, or 4 aces, it is actually easier to 
consider £'; that is, all 5-card hands that contain no aces. The sample space S 
consists of all possible 5-card hands. From Section 10.5 we have that n(S) = 
C(52, 5). Since 48 of the 52 cards аге not aces we find n(E") = C(48, 5). By (4) 
the probability of drawing 5 cards where none of the cards are aces is given 
by 


C(48, 5) 1,712,304 
Р(Е) = Е. 
С(52, 5) 2,598,960 


From the first formula in (5) the probability of drawing 5 cards where at least 


one of them is an ace is 


1.712,304 
- = 0.3412. 
P(E) = 1 — P(E’) = 1 2.598.960 0.341 ШШ 


Up to this point we have considered the probability of a single event. In the 


discussion that follows, we examine the probability of two or more events. 


[ Union of Two Events Two events E: and E» are said to be mutually 


exclusive if they have no outcomes, or elements, in common. In other words 
the events Ёл and E» cannot occur at the same time. In terms of sets, Ei and Е> 
are disjoint sets; that is, E: п E» = Ø. Recall, the set Ei U E» consists of the 
elements that аге in Еп or in E». In this case of mutually exclusive events the 


number of outcomes in the set Ei U E» is given by 


Review the notions of the union and intersection of two sets in Section 1.1 


n(E, U Ey) = n(Ej) + n(E,). (7) 


By dividing (7) by n(S) we obtain 


ME, U E) т(Е) , n(E;) 


п(5) n(S) n(S) 
In view of (4), the foregoing expression is the same as 


P(E, О E,) = P(E,) + P(E,). (8) 


In the next example we return to the results in Example 3. 


Mutually Exclusive Events 


On a single roll of a fair die, find the probability of obtaining а 4 or an odd 


number. 


Solution From parts (a) and (b) of Example 3 the two events are Ei = (4), E» 
= (1, 3, 5), and the sample space is again 5 = (1, 2, 3, 4, 5, 6}. The events of 
rolling a 4 and rolling an odd number are mutually exclusive: Ei N E» = (4) 
n (1,3, 5} = Ø. Thus by (8) the probability P(E or £2) of rolling a 4 or an 


odd number is given by 


1 3 
P(E, U E) = FE) + E) = = + E 


с 
als 
2 | bo 


Alternative Solution From Ei: U E» = (1, 3, 4, 5), һЕ U E») = 4, and so (4) 
of Definition 10.6.1 yields 


nE UE) 4 2 
nS) 6 3 


Р(Е U Е) = 


The additive property in (8) extends to the probability of three or more 


mutually exclusive events. 


[ Addition Rule Formula (8) is just a special case of a more general rule. In 


(8) there were no outcomes in common in the events Ё! and E». Of course, this 
need not be the case. For example, in the experiment of rolling a single fair 
die, the events Ei = {1} and Р = (1, 3, 5} are not mutually exclusive because 
the number 1 is an element in both sets. When two sets Ei and E» have a 
nonempty intersection, the number of outcomes іп n(E1 U E») is not given by 
(7) but rather by the formula 


n(E, U E;) = п(Еџ) + n(E;) — n(E, П Ej). (9) 


Dividing (9) by n(S) yields 


n(E,U E;) тЕ) тЕ) n(E, ME») 


n(S) п(5) i п(5) п(5) 
ог P(E, U E) = P(E,) + P(E;) - P(E, N 5). (10) 


The result in (10) is called the addition rule of probability. 


Probability of a Union of Two Events 


On a single roll of a fair die, find the probability of obtaining a 1 or an odd 


number. 


Solution The sets are Ei = {1}, Р = (1, 3, 5}, and S = (1, 2, 3, 4, 5, 6}. Now 
{1} п {1, 3, 5} = {1} so that n(E1 N E») = 1. Thus by (10) the probability of 


rolling a 1 or an odd number is given by 


L3 
P(E, U E;) = Р(Е,) + P(E,) — P(E, N Е.) ЕС H е =— = 


Alternative Solution Since ЕЁ is а subset of E», Ei U Е>- Р = (1, 3, 5}, and 
п(Е U E») = 3. From (4) of Definition 10.6.1, 


n(E UE) 3 | 
n(S) 6 2 


P(E, U E) = 


It might help if you think of the symbols Р(Ё U Р) and P(Ei п E») in (10) 
as P(E: or E») and P(E: and E»), respectively. 


Note 


Probability of a Union of Two Events 


A single card is drawn from a well-shuffled standard deck. Find the 


probability of obtaining either an ace or a heart. 


Solution As shown in Figure 10.6.2, a standard deck contains 52 cards 
divided into 4 suits with 13 cards in each suit. Thus the sample space 5 of this 
experiment consists of the 52 cards. The event £i of drawing ап ace consists 


of the 4 aces and so the probability of drawing an ace is 


( | ) 5 2 . The event £» of drawing a card that is а 
heart consists of the 13 hearts in that suit and so the probability of drawing a 


Р(Е,) = 5 


ч 18 57 Since опе of the hearts is ап 
e, n(Ei E») = ТЕ апа 50 


P(E, п Е) = 5 


52 . Therefore, from (10) 


ace or a heart ace and a heart 


ace heart 
P(E, U Е,) = Р(Е,) + P(Ej) — P(E, A E) 
4 13 1 l6 4 
52 52 52 52 13 


We can use a Venn diagram to gain a little more insight into the equations in 
(9) and (10). For example, the two events Ёл and E» in Example 10 are shown 
in FIGURE 10.6.3. In this case, note that the sum n(Ei) + n(E2) = 4 + 13 = 17 
counts the elements in the intersection Ei N E» twice. To compensate for this, 
we must subtract from n(Ei) + n(E») = 17 the number n(Ei п E») = 1 which is 


the number of cards that are simultaneously an ace and a heart. 


In Exercises 10.6 we assume in the problems involving coins, dice, or a 
standard deck of cards that each coin and each die is fair, two dice are 


distinguishable, and the deck of cards is well shuffled. 


one ace 15 also 
a heart 
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FIGURE 10.6.3 Events in Example 10 


Exercises 10.6 Answers to selected odd- 
numbered problems begin on page ANS-33. 


In Problems 1-4, use set notation to write the sample space 5 of the given 


experiment. 

1. Two coins are tossed. 

2. Three coins are tossed. 

3. A die is rolled and then a coin is tossed 

4. A coin is tossed, a die is rolled, and a coin is tossed again 


In Problems 5-10, find the probability of the given event. 


ол 


. Drawing а face card from a standard deck of 52 cards 


6. Drawing a heart from a standard deck of 52 cards 


- 


. Rolling a 2 with a single die 


8. Rolling a number less than 3 with a single die 


> 


. Obtaining all heads when 3 coins are tossed 
10. Obtaining exactly 1 head when 3 coins are tossed 


In Problems 11—14, two dice (red and blue) are rolled. Use Figure 10.6.1 as an 
aid in finding the probability of the given event. 


11. Rolling a total of 5 or 11 
12. Rolling a total that is at most 4 
13. Rolling a total that is an even number 


14. Rolling a total that is a multiple of 4 


15. In rolling two dice, what total has the greatest probability of occurring? 
16. In rolling two dice, what total has the least probability of occurring? 


In Problems 17 and 18, refer to the spinner in FIGURE 10.6.4. Find the 
probability of the given event. 


17. For two consecutive spins, the pointer stopping on red followed by blue 
or on blue followed by red 


18. For three consecutive spins, the pointer stopping on the same color 


FIGURE 10.6.4 Spinner in Problems 17 and 18 


In Problems 19—24, a single card is drawn from a standard deck of 52 cards. 
Use Figure 10.6.2 as an aid in finding the probability of the given event. 


19. Drawing a red ace 
20. Drawing a card that is not a face card 
21. Drawing a jack 


22. Drawing a card that is not a jack 


23. Drawing а card that is a king or a queen 
24. Drawing a black number card (2-10) 


In Problems 25-28, find the probability of obtaining the indicated hand by 
drawing 5 cards without replacement from a well-shuffled standard 52-card 
deck. 


25. Four of a kind (such as 4 aces) 


26. A straight (5 cards in sequence, such as 4, 5, 6, 7, 8, where an ace can 


count as a 1 or an ace) 
27. A flush (5 cards, all of the same suit) 
28. A royal flush (10, jack, queen, king, and ace, all of the same suit) 


In Problems 29-32, use the first formula in (5) to find the probability of the 


given event. 


29. Obtaining at least 1 heart if 5 cards are drawn without replacement from a 
standard 52-card deck 


30. Obtaining at least 1 face card if 5 cards are drawn without replacement 


from a standard 52-card deck 
31. Obtaining at least 1 head in 10 tosses of a coin 
32. Obtaining at least one 6 when 3 dice are rolled 


In Problems 33 and 34, a single card is drawn from a standard deck of 52 
cards. Use (9) to find the probability of the given event. 


33. Drawing a either club or a face card 
34. Drawing either a 6 or a red card 


In Problems 35 and 36, two dice (red and blue) are rolled. Use (9) to find the 
probability of the given event. 


35. Rolling а total that is even number or а multiple of 3 
36. The red die is a 3, or the total is 5 or 8 


In Problems 37 and 48, refer to the spinner in FIGURE 10.6.5. For a single spin, 
find the probability of the given event. 


37. Тһе pointer stopping оп an odd number or a number less than 4 


38. The pointer stopping on an even number or a number greater than or 
equal to 3 


FIGURE 10.6.5 Spinner in Problems 37 and 38 


In Problems 39 and 40, given that Р(Ё\) = 0.37 and Р(Р) = 0.52. Find the 
probability of the given event. 


39. P(E) UTE) МЕРЕ 0) = 0126. 
40. Р(Е п Ez) if P(E1 U E») = 0.80. 


Applications 


41. Family Planning Assume that the probability of having a girl equals the 


probability of having a boy. Find the probability that a family with 4 children 
has at least 1 girl. 


42. Thank You! OOPS! After Joshua writes personalized thank-you notes to 
each of his 3 aunts for their birthday gifts, his sister randomly inserts them 
into preaddressed envelopes. Find the probability that (a) each aunt receives 
the correct thank-you note, (b) at least one aunt receives the correct thank-you 


note. 


43. Now Hiring Five male and eight female applicants are found to be 
qualified for 3 identical positions as bank tellers. If 3 of the applicants are 
selected at random, find the probability that 


(a) only women are hired, (b) at least one woman is hired. 


44. Forming a Committee A committee of 6 people is to be chosen at 
random from a group of 4 administrators, 7 faculty members, and 8 staff 
members. Find the probability that all 4 administrators and no faculty 


members are on the committee. 


45. Just Guessing On a 10-question true—false examination, find the 


probability of scoring 10046 if a student guesses the answer for each question. 


46. Got Caramel? In a box of 20 chocolates of the same shape and 
appearance, 10 are known to have caramel centers. Four chocolates are 
selected at random from the box. Find the probability that all four will have 


caramel centers. 


47. Black or Red A drawer contains 8 black socks, 4 white socks, and 2 red 
socks. If 1 sock is drawn at random, find the probability that it is either black 


or red. 


48. You Want to Bet? At the beginning of the baseball season, an 
oddsmaker estimates that the probability of the Dodgers winning the World 


| | 


Series is | 0 and the probability of the Mets winning is 2 0. On the basis 
of these probabilities determine the probability that either the Dodgers or the 


Mets will win the World Series. 


49. Тгуіпе for a Good Grade А student estimates that his probability of 


3 Hu | 


NT an А in a certain math course is | О ‚аВ 1$ 5 Mates 5 ‚апаар 


18 | 0. What is the probability that һе earns either an А or a B? 


50. Tossing a Coin A coin is tossed 5 times. Let E1 be the event of obtaining 
3 tails, E» be the event of obtaining 4 tails, and Es be the event of obtaining 5 


tails. 

Intuitively, which of the following probabilities 

(a) Р(Елог E») (b) P(E» ог Ез) (c) Р(Е or E» or Ез) 

is the least number? Now compute each probability in parts (a)-(c). 


51. Raindrops Keep Falling According to the newspaper there is a 40% 
probability of rain tomorrow. What is the probability that it will not rain 


tomorrow? 


52. Will She Lose? A tennis player believes that she has a 7596 chance of 
winning a tournament. Assuming ties are played off, what does she think the 


probability of losing is? 


53. Winning the Lottery To enter the American multi-state lottery game 
called POWERBALL a player chooses (or lets a computer choose) five 
different numbers from 1—59 followed by one POWERBALL number chosen 
from 1-35. The player wins, or shares, the top prize if the six numbers on the 
purchased ticket match those on five white balls and one red ball (the 
Powerball) drawn by the lottery commission. What is the probability of 


winning the top prize by purchasing just one ticket? 


54. Choosing at Random At ABC Plumbing and Heating Company, 3046 of 
the workers are female, 70% are plumbers, and 40% of the workers are female 
plumbers. If a worker is chosen at random, find the probability that the worker 


is either female or a plumber. 


Lottery-ball number sheet 
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For Discussion 


55. A 12-sided die can be constructed in the form of a regular dodecahedron; 
each face of the die is a regular pentagon. See FIGURE 10.6.6. When rolled, one 
of the pentagonal faces will be horizontal to a table top. If each of the 
numbers from 1 to 6 appears twice on the die, show that the probability of 
each outcome is the same as that for an ordinary 6-sided die. 


FIGURE 10.6.6 12-sided die іп Problem 55 


56. Suppose a die is a 12-sided regular dodecahedron as in Problem 55, 
where each face of the die is a regular pentagon. But in this case, suppose that 


each face bears one of the numbers 1, 2, ..., 12 as shown in FIGURE 10.6.7. 


(a) If two such dice are rolled, what is the probability of obtaining a total of 
13? 


(b) A total of 8? 
(c) A total of 23? 


(d) What number total is least likely to appear? 


FIGURE 10.6.7 12-sided Ше in Problem 56 


577. 'The odds in favor of an event occurring is defined to be the ratio of 
probability that the event will occur to the probability that the event will not 
occur. Without looking, one marble is selected from bag containing 2 white 
marbles, 6 red marbles, and 8 blue marbles. 


(a) What are the odds in favor of a selecting a white marble? 
(b) What are the odds against selecting a white marble? 


58. Suppose that p is the probability of an event occurring. Write a formula 
for the odds in favor of the event occurring. Write a formula for the odds 
against the event occurring. 


59. For the spinner shown in FIGURE 10.6.8, let $ be the sample space for a 
single spin of the spinner. Let B and R be the events that the pointer lands on 
blue and red, respectively, so that 5 = (B, К}. What, if anything, is wrong with 
the computation 


P(B) = n(B)/n(S) = і 


probability of the pointer landing on blue? 


for the 


FIGURE 10.6.8 Spinner in Problem 59 


60. The Birthday Problem Find the probability that in a group of п people at 
least 2 people have the same birthday. Assume that a year has 365 days. 
Consider the three cases: 


(a) n= 10 (b) nz 25 (c) n = 90. 


Same birthday 
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10.7 Convergence of Sequences and 
Series 


Calculus 
PREVIEW 


INTRODUCTION Sequences and series are important and are studied in 
depth in a typical course in calculus. In that study, we distinguish between 
sequences that are convergent or are divergent. In the discussion that follows 
we examine these concepts from an intuitive point of view. Because the 
discussion involves the notion of a limit, you are urged to reread Sections 1.5 
and 4.11. 


n 
n+ | 


[ Convergence Тһе sequence is an example 
of a convergent sequence. Although it is apparent that the terms of the 


sequence, 


CNN 


1234 n 
2345 ntl 


are increasing as n increases, the values 


n 
а, = 


] 1 | | do not increase without bound. This is 


because и < n + 1 and so 


n 
п + | 


for ай values For example, for n = оо); 


о 100 
а ] 00 mm 101 0 | < | . Moreover, it appears that the 


terms of the sequence can be made closer and closer to 1 by letting the values 
of n become progressively larger. Using the -> symbol for the word approach 


as we did in earlier chapters, this is written 


n 
a, = ————1 as п =, 
п + | 


We сап see the foregoing a little better by dividing the numerator and the 


denominator of the general term n/(n + 1) by n: 
n | 
п + | | 


As n > œ the term 1/n in the denominator gets closer and closer to 0 and so 


У гу | | 
We write Й 5 f l and we say that 


п + | 


Sequence converges to ЇР 


| Notation In general, if the nth term a» of a sequence (an) сап be made 


arbitrarily close to a number L for n sufficiently large we say that the sequence 
{an} converges to L. We indicate that a sequence is convergent to a number L 


by writing either 


aq,—L as п ог lima, = 1. 


пЭ 


The notions of "arbitrarily close" and “ог n sufficiently large" are made 


precise in a course in calculus. For our purposes, in determining whether a 


lim d, 


sequence {аһ} converges, we will work directlv Н H > ос 


lim fe 


proceed as we did in the examination of X a 
Section 1.5. 


We summarize the discussion. 


DEFINITION 10.7.1 Convergent Sequence 


(i) A sequence {an} is said to be convergent if 


lima, = L 


no 


The number 1. is said to be the limit of the sequence. 


lima, 


(ШЕН >> does not exist, then the sequence is said 
to be divergent. 


If a sequence {an} converges, then its limit L is a unique number. 


If a» either increases or decreases without bound as п > о, then {an} is 


necessarily divergent and we write, respectively, 


In each case, the limits do not exist. 


lima, = > or lima, = ->, 


ПЭ 0С n— 00 


In the first case we say that {an} diverges to infinity and in the second, {an} 
diverges to negative infinity. For example, the sequence 1, 2, 3, ..., n, ... 


diverges to infinity. 


To determine whether a sequence converges or diverges we often have to rely 
on analytic procedures (such as algebra) or on previously proven theorems. So 
in this brief discussion we will accept without proof the following three 
results: 
lime = c, where c is any real constant, (2) 
Шэн = 0, where r is a positive rational number, (3) 


limz" = 0, for |r| < 1, ra nonzero real number. (4) 
n 


Three Convergent Sequences 


(а) The constant sequence (т), 


TI. 77,77, 77,... 


lima = T. 


converges to 7 because of (2), 11! x 


Vn 
(b) The sequence | 1 


Ей 
VT МЗ” V3 V4 ш 


When n = 1,000,000, the laws of exponents shows that 


"71000006 = 0.001. 


El — 


1 
=; 


converges to 0. With the identification 


| | | | 
lim —— = lim 


— = 0. 
т Уп жи 


e i | H 
2) } 
(c) The sequence * = =| 


in (3), we have 


1111 111 1 
9 уе ОГ БЕНЕН ІНІН 
2’ 92’ 23 24 27478718 
The 20th term of the sequence is approximately a»o ж 0.00000095. 
тете! 
: тоо Э 
converges to 0. With the identifications Zi and 
E — l "s 
г =5 < 1, 
шы іп (4), we see that 
ғ 


| EV. 
limi5) = 0. 
п x = 


Divergent Sequences 


(a) The sequence ((- 1),}, 
=. = ТЕТЕ 


18 AH As n — ce, the terms of the sequence oscillate between —1 and 1. 


lim (= | )" 


Thus Fi >> ийа does not exist because ал = (-1)» does 
not approach a single constant L for large values of n. 


{ KOLS 


(b) The first four terms of the sequence ~ mul = аге 


niu 
ГЕ 
2 
P 
A 
ЇЕ 
ғә 
л 
bo 
in 
a 
bo 
„л 
n 
ON 
> 
л 
e 
© 
5 
> 
n 


>, 49 $5 IGI. OT 2£.),0.2), 12.022, 232.0022, .. . d 


| | £(5MH 
A, = (5 


И 


. = increases without 


У с | 
bound as n > оо, we conclude that FI дайы in 
other words, the sequence diverges to infinity. 


Because the general term 


The 20th term of the sequence is approximately а20 = 90, 949, 470.2. 


Expanding on (4) and part (b) of Example 2, it can be proved that: 


The sequence {r"} converges to 0 for |r| < 1, and diverges for |r| >1. (5) 


It follows from (5) that every geometric sequence {arn-1} for which |r| < 1 


converges to 0. 


It is often necessary to manipulate the general term of a sequence to 


demonstrate convergence of the Sequence. 


Convergent Sequence 


Determine whether the sequence 
converges. 


Solution By dividing the numerator and denominator by п it follows that 


as n > oo. Thus, we can write 


. m 1 
lim = lim — 
n o m n 9 


The sequence converges to .". 


Convergent Sequence 


12е" 
Зе" 


Determine whether the sequence 
converges. 


2 
2 


Solution Since е > 1, a fast inspection of the general term may lead you to the 


false conclusion that the sequence is divergent because 12е, — 5 > со and 3e; 


%2-> о аѕ п > о. But if we divide the numerator and denominator by e; and 


then use 12 — 5e, > 12 and 3 + 2e, 3 as иг? ee, we can write 


= 4) 


‚=й — mye (17 
Note that й ра ( е ) | E ) 


. Since 1/6 < 1, it follows from (4) that * 
—(asn e. 


The sequence converges to 4. 


[ Graphical Interpretation The notions of convergence and divergence of 


a sequence can be illustrated graphically. Recall, if f(x) ^ Las x > ee, then y 
= Lis a horizontal asymptote for the graph y = f(x). We can force the graph of 
f to be as close to the asymptote y — L as we desire by taking x sufficiently 
large in magnitude. Analogously, if a sequence (ал) converges, then ал > L as 


п > co means that the dots comprising the graph approach a horizontal line. 


5 
For example, the sequence converges and 
FIGURE 10.7.1(a) shows the terms of the sequence getting closer and closer to 


the number L = 3 к by the green horizontal line іп the figure) as the 


positive integers n . Ш contrast, the sequence 


216) 


diverges and Figure 10.7.1(b) shows the 
terms of the sequence becoming unbounded as и increases. 


И 
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. 5+ . 
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| 
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FIGURE 10.7.1 Convergent sequence (а); divergent sequence (b) 


In FIGURE 10.7.2 the light blue lines connecting the dots are not part of the 


graphs but are inserted to emphasize the oscillatory nature of both sequences. 
(=1)"— 


The sequence converges and Figure 
10.7.2(а) shows the terms of the sequence approaching L = 0 (the green 


horizontal line in the figure) as n > <. On the other hand, the oscillatory 


и 


sequence diverges. In 
Figure 10.7.2(b) the terms of the sequence are seen to approach two different 


values (the yellow horizontal lines in the figure) as n > ee. 


1, n=2,4,6,... 


—1)" = 
D —l,n=1,3,5,..., 


Because we 
have for 
3n 3 
а, ==: 
n+ | | 
1+— 
n as п > со 
through even integers, 
3л 3 А 
ЕНТ 12 
й п + | 
1+— 
but n as n > со 


through odd integers. 


w [с 


3n 
241] 


FIGURE 10.7.2 Convergent sequence (a); divergent sequence (b) 


[ Infinite Series Under certain conditions it is possible to assign a 
numerical value to an infinite series. In Section 10.2 we saw that we could 
add terms of a sequence using summation notation. Associated with every 
sequence {dn} is another sequence called the sequence of partial sums {S7}, 
where 51 is the first term, 52 is the sum of the first two terms, $5 is the sum of 


the first three terms, and so on. In symbols: 
sequence: ац, a2, аз, ..., ал, ... 


sequence of partial sums: ai, ai + a2, ai, + a2 + аз, ..., а + а2 + a3 +... + an, 


In other words, the sequence of partial sums for {an} is the sequence {Sn}, 


where the general term can be written 


H" 


5 
k == . Just as we can ask whether а 
sequence (аһ) converges, we now ask whether a sequence of partial sums can 


converge. 


This question is answered in the next definition. 


DEFINITION 10.7.2 Convergent Infinite Series 


(1) If ~, a», аз, ..., dn, ... is an infinite sequence, we say that 


Va, =a, +a, +аз +: +а, +7 
к= 1 


is ап infinite series. 


=. 
= 


(ü) An infinite series k == is said to be 
convergent if the sequence of partial sums {Sn} converges, that 


is, 


lim 5, = lim Уа = $ 


пЭ 0 n ?* 


ai) f FL 22 


to be divergent. 


does not exist, the infinite series is said 


Although the proper place for digging deeper into the above concepts is a 
course in calculus, we can readily illustrate the notion of convergence of an 


infinite series using geometric series. 
Suspend, for the sake of illustration, that you know this rational number. 


Every student of mathematics knows that 


© 
9» 
“ы 
25) 


(6) 


is the decimal representation of a well-known rational number. The decimal in 


(6) is the same as the infinite series 


0.3 + 0.03 + 0.003 + = 5t 5 + р + 


io + Tor t Tos t T0- (7) 
1 


If we consider the geometric sequence 


3 3 3 


10^ 102^ 1097: 


it Is possible to find a formula for the general term of the associated sequence 


of partial sums: 


5 = ту = 0.3 

$› =H + ту = 0.33 

+ = 0.333 ® 
: ns 

LE RE RE RE + у 033...3 


In view (8) of Section 10.2 with the identifications | 0 апа 
| 0 we сап write the general term Sn of the sequence (8): 
1 үл 
3 1- (в) 
1 


п 10 I-i 


(9) 


We now let n increase without bound, that is, n > <. From (4) and (5) we 


(4) —0 


know that * | 0 as п > co and so the limit of (9) is 


се 31-0) зо 3 1 
lim S, = lim | 5 
nx п"”10 1--- = 


10 10 


ғ 
Thus, „1 is the sum of the infinite series in (7): 


^3 


[ Geometric Series In general, the sum of an infinite geometric series 


ar —-a-car-ct ar? tcr ar +... (10) 
5-1 


is defined whenever |r| < 1. To see why this is so, recall from Section 10.2 that 


n ; 5 a(l = m) 
S, = Yat! =atartar + ++ аг! =, (11) 
k-1 -r 


By letting n> өө and using rn > 0 whenever |r| < 1, we see that 


mE s. GEL €) a 
lim S, = lim——— —— = ———. 


nx п? 20 1 — Е 1 — ү 


Therefore for |r| < 1 we define the sum of the infinite geometric series іп (10) 
to be a/(1 — r). 


THEOREM 10.7.1 Sum of a Geometric Series 


@ An infinite geometric series 


| 


k == | converges for || < 1. The 
sum of the series is then 


Ха” l= a+ar+ar +. + ar" жаман” 
k=1 нийл 


(1) Ап infinite geometric series 


а rå - 1 


К = | diverges for |r| > 1. 


"m 

зайл! 
аг 

А divergent geometric series k == һаѕ по 

sum. 


Formula (12) gives a method for converting a repeating decimal to a quotient 


of integers. We use the fact that: 
Every repeating decimal is the sum of an infinite geometric series. 


Before giving another example of this, let's be clear that a repeating decimal 
is a decimal number that after a finite number of decimal places has a 


sequence of one or more digits that repeats endlessly. 


Recall from Section 1.1, a rational number is one that is either a terminating decimal or 
a repeating decimal. An irrational number is one that is neither a terminating nor a 


repeating decimal. 


Repeating Decimal 


Write 0.232323 ... as a quotient of integers. 


Solution Written as an infinite geometric series, the repeating decimal is the 


same as 


23 23 23 2, 23 
--- + 


улса а Ў тра 
100 1002 100: 2100 


23 
With the ТІСІ 1 E 1 00 апа 


Ir| = Ix] € 


it follows from (12) that 


Ч 10 100 _ = 
E шэг — n = 
лоо 1—15 ж 99 


Repeating Decimal 


Write 0.72555 ... as a quotient of integers. 


Solution The repeating digit 5 does not appear until the third decimal place so 
we write the number as the sum of a terminating decimal and a repeating 


decimal: 


geometric 
series 
72 ... = 0.72 + 0.00555... 


72 5 | 5 5 
100 + (000 Г 10,000 + 100.000 + ) 


72 5 5 5 
= 100 + Go tie tie +) casir 5 


-4 
2 
Un 
Un 
“л 
| 


> 
— 72 107 
= 100 + 


1 < from (12) 
1— 
10 
2212 5 
77 100 + 900: 


Combining the last two rational numbers by a common denominator we find 


0.72555... =——. E 


Every repeating decimal number (rational number) is a geometric series, but 
do not get the impression that the sum of every convergent geometric series 


need be a quotient of integers. 


Sum of a Geometric Series 


infinite series 


| 1 | 
|--%--- +... 


Тһе 


е е“ е 2 : 

, is a convergent 
geometric series because |r| = |- Ме| = Ше < 1. By (12) the sum of the series is 
the number 

1 е 
= 


1-(-1/) e+] 
A Divergent Geometric Series 


The infinite series 


m 32 23 
25 pur т ee s 
= Ғы 
18 geometric series because 


a divergent 


гэ» 
- 


NOTES FROM THE CLASSROOM 


(1) When written in terms of summation notation, a geometric 
series may not be immediately recognizable, or if it is, the values 
of a and r may not be apparent. For example, to see whether 


= : - , 
5 | Al lint? 
ВЕ 
п — 3 EU is a geometric series it is 


a good idea to write out two or three terms: 


a ar ar? 
—— —— —— 


$6) = (1) i (1) + (1) ЕТ 


© Sofos Design/ShutterStock, Inc. 


From the right side of the last equality, we сап make the 


_ 1\5 
HE a m | (5) and 
r| = 


| 


С 


series is 2 


there is no real need to do this, 


If desired, although 
we can express 
4 (5 п? 
| 


2) 


in the more familiar 
M | 
а! 
form k == 


The result is 


by letting k = n — 2 


a [em 

LAT 

© Ї п+2 © БЕ = (3G) 
4 = 54 = 54 . 


(ii) In general, it is very difficult to find the sum of a convergent 


infinite series using the sequence of partial sums. In most cases it 


is impossible to find a formula for the general term 


S = У" 
n 1-1 К 
= of this sequence. The 
geometric series is, of course, an important exception. But there 
is another type of infinite series whose sum can be found by 
finding the limit of the sequence {Sn}. If interested, see Problems 
37 and 38 in Exercises 10.7. 


(iii) If a sequence {an} is defined recursively and is known to be 
convergent, then the recursion formula can sometimes be used to 
determine the limit L of the sequence. See Problems 55 and 56 in 
Exercises 10.7. 


Exercises 10.7 Answers to selected odd- 
numbered problems begin on page ANS-33. 


In Problems 1-20, determine whether the given sequence converges. 


10 


1 


суп 
18. — 
2-3-2 
> 3» 9» 27... 
1 1 | 1 b 1 | 
al + 2,2 + 33 +441 5, 


Іп Problems 21-26, write the given repeating decimal as а quotient of 


integers. 

241, (0.222. 
2225. (ESSI) сс 
23. 0.616161... 
24. 0.393939... 
25. ЗАЛА 


26. 0.5262626 ... 


In Problems 27-36, determine whether the given infinite geometric series 
converges. If convergent, find its sum. 


з. К |] | + V5 


зз. k= | 


36. k= | 


37. Тһе infinite series k ( k | ) 18 


an example of a telescoping series. For such series it is possible to find а 


formula for the general term 5» of the sequence of partial sums. 


(a) Use the partial fraction decomposition 


| | | 


КЕЗІ k ІЗІ 


as ап aid in finding a formula for Sn. This will also explain the meaning of the 


word telescoping. 


(b) Use part (a) to find the sum of the infinite series. 


38. Use the procedure іп part (a) of Problem 37 to find the sum of the infinite 


. | 
РУ + 1)(k + 2) 


series 3 IN 


Applications 


39. Distance Traveled A ball is dropped from an initial height of 15 ft onto a 
2 


= 


3 


concrete slab. Each time the ball bounces, it reaches a height of ." its 
preceding height. Use an infinite geometric series to determine the distance 


the ball travels before it comes to rest. 


40. Drug Accumulation A patient takes 15 mg of a drug at the same time 
each day. If 80% of the drug accumulated is excreted each day by bodily 
functions, how much of the drug will accumulate in the patient’s body after a 
long period of time, that is, as n > • ? (Assume that the measurement of the 


accumulation is made immediately after each dose.) 
Calculator/Computer Problems 


41. It can be proved that the terms of the sequence {an} defined recursively 


by the formula 
4+1 = |а, + — |, г>0 


converges when ai = 1 and г = 3. Use a calculator to find the first 10 terms of 


the sequence. Conjecture the limit of the sequence. 


42. Тһе sequence 


+++ +, - Inn) 


ь2|-- 


is known to converge (albeit very slowly) to а number y called Euler's 
constant. Calculate at least the first 10 terms of the sequence. Conjecture the 
limit of the sequence. 


For Discussion 


43. Use algebra to show that the sequence 


{Vn(Vn + I — Vn)} 


44. Use the graph of the inverse tangent function to show the sequence 


converges. 


п | 
— — arctan(7) 


converges. 


NN 


45. Тһе infinite series is known to be 
convergent. Discuss how the sum of the series can be found. State any 


assumptions that you make. 


46. Find the values of x for which the infinite series 


х E] 


k=1\4 
converges. 


47. The infinite series 


1-1-14-- 


is а divergent geometric series with г = 1. Note that formula (5) does not yield 
the general term for the sequence of partial sums. Find a formula for Sn and 


use that formula to argue that the infinite series is divergent. 


48. Consider the rational function f(x) 2 1/(1 — x). Show that 


=1+х+х+.... 
12503 


For what values of x is the equality true? 


49. Discuss whether the equality 1 = 0.999 ... is true or false. 


50. The Trains and the Fly At a specified time two trains Ті and 7», 20 miles 
apart on the same track, start on a collision course at a rate of 10 mi/h. 
Suppose that at the precise instant the trains start a fly leaves the front of train 
Ті, flies at a rate of 20 mi/h in a straight line to the front of the engine of train 
T», then flies back to Ті at 20 mi/h, then back to 7», and so on. Use geometric 
series to find the total distance traversed by the fly when the trains collide (and 
the fly is squashed). Then use common sense to find the total distance the fly 


flies. See FIGURE 10.7.3. 


FIGURE 10.7.3 Trains and Ну in Problem 50 


51. Embedded Squares In FIGURE 10.7.4 the square shown in red is 1 unit on 
a side. A second blue square is constructed inside the first square by 
connecting the midpoints of the first one. A third green square is constructed 


by connecting the midpoints of the sides of the second square, and so on. 
(a) Find a formula for the area А» of the nth inscribed square. 
(b) Make a conjecture about the convergence of the sequence (Ал). 


(c) Consider the sequence {Sn}, where Sn = Ат + A» +... + An. Calculate the 


numerical values of the first 10 terms of this sequence. 


(d) Make a conjecture about the convergence of the sequence {Sn}. 


FIGURE 10.7.4 Embedded squares in Problem 51 


52. Length of a Polygonal Path In FIGURE 10.7.5, there are twelve blue rays 
emanating from the origin and the angle between each pair of consecutive 
rays is 30°. The line segment АР! is perpendicular to ray Гл, the line segment 


Р\Р» is perpendicular to ray L2, and so on. 


(a) Show that the length of the red polygonal path AP:P2P3 ... is the infinite 


series 


АР, + Р.Р, + PP, + PP --. 
= sin30? + (cos30°)sin30° + (cos 30?)^sin30? + (cos30?)*sin30? +--+. 


(b) Find the sum of the infinite series in part (а). 


% 


FIGURE 10.7.5 Polygonal path in Problem 52 


53. Medieval Mathematics In the fourteenth century, much of the 
mathematics that we take for granted (such as algebra and graphing) had yet 
to be discovered. But the work of the French theologian, philosopher, 
economist, physicist, astronomer, and mathematician Nicole Oresme (1320— 
1382) foreshadowed some of the later discoveries of Galileo, Descartes, and 
Newton. Oresme was one of the first to use graphical techniques to prove 


theorems. This problem illustrates one of his discoveries. 


(a) Consider a sequence of rectangles of width 1, where the height of the first 
rectangle is 1 and each subsequent rectangle has height one-half of the height 
of the rectangle immediately preceding it. See FIGURE 10.7.6. Although the 

rectangles extend to infinity, show that the sum of their areas А = А + A2 + As 


+... is finite: 


(b) Around 1350 C.E., the English mathematician and logician Richard 
Suiseth (AKA The Calculator), lacking adequate notation presented a mind- 


numbing verbal proof of the sum: 


Miniature painting of Nicole Oresme 
€ Photo12/UIG via Getty Images 


Nicole Oresme proved the same result in an easier manner using the graphical 
problem described in part (a). Devise an alternative method for computing the 


total area A in Figure 10.7.6 to show that 


А 


А 44 
2 Аз / 


>-Х 


ы 
I 
AR 


FIGURE 10.7.6 Sequence of rectangles in Problem 53 


54. More Area In Problem 68 of Exercises 10.1 you were asked to find the 
general term A; of the sequence of areas { Ал} of the isosceles triangles given 


in Figure 2.1.20 (see page 60). Find the sum of the areas Ai + A2 + As +. 


In Problems 55 and 56, the given recursively-defined sequence {an} is known 


to converge. If L denotes the limit of the sequence, then we must have 


lima, — L 


H — эс апа 
limd,4, = L 
fl —# a . Use these facts and the recursion 


formula to find the value of L. (See Problems 69 and 70 in Exercises 10.1.) 


sd = V3. а, +1 = МЗ + а, 


| 


a, = 1,а„+„ = 1 TES 
n 


56. 


{vn} 


| | | | | 
1+— + —= + —= + 2 п 
V X3 v4 Vn Wa 


57. (a) Explain why the sequence diverges. 


(b) Discuss why the inequality 


is true forn > 1. 


58. Reread Theorem 10.7.2 and then discuss: How does the results of 


BE | 


Problem 57 show that the infinite series Мк 


diverges? 


Chapter 10 Review Exercises Answers to 
selected odd-numbered problems begin on page ANS- 


A. Fill in the Blanks 


In Problems 1—22, fill in the blanks. 


1. The next three terms in the arithmetic sequence 2x + 1, 2x + 4, ... are 


А | 


ба» n 


3. The fifth term of the sequence is 


4. The twentieth term of the arithmetic sequence —2, 3, 8, ... is 


In + | 


51 — | 
5. Тһе common ratio г of the geometric sequence = 
18 


6. The common difference d of the arithmetic sequence 


!! 


8-2 
2 


| | ЭР 
E — 1 +з-э+... = 


шин | 
For |x| »1, >=  -. 
10. k=04 | 


15. For the sequence 1, 2, 3, ..., 


|%243-:::4299-300- | 


16. If a sequence is defined recursively Бу dn+1 = (—1)»ал + 1, ai = 1, then as 


127281 Cero s 52225 Шеп = 


П ООД Зе 
| — 2n 
An + 5 


19. The sequence converges to 


20. The fifth term of an arithmetic sequence is —1 and its twelfth term is 13. 


Тһе general term ал of the sequence is = 


21. КЕ! and E» are mutually exclusive events such that 
(E 1) = 5 1 (Р, ) Айн 
Р(Ет 0 Е?) = 


22. If P(E1) = 0.3, РОР) = 0.8; апа Р(Ет (Y Е2)- 0.7, then Р(Еп 0 Ю)- 


В. True/False 


In Problems 1-20, answer true or false. 


1. 2(8!) = 16! 


10! 
201 


3. (n— Ціп-п! 


= 10 __ 


4. 210 < 10! 


5. There is no constant term in the expansion of 


Е 
| 20 


6. There are exactly 100 terms іп the expansion of (а + Б)100. 


7. А sequence that is defined recursively by ап+1 = (—1)ап is a geometric 


Sequence. 


8. (In 55) is an arithmetic sequence. 


Y Ink = Inl20 0 
9, k=] 


ШІ, 52999... 
Л qual 
12. Р(п,п)-п! 


13. The sequence (7 sin ил} is convergent. 


oc 1000 А 
- (тоот) 


14. The series 


18 divergent. 


15. The sequence defined recursively by an+1 = 2an + 1, ai = —1, is a constant 


Sequence. 


16. The quotient of two nonterminating repeating decimals is always a 


rational number. 


8 16 


( 
17. If 3 апа J are the ninth and tenth terms of a geometric sequence, 
then the seventh term of the sequence is 6. 


18. The geometric sequence in Problem 17 is divergent. 


19. The sequence defined recursively by ап+1 = nan, ai = 1, is the same as the 


sequence {n!}. 


20. A math professor's salary in her first year of teaching was $15,000. If she 
received a raise of 4.5% each year, then in her 10 year of teaching her salary 
was 15,000(1.045)». 

C. Review Exercises 

In Problems 1-4, list the first five terms of the given sequence. 

1. (6-3(п- 1)) 


2. {-5 + 4n} 


( ( — | ТЫРА 
п + 3 


5. List the first five terms of the sequence defined by ai = 1, a2 = 3, and an = 


4. 


(n ёр 1)ан-1 +2. 


6. Find the seventeenth term of the arithmetic sequence with first term 3 and 
third term 11. 


| e Э 
7. Find the first term of the geometric sequence with third term < and 


fourth term 1. 


8. Find the sum of the first 30 terms of the sequence defined by ai = 4 and аһ» 
12 а + 3. 


9. Find the sum of the first 10 terms of the geometric series with first term 2 


2 


and common ratio 
10. Write 2.515151 ... as an infinite geometric series and express the sum as 
a quotient of integers. 

11. Best Gift Determine the best gift from the following choices: 


A: $10 each month for 10 years. 


B: 106 the first month, 206 the second month, 306 the third month, and so on, 


receiving an increase of 106 each month for 10 years. 


С: 10 the first month, 2€ the second month, 46 the third month, and so on, 


doubling the amount received each month for 2 years. 


12. Distance Traveled Galileo discovered that the distance a mass moves 
down an inclined plane in consecutive time intervals is proportional to an odd 
integer. Therefore, the total distance D that a mass will move down the 
inclined plane in п seconds is proportional to 1 +3 + 5 +... + (2n — 1). Show 
that D is proportional to n2. 


13. Annuity If an annual rate of interest r is compounded continuously, then 
the amount 5 accrued in an annuity immediately after the nth deposit of P 


dollars is given by 
S = P ra Ре’ + Ре" +...+ Ре" br 


Show that 


5-Р 
| =~ 
14. Number of Sales Іп 2016 a new high-tech firm projects that its sales will 


double each year for the next 5 years. If its sales in 2016 are $1,000,000, what 


does it expect its sales to be in 2021? 


In Problems 15-20, use the Principle of Mathematical Induction to prove that 


the given statement is true for all positive integers л. 


15. m(n + 1)» is divisible by 4 


n 


У (2k + 6) = n(n + 7) 
16. К = ] 


17. 1011) +20!) + --- 1 n(n!) = (4 D! -1 


18. 9 is a factor of 10, +, — 9n — 10 


| 1 1 1 
(1+) +5). +3) (+t) ane 
19. | 2 3 п 


20. (cos 0 + ісіп 0); = cos n0 + isin n0, where i» = —1 


In Problems 21—26, evaluate the given expression. 


6! 


614! 
„ 10! 


2/3. (607. 22) 


24. P(9, 6) 


" л! 


In Problems 27-30, use the Binomial Theorem to expand the given 


expression. 

27. (a + 4b). 

28. y - 1) 

29. (x2 — у)» 

30. (4 — (a + Ы): 


In Problems 31—34, find the indicated term in the expansion of the given 


expression. 
31. Fourth term of (5a — b3)s 
32. Tenth term of (8y2 — 2x)11 


33. Fifth term of (ху? + z3)io 


10 
Third term of uc Abc 
34. | 


35. A multiple of x2 occurs as which term in the expansion of (x12 + 1)40? 


36. Solve for x: 


37. If the first term of an infinite geometric series is 10 and the sum of the 


25 


series is 2. , then what is the value of the common ratio r? 


| | | 
win irs х = CT «aa 
38. Show that Qt (үс Qt | 


is a geometric series. Give the values of о for which the series converges and 


then find the sum of the series. 


39. Suppose circles of radius r are stacked within a triangle in the manner 
shown in FIGURE 10.R.1. The figure illustrates the cases n — 1, 2, 3, 4, where n 
denotes the number of rows in the stack as well as the number of circles in the 
last row of the stack. Each circle is externally tangent to its neighboring 
circles. Now assume that there are и rows, and that the nth row contains п 


circles. 


(a) Written as the first four terms of a sequence, give the number of circles in 
each of the four stacks shown in Figure 10.R.1. Find the general term of this 
sequence, in other words, the number of circles within the nth triangle. [Hint: 
See formula (3) in Section 10.3]. 


(b) Suppose С» denotes the sum of the areas of all the circles within the nth 


triangle. Find the general term of the sequence {Cr}. 


(c) Each triangle in Figure 10.R.1 is equilateral. Suppose 7» denotes the area 


of the nth equilateral triangle. Use the fact that the area of an equilateral 


Ул 


зы 
"р dmm 


/ i 
triangle with side of length s is 4 to find the general term of the 
sequence (75). [Hint: See Problems 29 and 30 in Exercises 5.1.] 


„ А. А № 


(а)п=1 (b)n = 2 (c)n= 3 (djn=4 


FIGURE 10.R.1 Stacked circles in Problem 39 


40. In Problem 39, it is known that both sequences {Cn} and {Tn} diverge. 


Show, however, that the sequence | C/T») converges. 
In Problems 41 and 42, conjecture whether the given sequence converges. 


“л 
2 


41. n | 


a V3, V3V3, V 3V 3N/3, ... 


43. If a coin is tossed 3 times, use a tree diagram to find all possible 


sequences of heads (H) and tails (T). 
44. List all possible 3-digit numbers using only the digits 2, 4, 6, and 8. 


45. Ice Cream If 32 different flavors of ice cream are available, in how many 


ways can a double scoop cone be ordered: 


(a) if both scoops must be different flavors? 


(b) if both scoops can be the same flavor? 
[Hint: Assume that the order in which the scoops are placed on the cone does 


not matter.] 


46. More Ice Cream At a dessert bar there are 3 flavors of ice cream, 6 
different toppings, 2 kinds of nuts, and whipped cream. How many different 


sundaes can be made consisting of 1 flavor of ice cream with 1 topping: 
(a) if nuts and whipped cream are required? 

(b) if nuts are optional, but whipped cream is required? 

(c) if both nuts and whipped cream are optional? 


47. Build Your Own Domingo's Pizza offers 10 extra toppings. How many 


different pizzas can be made using just 3 of the toppings? 


А 
Е 4 ; 
ы 


” 
= jf 


Full house 
€ Michael D Brown/ShutterStock, Inc. 


48. Poker Hand In a certain poker game a hand consists of 5 cards drawn 


from a standard 52-card deck with 4 suits. 
(a) How many 5-сага hands are possible? 


(b) A full house is a 5-card hand consisting three of a kind and a pair. How 


many full houses are possible? 
(c) How many full houses are there consisting of 2 kings and 3 aces? 


49. Rearrangements In making up a scrambled word puzzle, how many 


rearrangements of the letters in the word shower are possible? 


50. Time to Plant Burtee's seed catalog offers 9 varieties of tomatoes. In 


how many ways can a gardener choose 3 to order? 


51. Modeling There are 10 casual and 12 formal outfits to be modeled one at 


a time in a fashion show. In how many different orders can they be shown: 


(a) if all the casual outfits are grouped together and all the formal outfits are 


grouped together? 
(b) if there are no restrictions on the order? 


52. Atthe Races In how many ways can win, place, and show (that is, first-, 
second-, and third-place finish) be decided if 10 horses are entered in a race? 


Assume that there are no ties. 


53. Drawing Cards If two cards are drawn from a well-shuffled standard 52- 
card deck, what is the probability that both are black? 


54. Choosing a Pen Five pens are selected at random from a batch of 100 Pic 
pens. If 9046 of this batch of Pic pens will write the first time, what is the 
probability that: 


(a) all 5 of the pens selected will write the first time? 
(b) none of them will write the first time? 


(c) at least 1 of them will write the first time? 


55. Family Planning Assume that the probability of giving birth to a female 
baby equals the probability of giving birth to a male baby. In a family of 4 
children, which 15 more likely: (i) all the same sex, (ii) 2 of each sex, (iii) 3 of 


one sex and 1 of the other? 


56. Average Young Woman Statistics indicate that the probability of death 
in the next year for a 20-year-old female is 0.0006. What is the probability 


that an "average" 20-year-old female will live through the next year? 


57. Feeling Lucky? A drawer contains 8 black socks and 4 white socks. If 2 


socks are drawn at random, what is the probability that: 
(a) a black pair is obtained? 

(b) a white pair is obtained? 

(c) a matching pair is obtained? 


58. Bingo A Bingo card has 5 rows and 5 columns. See FIGURE 10.R.2. Any 
five of the numbers 1 through 15 appear in the first column (designated B); 
any five of the numbers 16 through 30 appear in the second column (1); any 
four of 31 through 45 appear in the third column (N), where the center square 
marked “FREE” is found; any five of 46 through 60 appear in the fourth 
column (G); and any five of 61 through 75 appear in the last column (O). How 
many different Bingo cards are possible? (Consider 2 cards to be different if 


any 2 corresponding entries are different.) 


FIGURE 10.R.2 Bingo card in Problem 58 


59. More Bingo One version of Bingo requires a player to cover all the 


numbers on the card as numbers are called out at random. See Problem 58. 


(a) What is the minimum number of calls before there can be a winner in this 


version? 


(b) Assume that there is a winner at the minimum number of calls obtained in 
part (a). What is the probability that the card being played is a winning card at 
that point? 


60. Golden Ratio In Problem 57 of Exercises 10.1 we saw that the Fibonacci 
sequence 1, 1, 2, 3, 5, 8,... could be defined recursively by Fn+1 = Fn + Fn-1, 


Fiz 1, F2 = 1. Dividing the recursion formula by Fn gives 


Fai = | + Pig 


F, F 


il 


If we define a» = F»/F», then the sequence {an} is defined recursively by 


| 
a, = 1+—, a, = 1, п 2 2. 
а,-1 


Although the Fibonacci sequence diverges it is known that (аһ) converges to 
a number ф called the golden ratio. Use the recursion formula for {an} to 


o 1+ №5 


show that 2 


61. More Area Assume that the sequence of blue squares shown іп FIGURE 
10.R.3 continues indefinitely. Determine the fractional part the total area of the 


blue squares is of the entire square. 


| 


FIGURE 10.R.3 Squares within a square іп Problem 61 


SDN LD CHP CP GE 


Final Examination 


A. Fill in the Blanks 


In Problems 1-20, fill in the blanks. 


1. Completing the square in x for 2x2 + 6x + 5 gives 


2. In the binomial expansion of (1 — 2x): the coefficient of x2 is 


3. In interval notation, the solution set of the inequality 


„д 
x(x 9) > 0 
x? иш 25 сэт 


4. Ifa- 3 is a negative number, then |а – 3| = 


5. If |5x| = 80, then x = 


6. If (a, b) is a point in the third quadrant, then (-а, b) is a point in the 
quadrant. 


7. The point (1, 7) is on a graph in the Cartesian plane. Give the coordinates 


of another point on the graph if the graph is: 

(a) Symmetric with respect to the х-ахіѕ —  , 
(b) Symmetric with respect to the у-ахіѕ —  , 
(c) Symmetric with respect to the origin — 


8. The lines 6x + 2y = 1 and kx - 9y = 5 are parallel if k = . The lines 


are perpendicular if k = 

9. The complete factorization of the function f(x) = хз — 2x2 — 6x is 2 
10. The only potential rational zeros of f(x) = хз + 4х + 2 are 2 

11. The phase shift of the graph of = 5 sin(4x+m)is___. 


12. If f(x) = x4 arctan(x/2), then the exact value of f(—2) is A 


А 
= se QJ 
sinx = = | 
ПАБ ШЕ «/,Л7/2<х<л,іһеп sin 2х- 
1 ) X 2 Q | 

14. If 3 д 7 ,thenx- 

( л 
15. агссов 2 А 

2 


16. 5ш2-1п 3 zm 


17. The graph of y = In(2x + 5) has the vertical asymptote x = 


18. The domain of the function у = Іп(х2- 2x) is 


19. The number of five element subsets that can be formed from the set of 


letters in the English alphabet is : 


20. If the first three terms of an arithmetic sequence are ai = 10, a2 = 6.5, and 


аз = 3. Шеп ам = 
В. True/False 


In Problems 1-20, answer true of false. 

1. The absolute value of any real number xis positive. —— — 
2. The inequality |x| » —1 has no solutions. 

3. For any function f; if f(a) 2f(b)thena-b. ^ . 


4. The graph of y = f(x + с), c > 0, is the graph of y = f(x) shifted c units to the 
right. 


5. The points (1, 3), (3, 1 1), and (5, 19) are collinear. 


6. The function f(x) = xs — 4x3 + 2 is an odd function. 


“+ is a factor of the function f(x) = 64x4 + 16x3 + 48x2 — 


8. If b2 — 4ас < 0, the graph of f(x) = ax» + bx + c, а + 0, does not cross the 


x-axis. 
9; 2x + 1 is a rational function. 


10. Ех) = х5 + Зх – 1, then there exists a number c in [-1, 1] such that fc) = 
0. 


11. The graph of the function 


| 
f(x) = —— + 
| X ши | X E 2 has no x- 
intercepts. 


12. х = 015 a vertical asymptote for the graph of the rational function 
2-2 


X 


13. The graph of y = cos(x/6) is the graph of y = cos x stretched horizontally. 


14. f(x) = сөс x is not defined at x = 7/2. 


15. The function f(x) = e-4» is not one-to-one. 


f(x) = (5) 
16. Тһе exponential function ~ . 2. 


increases оп the interval (– оо, оо). 2 

17. The domain of the function f(x) = In x + In(x — 4) is (4, о). 2 
18. Тһе solutions of the equation In x2 = ln 3x are x = 0 and x 23. — 
19. cosex + С08:(Х-07/2)-1 2 

20. Ішісвс x| + In|sin x| = 0 

C. Exercises 


1. Match the given interval with the appropriate inequality. 


© [2,4] 

(ii) |2,4) 
(іш) (2,4) 

(іу) (2,41 
(a)|x-3| < 1 
(0) 1<х- < 3 
(с) -2 <2-х < 0 
(d) |x - 3| « 1 


2. Write the solution of the absolute-value inequality [3x — 1| > 7 using 


interval notation. 


3. The answer to a problem given in the back of a mathematics text is 


2/(V3 – 1 


4. In which quadrants ір the Cartesian plane is the quotient x/y negative? 


. Are you correct? 


5. Which one of the following equations best describes a circle that passes 
through the origin? The symbols a, b, c, d, and e stand for different nonzero 


real constants. 

(а) ax: + by + cx c dy c ez 0 
(b) ax + ау + cx - dy c ez 0 
(c) ax» + ау + cx + dy = 0 

(а) ax: + by» + cx + dy =0 


(e) ax» + ау - ez 0 


(f) ах: + ау + сх+е= 0 


6. Match the given rational function f with the most appropriate phrase. 


X 


a= a 


= 
T ) x + 2 


f(x) = 


(iii) x 


7 fo Хор 2 


(а) slant asymptote 


[ 
ай 8 
1-2 


(b) no asymptotes 
(c) horizontal asymptote 
(d) vertical asymptote 


7. What is the range of the rational function 


dex 
J) x + 1. 


8. What is the domain of the function 
fx) - 
X ? 


9. Find ап equation of the line that passes through the origin and through the 
point of intersection of the graphs of x + y = 1 and 2x - y = 7. 


10. Find a quadratic function f whose graph has the y-intercept (0, —6) and the 
vertex of the graph is (1, 4). 


In calculus you are often required to rewrite a function either in a simpler 
form or in a form that is more helpful in solving the problem. In Problems 11— 
16, rewrite each function by following the given instruction. In calculus you 
would be expected to recognize what to do from the context of the actual 


problem. 


ғо = Мх +4 х 


as а quotient using rationalization and simplification. 
3 246 
| 5x — 4х WX + 8 
fix) = 
12. Х. . Carry out 


the indicated division and express each term as a power of x. 


7х2 — Ix — 6 
fx) = ———— 


. Express f 


Decompose f into partial fractions. 


f(x) = 


terms of sec x апа tan x. 


| T 5 1 П X . Express f in 


15. f(x) = езіш. Express f as a power of x. 
16. f(x) = |x2 — 3х]. Express f without absolute value signs. 


In calculus you are often required to find zeros of a function. In Problems 17 


and 18, solve the equation f(x) - 0 by following the given instruction. 


17. f(x) ын x4 уу —2х) + 2xV 4 — x] Rewrite f 


as a single expression without negative exponents. 
18. f(x) = 2 sin x cos х- sin x. Find the zeros of fon the interval [-л, л]. 


In Problems 19 and 20, compute and simplify the difference quotient 


f(x +h) = JO) 


/ | for the given function. 


Мн. 2x + 5 


20. f(x) = -x + 10x» 


21. Consider the trigonometric function у = —8 8ш(73/3). What is the 
amplitude of the function? Give an interval over which one cycle of the graph 


is completed. 


i 


222, ШР ( an 6 = ә апа < 0 < 37/2, then what is 


the value of cos 0? 


23. Suppose f(x) = sin x and Кс) = 0.7. What is the value of 


2f(—c) + f(c + 2m) + Кс — бт)? 


24. Suppose f(x) = sin x and g(x) = In x. Solve (f ° g)(x) = 0. 


25. Find the x- and y-intercepts of the parabola whose equation is 


(y + 4)? = 4(х + 1). 


26. Find the center, foci, vertices, and endpoints of the minor axis of the 


ellipse whose equation is 
2 9 , 
х t 2у + 2x — 20у + 49 = 0. 


27. The slant asymptotes of a hyperbola are y = —5x + 2 and y = 5x — 8. What 
is the center of the hyperbola? 


28. From a point 220 ft from the base of a cell-phone antenna a person 
measures a 30? angle of inclination from the ground to the top of the antenna. 
What is the angle of inclination to the top of the antenna if the person moves 
100 ft closer to its base? 


29. Iodine-131 is radioactive and is used in certain medical procedures. 
Assume that iodine-131 decays exponentially. If the half-life of I-131 is 8 


days, then how much of a 5-gram sample remains at the end of 15 days? 


30. The polar coordinate equation г = 3 cos 40 is a rose curve with eight 
petals. Find all radian-measure angles satisfying 0 < 0 < 2zrfor which |r| = 
Э), 


31. Give the three Pythagorean trigonometric identities. 


32. Without the aid of a calculator, find the exact value of 
cos 80° cos 50° + sin 80° sin 50°. 


33. Give the point that is common to the graphs of all exponential functions 
Joymbsb»0,b + 1. 


34. Give the y-intercept, the x-intercept, and horizontal asymptote for the 
graph of f(x) = 4» — 3. 


35. Describe how the graph of y = In(—x) can be obtained from the graph of y 


Else 


36. Find the asymptotes of the hyperbola 


—х” + 10x + 9y? — 54у + 47 = 0. 


37. Sketch the graph of the given function. 


о) = 
ИТ (x) = 
of) = 
af (x) = 


38. Without doing any work, describe in detail the graph of the polar equation 
10 
E . ^ “~ 4 ы 
3 + 2sin(@ + 37/4) 


а — 


39. Solve the linear system 


x — Zy + 37 = I 


Л- ! 8 = = м 
Ах — Sy + 82 
and interpret the solution geometrically. 


X 0 4 


40. Solve the equation 4 0 Х 
fore 


41. Here is a nonlinear system of equations taken from a calculus text: 


2хА = —4 
2уА = 2у 
х + у? = 9. 


Solve for х, y, and 4. 


42. Graph the system of inequalities: 


In Problems 43-46, answer the given question about the sequence 
Э vl 4? | 6 
| 28. 64. 24. 2. + + F + 


43. What is the eighth term of the sequence? 
44. What is the sum Ss of the first eight terms of the sequence? 
45. Is the sequence convergent or divergent? 


46. Does the infinite series 


128 + 64 + 32 + 16+--- 


have a sum 5? 
In Problems 47-52, find the general term аһ of the given sequence. 
47. —2, —1, 0, 1, ... 
AGS (0, 3, SANS asc 
49. 1000, —100, 10, —1, ... 
Il | 1 
_ № 7, 13» 19^ * * * 
ЭЛ 15.2.2555 Sie аа 5 one 
52. 2,—4,6,—8,... 


53. Write the series 


2 3 4 5 16 
р еер реле е шайы » 
€ е е е е 


іп summation notation. 


54. Find the sum of the first 20 terms of the arithmetic sequence {5 + 4(n — 
1)}. 


55. Find the sum 6 + 12 + 18 + 24 + … + би. 


56. Use the Principle of Mathematical Induction to prove that 


for every positive integer n. 


57. Use the Binomial Theorem to expand (хил + 1)a. 


58. Find the first five terms of two geometric sequences if it known that its 


first and third terms are 4 and 9, respectively. 


59. If dis a digit (any numeral 0 through 9), find a rational number whose 


decimal representation is 0.444 .... 


60. How many ten-digit telephone numbers are possible within a given three- 
digit area code if the last seven digits of the telephone number cannot start 
with 0 or 1? 


Answers to Selected Odd- 
Numbered Problems 


1. a+2>0 
3. a+b > 0 
5. 2b+4 > 100 
(— 2, 0) ) 


й 0 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


0 5 
8,10 
еее 
0 8 10 
[—2, 4] ] 
—2 0 4 
-7<х<9 
355 
XOT. | 
25 0 
(—%, 4] ] 
0 4 
ax. Få 
жы) Р — ) 
0 3 
4 
(-9 aa — 
0 5 
2 
(- 10,6) ( ) 
-10 0 6 


31. -10 -8 0 
(0, 6) 4 

эз. 0 6 
(—3,3) | 1 | [ 

35. ES 0 3 
pod ЭР эгчээ эргэж bie 

37. 0 5 
(2, 6) ( ) 

39. 0 2 6 
1-2,6) pp pf 

3 0 6 
41. 2 


(-%,-1) U (2,4) ) 1 ) 
-] 0 2 4 


[-2, -1] U |1,21 


43. 


45. -2 -l 0 1 2 
=0. = 
| а) .—————-—3-—-—44 
47. -8 0 
(— 2, —5] U (0, 2) И | | | | = 
49. -5 0 
(—9, 5) U (1, х) ) 1 | 
01 1 
51. 3 


(-3,019 [L0 rrr + +—- 


53; —5 0 1 


55: 


576 


59: 


61. 


63. 


65. 


67. 


(-о,-1) ОТ, 2] 1 I 
| 
—1 | 2 
(-%,-3) 0(-1,1) ) ( ) 


-3 -1 0 1 


If x is the number, then x < 8. 
п> 10 
If x denotes the width, then x > 7. 


~ JO 
R> £ 


(12, 20) 


29. 


31. 


33. 


353 


ЭЛЬ 


39; 


41. 


. 4; 5 


5 350 


5 mm. bet 


.т=4+л,р=4+ 2л 


27 


шо |= 
СУ л 444 


|ә 
N 


(->%,-10) U (4, 2) LL LLL LL LLLI 
ды Адыр хий 

4} = 
0 3 4 


43. 


495 4.99 501 5.05 


. x-4|«7 
. к 5|> 4 


. |к+3| > 2, (75, -5] U [-1, ә) 


. lAs- Ad < 3 


5 (11.05, 12.05) 


(—b, —а) М 


* * ө (—а, —а) 
(а. b) (b, —а) 
Ф Ф 
(—b, b) (-а, b) 


X 


(b, —b) 
e (a, —b) a e(—a, —b) 
(а, а) 
© ж a в 
(-5,а) | (b,a) (-а.а) 


19. (3,6) 


21. 


x=4 


01/5 


29. 10 

ЭЛЬ S 

33. the triangle is neither isosceles пог а right triangle 
35. the triangle is not isosceles but is a right triangle 


37. the triangle is an isosceles right triangle 


N-3v3. 33-3, 3) 


41. (a) 2х-у-5-0 


(b) The points (x, y) Пе on the perpendicular bisector of the line segment 
joining A and B. 


43. (6,8) апа (6, -4) 


45. (-3,-3),(1,1) 
| 4. 
«.(1,%2) 


(-2.2) 


49. 
(За, —25) 
53. (5,-1) 

55. (-7,-10) 

57. 6 

59. (2,-5) 


(4 Li) (2 
a\2? 2 1,127 


1. center (0, 0), radius 4/5 


3. center (0, 3), radius 7 


5,5 
5. center ‚2 3 3 radius 1 


7. center (0, —4), radius 4 


9. center (—1, 2), radius 3 


11. center (10, —8), radius 6 


185 


^ 
2 


13. center (-1, —4), radius 


15. 2+y=1 
17. x+ (y -2» 22 


19. (х-1)2+(у-6)2=8 


21. x2+y2=5 


23. (x 5) + (y - 6 = 36 


25. 


27. 


юу=3+ V4 — 42; = VA – (y - 3)? 


31. 


33. 


35. 1<(х+2)»+(у—2); < 9 

37, (3 — V13, 0), (3 + V13, 0). (0, -6 - 210) 

(0, —6 + 24 10) 

39. (-1 — 5,0), (1 + №5,0), (0,2 — 2V2), (0,2 + 2V2) 

41. (0, 0), origin 

(0. 5 
2 


43. (-1,0), - ) по symmetry 


45. (0, 0), x-axis 


47. (—2, 0), (2,0), (0, —4), y-axis 


«(1- V3.0), (1 + V3, 0) 


symmetry 


, (0, 22), no 


„ (0,0), (— V3, 0), (V3, 0) 


53: 


55. 


57. 


59. 


61. 


63. 


65. 


67. 


69. 


(0, -4), (0, 4), х-ах1в 
(0, —3), (0, 3), x-axis, y-axis, and origin 


(— V7, 0), (V7, 0) 


+ , origin 


(О, —3) 
(4, 0), (5, 0), L 3, ‚ по symmetry 


(9, 0), (0, -3), по symmetry 

(9, 0), (0, 9), по symmetry 

(-4, 0), (4, 0), (0, —4), (0, 4), x-axis, y-axis, and origin 
X-axis, y-axis, and origin 


y-axis 


71. 


, origin 


75) 


75. 


ИТ (х- ra ap (y - r)2 = 179 


79. 32, 16л-32 


1. (а) х+5 

(b) 10 

3. (a) x-6 

(b) -5 
x+3 

5. (а) X 3 


7. (а) х+х+1 


(b) 3 


(b). j 


11. 
(b) 0 

13. (a) 4+h 

(b) 4 

15. (а) 4(x - 2) 
(b) 12 

17. (a) 3 +3x +x 
(b) 3 

19. (a) 2/0» - h-4 


(b) -4 


| 
21. (a) A d- 4 


l 
(b 6 
| 
EY + 10 
| 


ъ 20 
| 441 
4(2 + hy 


25. (а) 


ъ) б 


д. V7 +x + V7 


»2V7 
BEES + Vi 


(b) 10 


A(V y) +у+1+ Vy 1) 


33. (a) 
(b) 8 

ах- 1 
35. ах 


37. 2(2x -3)s Ох- 1) (9x + 10) 
6x(2 — x) 
„ (—4х + бу? 


y= 5 
41. Зу? — A 
2X 
y= - 
| | — 2y 


43. -— 


Wm 
) Э 
45. LX 
СЕ 
ВП 
520273) 


7. (х+ 2) + (у + 5) = 36 


„ V 10 
(73.0). (5,0), (0, —5) 


13. center (8, 0), radius 8 


15. (-3, 4), (-3, -4) 


17. x2 +y2 > 36 


19. x; +y2 = 27 

т - 4/2 “> 3 
21. X — | Ls = 
B. 1. false 
3. true 
5. false 


7. true 


21. (:1:0) U e) 
29. (0,1) U (1, e) 
31. x- 1» + (у= Do L,(x 2p + (y 2) 24 


33. х + (yr 1» 21, о + (у + 2) = 4 


210 < do < 4 


(Vx + 2)(х + 4) 


39. (а) > 


(b) 32 


1. 24,2,8,35 


3: 


7. —2x2 + Зх, —8a2 + ба, -2а: + Заг, 


22 


9. 


32. 


353 


h2 + 3x + 3h 

-2,2 
NS 

. (-&, 1) 

> (p em Quar а 3) 

рез 

‚ C=, =) 

‚ [=5, 5] 

‚ (==,0] U [5, ә) 

. (-2, 3] 

. not a function 

. function 

. [-4, 4], [0, 5] 


[1, 9], [1, 6] 


5 


50x» 


15x, -8a» 


2x2 


Axh 


2a+1, 


41. -1,1 


43. (8, 0), (0, —4) 


(8,0), (5.0), (0, 15) 


47. (0, ш 4) 


49. (-2,0), (2, 0), (0, 3) 


51. Дх) 2 4x - 11 


Sos 


575 Oath O34 2, 244, 23 (UE 2) 
59. 3.6, 2, 3.3, 4.1, 2, —4.1; (3.2, 0); (2.3, 0), (3.8, 0) 
61. (a) 2; 6; 120; 5040 


(с) (n+ 1) (n+ 2) 


1. еуеп 


3. neither even nor odd 


5. odd 


7. even 


9. even 


11. odd 


13. neither even or odd 


15. (a) 


(b) 


17. (а) 


(b) 


. 2) =4, К-3)=7 


- &(D 2 5, g(-4) =-8 


ь (E259 (С, =2) 


5 (teh, (Е =) 


5 (50. 22), (Cll, =3)) 


B (2 ПЕ =) 


. (-2, 15), (3, -60) 


. (а) 


(b) 


(c) 


(4) 


(е) 


35. (а) 


(b) 


(c) 


(4) 


(е) 


37. (а) 


(b) 


(c) 


(4) 


(е) 


(f) 


(g) 


(h) 


39. у-(х- 1)3+ 5 


41. у= (х + 7) 


43. 


45. 


-— C4 Балы Төле) 


зе 
г [еч 


v 


3 
4 


2-4,0), (0 Зу 


у 


251125) 
.. 

me" 

оС 


>, 0), (0, —3); 


—; (4, 0), (0,5); 


17. 


19.: 


21. 


23. у 


25. 


27. 


29. 


31. 


33: 


2, (3 г - 
—2; (3,0), (0, 1); 
у 
2 4 
y = 3X 13 
II 
у--х%3 
у=-2х+7 
yell 
х--2 
ys-3x-2 
xe 
у=-4х +11 
ЦЭР 
v= =t- 


35. - 


'&3 31 
» (16, 3) 


39. (а) апа (с) are parallel, (b) and (e) are parallel; (а) and (с) are 
perpendicular to (b) and (e); (d) is perpendicular to (f) 


41. (a) and (d) are perpendicular, (b) and (c) are perpendicular, (e) and (f) are 


perpendicular 


47. (-1,3); 


49. —9 


51. у=х+3 


_ 9 1^ 
„ГЕ = 5 [с + 32 


55. 1,680; approximately 35.3 years 


53; 


Х 


7. (а) (0, 0), (-5, 0) 


E 
|| 


9. (a) (-1, 0), (3, 0), (0, 3) 
(b) y2-(x- D» +4 


((е) (42) = 


(4) 


11. (а) (1,0), (2, 0), (0, 2) 


5 y — (x 2 
& -а)х 


13. (а) (0,3) 


— 
БЭ - 
tI 
"uiae 
ге 
| 
2 | 


В 
3 
2 


17. (а) (5,0), (0, 25) 


(b) у-(с-5): 
(сє) (520) =5 
(d) 


19. Minimum function value is 


10) = —3:[- 8, ә) 


21. Increasing оп (0, +), decreasing on (- се, 0] 
23. Increasing on (- с, —3], decreasing on [-3, о) 
25. The graph of y = x2 is shifted horizontally ten units to the right. 


27. The graph of y - x: is compressed vertically, followed by a reflection in 
the x-axis, followed by a horizontal shift of four units to the left, followed by 


vertical shift of nine units upward. 


29. Аз the equation is given it can be interpreted as the graph of y = x» shifted 
horizontally six u nits to the right, followed by a reflection in the y-axis, 


followed by a vertical shift of four units downward. 
31. y (x *2) 

33. у--х-1 

35. у--(х- 1» * 5 

37. f(x) = 2x2 + Зх +5 

39. fx) 4x — 1) + 2 


41. 


(—4, 8), (1,5), 


8(-%,3- V2) Ц (3 + V2, о) 


„{— V3} 


49. (2, 3), (4, 9); (-,-21 U [4, =) 
51:19 

53. (а) 42 = 52 — 10x + 25 

(b) (1,2) 


55. (a) s( = -16р + 64t + 6, v(t) = —321 + 64 


(b) 70 ft, O ft/s 

(c) 4 s, —64 ft/s 

57. (a) 117.6 m, -9.8 m/s 
(b) in 5 seconds 

(c) —49 m/s 


59. (a) The graph of R(D) = —kD» + КР” is a parabola with vertex at —b/2a = 
(-kP)/(—2k) = P/2. Since К is positive, the graph opens downward, and so 
R(D) is a maximum at this value. Since R(D) rneasures the rare at which the 
disease spreads, we conclude that the disease spreads most rapidly when 


exactly one-half the population is infected. 
(b) 3 x 105 
(c) approximately 48 


(d) approximately 62, 79, 102, and 130 


1. 2,4, -5 


END -2v2 


55 (80) 1 
(9) 1 
(с) 0 
(а) 1 
(е) 1 


(f) 0 


Т/Б (ЕД) 2 


N-1. v2 
„М —3, 0 


® -2 


9. (0, 0), continuous, 


11. (0, 0), continuous, 


13. x-intercepts are the points (x, 0), where -2 < x < —1, y-intercept is (0, 2), 


the function is discontinuous at every integer value of x, 


15. x-intercepts are the points (x, 0), where 0 < x < 1, y-intercept is (0, 0), 


the function is discontinuous at every integer value of x, 


17. (-3, 0), (0, 3), continuous, 


19. (-2, 0), (2, 0), (0, 2), continuous, 


21. (-3,0), (1, 0), (0, —1), continuous, 


-3) 


, continuous, 


25. (—1, 0), (1, 0), (0, 1), continuous, 


27. (0, 0), (2, 0), continuous, 


29. (—2, 0), (2, 0), (0, 2), continuous, 


31. (1, 0), (0, 1), continuous, 


33. (1, 0), (0, 1), continuous, 


35. 


49. 


1. (f+ g)(x) = 3x2 - x + 1, domain: (-оо, оо) 


(f— g)() = —x: + x + 1, domain: (- о, о) 
(fg)(x) = 2x4 — хз + 2x2 — x, domain: (- оо, со) 


(flg)(x) = (x2 + 1)/(2x2 — x), domain: real numbers except x = 0 and 


-- 1 
X — > 


Ah (ft g)(x) = x T /х m le 
ә), 

(f = 9)(х) E X = ы X ЕЕ 1 
), 


(fex) — XVX — I ses ЇЇ, сэ} 
(//е)(х) — x/ УХ — er oo) 


5. (f+ g)(x) = Заз —3x2 + 3x +1, domain: (-о, оо) 
(f — g)(x) = 3x3 — 5x2 + 7x — 1, domain: (– о, со), 
(fg)(x) = 3х5 – 10x4 + 16x3 — 14x2 +5x, domain: (– о, о), 


(flg)(x) = (3x3 — 4x2 + 5x)/(1 — хур, domain: real numbers except x = 1 


7° (f + g)(x) — УХ T 2 т V5 ER ох. 


1-2, 1], 


(7 = 9)(х) = МХ т 2 —– V 3 SX pees [25 
ШІ; 


( fg)(x) = 5(х + 2)(1 нэ x) 1-2, 
1], 


5 — 5x 


— |(х) = 
5 nt domain: [22, 1] 
9. (f+ g)(x) = —x + 3, domain: (-өө, о) 

(f— g)(x) = 2 — x — 15, domain: (- о, өө) 


(fg)(x) = —x4 + хэ + 15x» — 9x — 54, domain: (— оо, о) 


Xp 
E, 


(3, =) 


+ 3 ‚ domain: (-<,-3) О (-3, 3) U 


11. 10, 8, 1, 2, 0 


13. (f° g)(x) = x, domain: [1, e»), 


(gof)(x) = Vx: = |х| 


, domain: (- со, со) 


15. (f 8) Ix + 1 


(в © f)(x) 4х – 4х +2 
dii 42 — 4x + 1| 


. — I 
domain: real numbers except op 2 
17. (f° g(a) =x, (6° ЛО) =x 
з y? 
(f° g)(x) = - /(897)0) = 
19. f som f x + 1 


21. (fo g(x) =x+1+ Vx— L(gef)x) =х+1+ Vx 


бх + 19 
x+3 


1 
(fe f)(x) = 4x + 18, (2) : 
23. f 


o Ч ээн 4 D 4 41 
K f(x) “(у © =” 


27. (fe g°h)(x)=|x-1| 


25 


29. (f° g ° в) (x) = 54 +7 
31. (f*f*f)(x) = 8х – 35 
33. f(x) = xs, g(x) = о — 4x 
E 7 r- | 
э. f(x) =x + 4Vx, g(x) = х — 3 


37 


х-3, -3-<х<-2 
x+2, —2=x<-!1 


2 ЕТ. -1213501 
уг X, 0<х<1 
4-1, й<=<х<2 
Ж-2 2=x<3 


39. 


41. 


43. 


45. 


47. (a) (-2, 3), (1, 0) 
(b) 4--х-хғ2 


9 
(© 4 


„а= V 10, 000 + 250, 00087. 


approximately 2,502 ft 


1 
o 
2590) 
-2 
20 


у 


Tl; ym lese 


X 
у = 


11. 9 — е0 (1525) 


у 


у=-—+- 
13. 4 .X , domain: (=, 0) U (0, =) 


4 


„у = Ух+1 


‚ domain: (— оо, со) 


"n 5 қ 2 
п У — (1 ЕЕ Vx) ‚ domain: [0, 1] 


у 
1 
X 
1 


19. y= х, domain: (0, =); у = —x, domain of each: (0, се) 


у у 
X 
-1 
1 
X 


? 2 
к= [^ — ‚= —W x — 
21 y m X 4, ) X 4, domain of 


+4 


23. Y — 3(-х + V12 — 3x), у = х -х - У12- 3х? ШТЕЙ 


еасһ: [-2, 2] 


x X 


25 1 7 1 EN Х” domain of 


er (-1, 1) 


л. У = X + Vx, y= -Vy + Vx 
= ” 
у = М? — Vx. у = — "нр Vx domain of first 


and second functions 18: |0, —), domain of third and fourth functions is: |1, 


у у 


——— x 
1 
7 у 
it ай 1 
X x 
+ І 
Т 


1 
‚ — Vy — үй vyz W — y 
29. y ~~ 16 X, y um 16 Ж. domain of 


each is: [-2, 2] 


31. y = V х(х? = 3); y din. mr — 3) domain of 
NBI — V3, 0| U | V3, ос ) 


1. по( опе-іо-опе 


3. not one-to-one 


5. one-to-one 


7. one-to-one, 


9. not one-to-one, 


y 


25. domain is |4, со); range is (0, оо) 


f ҷх) = 2 (0, 2), (0, >) 


27. 


31. FA 
| ) 3 
и | 
x a — 2 


33 
БР 
Ко) 
=@= 
53)yx 
%(- 
:2] 


"WENN 
f'a = -—— 
37. X + 1 , domain of f-: is the set of real 
numbers except x = —1, range of f-1 is the set of real numbers except y = 0, 


range of fis the set of real numbers except у = —1 


Г (x) — х +1 


39. 2х , domain of f-1 is the set of real 

numbers except x = 0, range of f-1 is the set of real numbers except 
"um 

y аа 2, range of fis the set of real numbers except у = 0 


Зх 


= 
41. pX ER 7 , domain of f-1 is the set of real 


X —5 


numbers except A , range of f-1 is the set of real numbers vi 
PI р 
У 2, range of fis the set of real numbers except .- 2 


43. f[-1) = 19 
45. /:(8)-1 
47. 31—20) 20 
49. (20, 2) 

51. (12,9) 


53. 


^T у=} у) 


55. 


B 50 = 
Т X 


3. S(x) = 3x» — 4x + 2; [0, 1] 


5. A(x) = 100x - x2; [0, 100] 


U(x) = VR + 8; (—%, о) 


11. S(x) = 2x4 – 14x» + 40; [-2, 2] 


„Р(А) = 4 VA; (0, >) 


15. d(C) = Сіл; (0, =) 


| р. 
A(h) = —=h; (0, > 


ШЕ 
A(x) = —x7: (0, © 
(x) a ( ) 


19. F ii 
1 _ 
PR s(h) = 25 — T 10, 25); 5 — о ash — 25 
| л 1200 | 
S(w) = 3w* + : (О, 20) 


23. 12% 


a. U(t) = 20V13P + 8t + 4; (0, 2) 


27. 


120/2, О= л < 5 
үш) = 4 | ">, [0, 8] 


12000 — 30000 5-<һ<8 


29. f(x) =x- xz; (~, e») 


31. 


33. 


853 


37. 


41. 


43. 


16,000 
F(x) = 2x + 


; (0, 2) 


640. 000 
C(x) = 4x + — — —; (0, ©) 
х 


A(x) = ixp — x5; 0,5р| 


128, 000 
A(x) = +: (0, х) 
(a) X 
. 128, 000 
А(х) = Ct. (0 о) 


Vix) = 20x — 40x; [0, 5] 
64 
А(х) = 40 + 4х + FE (0, oc) 
бХ 


L(x) = x + = (8. 2) 
x” — 64 


E. | 
L(x) = — (2х — х); [0, L] 
45. 47 


„ V(x) = 5xV 64 — x^; [0, 8] 


49. T(x) = IV. x + 1 + iV? — 8x + 17; [0, 4] 


1. (a) 6+h 

(b) 6 

(с) у= 6x- 5 

3. (а) -l+h 

(b) -І 

(c) у--х-1 

5. (a) —23 – 12h — 2h» 
(b) -23 


(c) у= 23x + 32 


| 
2(—1-+ Л) 


7. (а) 
Em! 
(b) 2 
__ |. 
ау = —2х —1 


| 
9. (а) „4 + h + P 


1 

b) 4 
— е | 

Т y = 4X + | 
11. (а) 0 
(b) f(x) =0 
13. (a) -8х- 4h 
(b) f(x) --8х 
15. (a) 6x - 3h - 1 
(b) f(x) -6х-1 
17. (a) 3x2 + 3xh +й2 + 5 


(b) f(x) 23: +5 


| 
(4 — x)(4 — x А) 


19. (a) 
и = 


(b) 


(4 — xy 


-1 
(x — Dx + Л = 1) 
20110 
(x — 1)? 


21. (a) 


Го) — 


(b) 
| 
23. (а) Xi X T / 1) 


| | 

Го)-1-- 

x? 
24 2 
sa VX + А + Vx 


| | 
Р(х) = — 
is Vx 


216 (8, VIB Wile ys ile S 


(b) 


29. (ША 2) 8: у= 8x-6 


33. (a) 3x + 3a 


(b) f(a) = ба 
35. (а) 10(x2+ ах + а) 


(b) f(a) = 30a: 


— | 
а= 


(b) а” 
Ovl 


Жо) 


т = —3 
a (1 — %2,0), (1 + V2, 0), (0, —1) 
Е/(х) = (х + 2)? 


Б-д 


17. (10, 2) 
19. (0, 5) 

гэрлэх г 
„а= -,a=0,a=8 
23. зесопа 
25. [0.5.7] 


27. approximately (1.4, 0), (2.7, 0), and (6, 0) 
29. [2, 4], [6, 7] 

31. approximately the interval (1.4, 2.7) 
ЗЭЭ 

B. 1. True 

3. false 


5. true 


7. true 


9. true 


11. true 


13. true 


15. true 


17. false 


19. false 


21. true 


23. false 


f(x) = ж, g(x) = ——— 


3. (a) у= (x *35-2 


(65 10 


(b) у-х-7 

(c) y 2 (x - 1); 
(d) у= —x3 +2 
(е) y=—x3— 2 
(f) у-3х-6 


5. domain: (77/2, 37/2), range: (- со, e») 


9, f(x) = 0; y 2 2—- (x - 3» 


11. 


13. (Сез, =) 


15. {хх + -3,x ғ 2} 


В <<) = —1 + Ух 


19. A(h) = А(1 — z/4) 


„@(з) = V3s 


23. (a) d(t) = 6t 


» At) = V 90? + (90 — 6t)? 


5 
S(x) = 20x + =, х > 0 
as. X 


27. A(x) = 2x(1 — zx), where x is the radius of the semicircle 


29. f(x) = -6x + 16, y = Ax + 24 


f(x) = Z,y = 8x — 6 


35. there are no points on the graph of f where the tangent line is horizontal 


9. 


19 


21 


оаа 


. neither even nor odd 


. (f) 


5 (©) 


. (b) 


. fix) = 2x4 + 3x2 — 6 


. Дх) 2 —7x(x — 1) (x +3)» 


23. 


25. 


27. 


29. 


31. 


y 


33. 


35. 


45. (b) Дх) = (x - L(x +2) 

k = 211 
T 
| 


6 
‚ — 2440 
k = —3 


47. 


49. 


51. the odd positive integers 


S [Ж 1916 


„У = зп (Rh — №) 


1. Дх) =x: 8 + (4х- 7) 
3. Ko) = (2 + x- 1) - (x - 12) + QIx - 11) 

5. х) = (x +2)2- Qx — 4) + (5x + 21) 

7. flx) = (3x2 х): (9x + 3) + (4x 2) 

9. f(x) = (x3 2) - (6x2 + Ax 1) + (12x2 + 8x +2) 


ШЕ 2-6 


"o S 
ed ~ B 


I= 
17. f2) 22 


19. f[-5) = -74 


21. f(3) = те 


рое 2 = MH 
25. q(x) = о - 4х + 12, г=-34 
27. q(x) = хз + 2x2 + 4х + 8, r = 32 


29. g(x) 2x4— 4x3 + 16x2 — 8x + 32, r = -132 


„4(х) = 0 -2x + V3,r=0 


33. (-3)-51 


37. 41) -1 
39. f(4) = 5369 


41. k=-1 


43. 


45. К--4 


3. 5 is not a zero 


s f(x) = 3(x + 3)(x — 2 + V2)(x- 2 — V2) 


„ f(x) = 9(x — 1)(x + 3) 


11. f(x) = (x — 1)з(х + 5)(х— 5) 


(x + 8) 


13. x — 5 is not a factor 
15, F(x) = x- 1)(x + 4 + 3 V7i)(x + 5-5 Vi) 
| 


ы 


ШЕ 3 is not a factor 


19. Дх) = x- D (x -2) (x - 2i) (x + 2) 

a. f(x) = 2(x — D + D(x + 3) 
B (x) = 3(x — 3)(x + 2i)(x — 2i) 
Е (х) = 5(x + 5)(x + 1 — i)(x + 1 + i) 
27. Ax) = (х— 3)(х + 3)(х— 1 + 2й(х— 1 22i) 

29. (д-(х-2)(х- D (х + 3): 

= x4 + 3x2 —7x2 —15x + 18 

31. fix) = xs — 6x4 + 10x3 

33. fix) = хз - 2x +37 


35. f(x) = 5x2 — 10x + 10 


37. f(x) = 84x4 — 126x3 — 126x — 84 


3 


39. 018 a simple zero, 4 is a zero of multiplicity 2, 2 is a zero of 
multiplicity 3 


41. 


43 


45. к= -36, / (X) = 2(x — 3)(х +1- М5 (х 3194 V5i) 


I 


3 is a zero of multiplicity 2, 


| 


m 25 


n 


3 is a zero of multiplicity 2 


mas (x) = —15(х — 4) (х + 2)? 


15. 


| 
Ln [r3 


w 


1 
" 


. = (multiplicity 2) 


. no rational zeros 


= 1 


1 
19. 2 (multiplicity 2), 3 (multiplicity 2) 


3 | 1 | 1 
ВВ. —2 — 2 V5, —5 + 2 VS 
f(x) = (8х — 3)(x + 3 + 2 VS)(x +5 – 2 V5) 


К. 3. - 4/2, V2 
f(x) = (5x — 4)(2x — 5)(х + V2)(x — V2) 


7-2, =a P l, —\/5, V5 


f(x) = (x + 4)(х + Па — 1)(х + VS)(x — V5) 


МО, 1,3, 1 — V2, —1 + V2 
f(x) = 4х(х — D(x — 3)(x + 1+ V2)(x + 1 - V2) 

1 
29. —1, 4 ((multiplicity 2); f (x) = (x + 1)(4x — (о — 2x + 3) 

1 
EM 2 

3 , a Ч 
8-2. —2 = 3,2 M3 
35. 1 (multiplicity 3) 


37. f(x) = 3x4 — хз – 39x2 + 49x — 12 


3 
39. d 


2(7 — №33) = 0.63 


43. 3 inches or = * inches 


1. —1.531 
3. -1.314 
5. 1.611; 3.820 
7. —1.141; 1.141 


9. 1.730 in. 


x | 31 | 3.01 | 3.001 | 3.0001 | 3.00001 
То) 62 | 602 6.002 60,002 | 600.002 
^x | 29 | 299 | 2999 | 2999 | 299999 | 
1. № | -5 | —598 | -5.998 | -59.998 | —599.998 


3. Asymptotes: x = 2, y= 0 


(0, —3) 


Intercepts: * 


5. Asymptotes: x 2-1, y= 1 


Intercepts: (0, 0) 


7. Asymptotes: Г” 


"OQ n 
Intercepts: (4 : 0 ) (0,-3) 


y 


9. Asymptotes: x = 1, y = -1 


Intercepts: (1, 0), (0, 1) 


у 


11. Asymptotes: x = 1, y=0 


Intercepts: (0, 1) 


13. Asymptotes: x = 0, у= 0 


Intercepts: none 


15. Asymptotes: х= 1, x 2-1, y z 0 


Intercepts: (0, 0) 


17. Asymptotes: x 0, х=2, y=0 


Intercepts: попе 


19. Asymptotes: x 0, y = -1 


Intercepts: (-1, 0), (1, 0) 


21. Asymptotes: х = 1,у--2 
Intercepts: (-2, 0), (2, 0), (0, 8) 


у | 


23. Asymptotes: x = 0, y =x 


Intercepts: (—3, 0), (3, 0) 


25. Asymptotes: x 22, у=х-2 


Intercepts: (0, 0) 


27. Asymptotes: х= 1, у= х – 1 


Intercepts: (3, 0), (-1, 0), (0, 3) 


y 


29. Asymptotes: х = 1, x 0, y=x+1 


Intercepts: (2, 0) 


sik (90) 


33. (4,4) 


35. (-3,-6) 


Хх- 5 


SLO 
37. ÆT 2 


(х + 1) (X — 2) 


41. Hole in the graph at x = 1 


Bor 


Intercepts: (-1, 0), (0, 1) 


43. Hole in the graph at x = -1 


Intercepts: none 


45. В > 5 ав г> со 


22 


“л 


47. I(x) > оо аѕ х ()+; I(x) > оо as x > 100- 


— 


0.1 


100 


11. 6.85; 7.15 

13. 9.32 acres; 8.48 acres 

Chapter 3 Review ExercisesPage 198 
А. 1. (1, 0); (0, 0), (5, 0) 


Ab fies) eas 


Ts ОЯ mea 


13. -i,-1+i,-l-i 

15. 4 

A Л sex зет |І 
19. the origin 

21. хз + 3x2 - 14x — 22 

B. 1. true 


3. true 


5. true 


7. true 


9. true 


11. false 


13. false 


15. false 


17. true 


19. true 


C. 1 = 
3 2 109 

ПА Ч ТАС РО d —— 
3. ын Ж 
5. ғ-Д-3)--198 
7. vertical asymptote 
9,51, £3, +5, +15, +2, +2, +2, +5, +4, ti ti t 
+i +3 43 415 
— > — в» — в — E 
Пи) = (х — 2)(x — 3 + 3 V3i)(x - ; — 3 V3i) 


| 22 


Bk = > 
17. f(x) = 3x2(x + 2)2(х - 1) 


4(x + 2) 


=, ied d 


ў 1 
"m 0, 1) 


60? 


y 


135° 


R 
3 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37: 


39. 


41. 


43. 


10.6547° 


SX 


210? 46'48" 


30°48'36" 


7/18 


57/12 


3/2 


-23л/18 


40° 


120° 


ДЫР 


Dos 


155% 


110° 


45. —205° 

47. 7л/4. 

49. 1.37 

51. 27-4 = 2.28 

53. -л/4 

55. (а) 41.75° 

(b) 131.75? 

57. (a) The given angle is greater than 902, 
(b) 81.6? 

59. (a) 7/4 

(b) 37/4 

61. (a) The given angle is greater than 77/2. 
(b) л/3 

63. 216°, 67/5 

65. (a) 1.5 radians 


(b) 85.94° 


67. (a) 3 radians 


(b) 95.49° 
69. 15 in 


71. 1.047 m 


73. 32.4 ft 


75. 9.42m» 


e _360 
79. 30? or л/6 radian 

81. (а) 120? or 2л/3 radians 
(b) 60? ог z/3 radians 

(c) 45? or z/4 radian 

83. (a) 16h 

(b) 2h 

85. (a) 0.000072921 rad/s 
(b) 3.074641 km/s 

87. 1.15 statute miles 

89. (а) 37 rad/s 

(b) 3007 cm/s 

91. 11.5 тр 

93. (a) 711.1 rev/min 


(b) 4468 rad/min 


„ \/' 21/5 
5/3 
253457 
„+ 2^/6/5 = + 0.98 
,sint = =1/V5, cost = +2/V5 
11. (а) -І 
(b) 0 
13. (а) 0 


(b) 1 


“11/3, V 3/2, —5 
1/4, шк: 22 үру 
, 7/6, —4, V3/2 

„ 17/4, - Von. v 2/2 
Т/б, -:,- V 3/2 
1/3, V 3/2, 5 


» V 3/2 
-/2/2 


31. -1 
33. sin (7+ 2л) = sintfort- л 


35. sin (-f) = —sin t for t=3 +7 


о. 
ЯР 

В- 3/2 

mV 3/2 

N- 3/2 


47. 0,7 

49. 77/4, 77/4 

ail, 30", 30" 

Ss QS. SIS 

55. 4.81 m 

57. (a) 978.6019, 979.6517, 980.2304, 982.2751 


(b) minimum at ф = 0°, minimum at ф = +90? 


EJ 


IN 


E 


9. yz1-3cosx 

11. (n, 0), where n is an integer 

13. (2n + Ол, 0), where n is an integer 

15. (7/4 + пл, 0), where n is an integer 

17. (7/2, 0); (л/2 + 2nz, 0), where n is an integer 
19. у = 3sin2x 


у = 5 CcOSTX 


21. » = 


23. y= -sin лх 


25. amplitude: 4; period: 2 


29. amplitude: 2; period: т 


31. (а) 


(b) amplitude: 4 
(c) М-7,т--і 


(е) [-1, 7] 


33. (а) 


(b) amplitude: 1 


(с) М-0,т--2 


(е) І-2, 0] 

35. (а) 
y 
3 
4 
3 
9 


(b) amplitude: 2 
(©) AM o S me 1 


(е) [1,5] 


у = —1 + ;sinx 


37. = 


39. amplitude: 1; period: 27 


phase shift: -л/6 


41. amplitude: 1; period: 27 


phase shift: 77/4 


43. amplitude: 4; period: т 


phase shift: —377/4 


45. amplitude: 3; period: 47r 


phase shift: —277/3 


47. amplitude: 4; period: 6 


phase shift: —1 


У | 
4 


у = 3sin (3x - 7) у = 3с0$ (3x — Л) 


53. 


y =0.7 віп4л(х-4) у = 0.7 cos Az (x — 4) 


Sie 


59: 


3т 
> 


Пт 
6 


— 1 1 

tanx |— V3|-1 Va 0 Va 1| уЗ М31-1 vs 0 
| | 1 

сих | vm -11-331-1м3|1 v5 0 Vi Ц- уЗ 


‚ МЗ 


5. undefined 


,-2/У3 


11. -2 


13. undefined 


15. 2 
| 21 
20 cotx = 7> 5есх — - “5, COSX = 77/5 
2 4/5 
siny = ——,CSCX = 
5 2 
7 


cotx = . SCX = 37 
: 2/2 3 
CSCX -- 2, COSX = , зесх = - 
23. | 3 2V2 
tanx = — . cotx = —2^/2 
25/2 
SONNEN | сан pum 13 
25. SCX = 12, ^ = — тз, CSCX “үний 
tanx = —12» сох = — 1 
i 10 
tanx = 3, сойх = i, secx = + УО, всх- +—— 
Dis 3 


29. period: 1; x-intercepts: (n, 0), where n is an integer; asymptotes: 


2 ‚ пап integer 


31. period: 7/2; x-intercepts: where n 
is an integer; asymptotes: x = и7/2, n an integer 


fall Ix LA == 


| 
| 
| 
2 | 
| | 
| 


33. period: 2л; x-intercepts: 


X 


nis an integer; asymptotes: 
integer 


(4 + л, 0) 


/ , Where л is ап integer; 


35. period: 1; x-intercepts: 
asymptotes: x = п, n an integer 


37. period: 27; asymptotes: 2 ‚пап 
integer 


39. period: 2; asymptotes: x = n, n an integer 


‚ пап integer 


|e 


41. period: 27/3; asymptotes: 


‚ пап integer 


43. period: л; asymptotes: 


M. en — M 
8 p^ + 
Ч ИЙ: 
Chan ил Ka Nd 
|с! ы сч |с! |с! 
x T wes 


2p 


сов(2л/5) 


25. 


ltan 6f 


(b) 
4 
(c) 3 
_ 119 
33. (a) 169 
__ 120 
œo 169 
120 


v 


зт 4 


39. 


41. 


43. 


45. 


— 


5 С0810х 


+ 


5 COS 2х + 8 cos4x 


1 
82 
3 
B5 
5 


I5 Saa 1 | 
— 35 COS2X + тє cos4x — 35 СО5бх 


eN 
ЁС 
! т 


е 
м 


. у = 2cos 2x, amplitude 2, period т 


22 


69. у = sin4x, amplitude 1, period 772 


71. mE 10 + Г) 
9( V5 — 4V2) 


ae - N10) 
й CV + 4V2) 
„2\/2 + УЗ =: 


ШЕ I 


(сов + со570) 
.3(cos3x - сов 7х) 


T ЭХ 

>| COSY 205 

i 3 
Sh 


.3(sin20x — sin2x) 


9. sin 4f — sin 20 


11. —cos 2x 
1 V3 
13. 2 d 
1 
15. 4 


19 


21. 


23 


27. 


33. 


353 


. —2 cos Зу sin 2y 


—2sin— sin 2x 
A 
COSA COS 22% 

w + (0, 
2sin Ї СО8 
2 
-віп 31 sin 2t 

5 (0) 
zu 
_ №6 
^) 
4/2 
^ 


. f(t) = 0.06 sin 750л1 cos 250л1 


0), 


t 


37: 


NIA 


43. 


45. 


47. 


51. domain: (->,—1], U [1, e»), range: |0, л/2) U (2/2, л] 


53. 


(a) хіп (- =, ә) 


(b) xin (0, л) 


55: 


(a) xin (~œ, –1], ӘП, e») 


(b) xin (0, 7/2], U (772, п) 


59: 


61. 


63. 


65. 


67. 


69. 


0.9273 


=0.7297 


229999 


IP. 0 


STOR 


(a) 7/4 


(b) 0.942 radian or 53.97? 


T 2T 
x = — + 2n7 or x = — + 2nT 
1. 2 2 , Wheren is 
an integer 
T IT 
x = — + 2nT orx = + 2пт 
Sy 4 4 , Where n is 
an integer 
5T 
"TN 
x = — + ATi 
5 J , where n is an integer 
7. х= z * 217 = (2n + Пл where n is an integer 
9. x = пл, where n is an integer 
UTR 
37 
— == — 
х= + 2пт 
11. 2 ‚ Where n is an integer 


13. 0 = 60? + 360?n, 0 = 120° + 360?n, where п is an integer 
15. 0- 135? + 180?n, where n is an integer 

17. 0 = 120° + 360?n, 0 = 240? + 360?n, where n is an integer 
19. x = mr, where n is an integer 

21. no solutions 

23. 0= 120? + 360?n, 0 = 240? + 360?n, where n is an integer 


25. 0 = 90? + 180?n, 0 = 135? + 180?n, where n is an integer 


— 


di 
x = — + AT 


2172 2 , where n is an integer 


29. 0= 10? + 120?n, 0 = 50° + 120?n, where n is ап integer 


ТГ 
х = 2 + пт 


31. i , where n is an integer 
9 — 4т 
2-0 li 
x = пт,х = — + 2пт, х = — + 2пт 
33. 3 2 , Where n is 
an integer 


35. 0 = 30? + 360?n, 0 = 150? + 360?n, 0 = 270° + 360?n where n is ап 


integer 


TT 
Х--- + AT 
37. 2 , Where n is an integer 


39. x = пл, where n is an integer 


| | ТІ 

Ө = 2пт, Ө = ry + 2пт 
41. - , Where n is 
an integer 

T ST 

X = — + 2n7, Х = — + 2пт 
43. 6 6 , where n is 
an integer 


45. 0 = 90° + 180°n, 0 = 360°n, where n is an integer 


47. {0, 2/10, 37/10, 7/2, 77/10, 977/10, zr, 112/10, 137/10, 37/2, 177/10, 
197/10} 


49. {0, 27/5, +2713, 4475 | 
51. (0, +7/3, “2/3, +л/2} 


53. (073, 0), (2л/3, 0), (т, 0) 


Г 
ыы 
т 
— 

l| d 


(3,0), (5, 0), (4 


57. (a, 0), (2л, 0), (3л, 0) 
59. (77/3, 0), (т, 0), (5573, 0) 


61. The equation has infinitely many solutions. 


у = tan x 


63. The equation has infinitely many solutions. 


65. 


67. 


69. 


71. 


73. 


ios 


1 


у = сої. 


11217, 1492 
102, 0.55) 
0.58, 1.57, 1.81 
30°, 150° 


60° 


| = 120(5 ин п НӨ an integer. 


(a) 36.93 million square kilometers 


(b) w 2 31 weeks 


(c) August 


‚я — ^ T =” ү ж- f / 
A V2sin(ga + 377/4 Ж ЕЕ 
V2 period: 2; phase shift: 4. one cycle of the graph is 


3. у= 2sin(2x + 7/6); amplitude: 2; period: л; phase shift: 7/12; one cycle of 
the graph is 


5. у= sin(x + 57/4); amplitude: 1; period: 27r; phase shift: 57/4; one cycle of 


the graph is 


‚ (1,0), (3, 0) 


ОР 7022-2702, 
; amplitude: 


= YB sin(2r + 0.5880) 


feet; period: z seconds; frequency: 1/z cycles per second 


S sin(4f + 4.2487) 


; amplitude: 


V 


feet; period: 772 seconds; frequency: 2/z cycles per second 


53 
Vo шин Д4 = Vo == 


15. = 
17. [= Io sin(wt + 0 + 0) 
19. (а) 0(®) = do сов wt 


21. х = 0.4636, х = 3.6052 


DIM 


23. f(x) = -sinx 


25 OS D COS 507 


TEN 


al 


Chapter 4 Review ExercisesPage 296 


A. 1. 36? 


13. sin 2лх 


9. true 

11. true 

13. true 

15. false 

17. true 

19. false 

21. true 

23. false 

25. true 

C. 1. +6 ѕіп(лх/2) 

3. 3 sin(4x — л),-3 sin(4x + л) 
S5 лд 

7. (7/6, 5716, 71/6, 11776) 

9. (7/4, 37/4, 57/4, 7л/4) 

11. (0, 77/6, 77/2, 5л/6, л, 7л/6, 3л/2, 1171/6, 277} 
13. (7/4, 5л/4) 

15. (л/2, 0), (т, 0) 


17. 2л/3 


21. 0 


= 
Гы 


гы 


23. 


25. Х 
27. у= -sin x; y = cos(x + 7/2) 


29. у = 1 + jsin(x + 7/2); у = 1 + $cosx 


5 
3 4 
33 
5. 65 
120 
зт. 169 


3 
зә. М13 


. 3 
1. sing = $, cos@ = 2, tang = $ 


сої@ = 1 


з. sing = 35/10/10, соз0 = V10/10, tang = 3 
с5с@ = V10/3, весб = V10, согд = 4 


5. sind = 2, cosó = V21/5, tang = 23/21/21, свсб = 2 
secü = 53/21/21, согд = V21/2 
7. Sing = 5, cosó = 22/3, tan? = V2/4, cscó = 3, 
secü = 3\/2/4, cotü = 2V2 
9. sind = y/V X? + У, созӨ = x/V x? + y^, tang = у/х, 


212) 


сзс@ = Мл? + уУу, secü = Мл? + ух, cot = x/y 
Ш P= 24 0) 

TIE cores TEES cem ПАО) 

IS, mo GU. P= 30", mo215 

ПБ ae Pigs, fce. c c I 

ПО m. m calde. О 

21 ees cei 

23. 36.53 

25755558 


27. approximately 0.951 


А - brem 
29. 4 Ч 
lo SRi im 
3. 66.4 ft 
5. 409.7 ft 


7. height: 15.5 ft; distance: 12.6 ft 
Ор ІР 

11. 34,157 ft = 6.5 mi 

13. 20.2 ft 


15. 6617 ft 


17. Yes, since the altitude of the storm is 6.3 km 
19. approximately 1052 ft 

21. 227,100 mi 

23. һ- cl(cot a + cot В) 

25. height is 1.37, area is 4.81 

27. 80.87? 

29. (a) 51.8? 

(b) 13.8? 

(c) 1258 ft 


31. A(0) = 1.25 tan 0 


| | | 
0(x) = arctan| —] — arctan| — 
33. X 2x Los 


measured in meters 


1. 241.21 


390553 


5. y= 80-a = UE е0) 


Th a =O fos NON, C= 3259 


VTU 018 VE 28.3920 — ЮА 


11. no solution 


13. a = 24.46, B = 140.54, b = 12.28; 


НА а), (= 3), Its 
15. no solution 
13. а = 45.58°, у= 104.42°, с = 13.56; 
а= 134.42°, у= 15.58°, с= 3.76 
19. no solution 
21. 9.76 
23. 15.808 
25. 9.07 т 
271035 
29. 8.81 


31. the vessel sailing at 5 knots 


ils @S SISSE fins AN, е=7Яз 

3. a= 52.62°, P = 83.332, — 44057 
5. @=25°, ВЕЛ. с= 7.04 

7. а= 76.45°, 6 = 57:102 у=46.45° 
9. a=27.66°, В = 40.54°, y= 111.80° 
il, а=3667° 055588 p= 905 

13. а = 26.38» В = 36.34, у= 110.289 


15. В = 10.24°, у= 147.76°, а = 6.32 


17. 35.94 nautical miles 
19. (а) 533.669 W 

(b) S2.82° E 

Ра АОИ 67 98 
АҺ 9127, 171816 

25. (а) 63.72 ft 


(b) 42.43 ft 


1. |v 22, 9 = 117/6 


3. М-5,0-2л 


5. М=8, 0 = 22/3 


е 


(-4, 4N3) ` 


ly] = 10%2, 0 = 37/4 


(-10,10) + 


Be (5 2), (1,4%, (56, =D), (2, 15) 


11. (0; 3); (-8, 1), (12, -6), (28; 2) 


 ЄЖӨЛЄҮЖЭХЭ 


N 


1), (-17,-20) 


15. -311- 14}, 42i + 11j 


ү = 3. * * 
31 — 5j. 11i — 3j, , 


19. 5.8i + 8.5], —6.6i — 10.3] 


23. 


25. 


U T v 


27. 


29. horizontal component: 4, vertical component: —6 


31. horizontal component: —10, vertical component: 8 


cos —1 sin- 
т 4 4 1 


„-№21+ v2j 


5ST ST, 
6|cos—i + sin —- j | 
35. (a) C 


) 6 
,-3V3i + 3 
„в 1 V2, 1/V2) 
КЕТ 21142) 


39. (а) (0, -1) 


(b) (0, 1) 


43. 10.16, 30.26? 


45. 10 


53. 


Sos 


57. 


59. 


61. 


63. = 


65. 


67. 


69. 


71. 


73. 


Mo 


19: 


81. 


13 

-68 

13 

2 

8 

(17 _ 85 
26) 26 
25/2 
102535 

63.43° 


not orthogonal 


orthogonal 
c=3 
2/10 

5 
—3 y2 


(a) н 51 
Ta 

— 51 + 

72. 

751 + 


85. 1000 ft-Ib 


25 ft-lb 


89. 21- 10) 
91. Actual course makes an angle of 71.6? from the original heading. 


93. 52.9. mi/h 


A. 1. Sines 
3. Cosines 
5. approximately 77.06? 


7. approximately 3.87 mi 


B. 1. False 
3. false 
5. true 
7. true 
9. false 
11. true 


С. 1. p= 80 а=5.32, е= 10.48 


з а= 15.76, В = 99458 у= 29.55% 


5. 42.61 m 


7. 118 ft 


9. (а) 42.35° 


1. 


13. 


15. 


17. 


19. 


21. 


25. 


27. 


29. 


31. 


33. 


35. 


(b) 


37: 


(b) 


16,927.6 km 

front: 18.88°, back: 35.12° 
233 ft, 182 ft 

(b) 63.3°, 26.79 

162 ft 

30,000 ft/min 
approximately 114 inches 
Ү(0) - 160 sin 20 
10) = 3 csc 0 + 4 sec 0 
V(0) = 360 + 75 cot 0 


А(ф) = 100 cos $ + 50 sin 26 


„А = N 149 — 140cos0 
9 = 109.62? 
(a) "(ф) = 3959 cos ф 


1574.71 mi 


(c) 613.1 mi 


(d) 69.1 mi 


291512] 


ел 


‚ = 


51. 1+] 


SR. 


55; 


V13 + 2V2 
^ 4? 


-2-2 


7. (0, —4); у= —5; increasing 


9. (0, 2); у = 3; increasing 


П. (0, —1 + €-3); y = —1; increasing 


13. fix) = 6. 


15. f(x) = (e-2) = ex 


17. fo) 2 34 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35: 


G, =) 


(22: eo ) 


(250) (05555) 


(-10, 0), (0, 10) 


(3220) (3,0), (0) 


di 


52 


37. 


39. 


41. 


y 


43. 


47. approximately 1.175 


49. 


— 26 29 
у = эх + 


51. - 


57. approximately —0.77, 2, 4 


3. 4 =10g1010,000 


5. —5 = log 
To 25e IDAS 
(\/3)° = 81 
9. & кі m 
11. b.-u 
13. -7 
15285 
17. е 


| 
7 
21. 


23. fix) = logzx 


25. (0, =); (1, 0), x z0 


7 


27. (79,0); (-1,0), х= 0 


23 (Б es)g (бі, (0), 2S S 


31. (0, =); (е, 0), x 0 


(ху) = X (-1.0). "aes 
iid 11:22 <0 í БО =N 


37. 


Ж р С 
39. (5, Е | 


41. the interval (—3, 3) 
43. (1, >) 


45. 


47 


49 


51. 


53. 


55: 


57. 


59. 


61. 


63. 


65. 


67. 


69. 


2 A= 3 


‚ F(x) = loga(x — 2); (2, оо), C=, оо) 
» fex) = 2 + ei; (-с, 99), (2, се) 
1051050 

ln(x - 2) 

Ш1=0 

0.3011 

1.8063 

0.3495 

0.2007 

—0.0969 

1.6609 


Iny = 10Inx + In? + 5) — 31 (8%? + 2) 


71. шу=5 In (x3 — 3) + 8 In (x4 + 3x2 + 1) 


—5шх — Эш (7х + 5) 


77. {хх ж пл, nan integer} 


11. 0.3495 

13. 2.7712 

15. +4 

ІШЕ ЕЗ 

19. —0.8782 
24, 39 


23. 45 


25. 10 


27. 81 


29. 


31. 100 


SB 2,8 


aby 1 


37. 4 


41. 0,2 


43. 1, 16 


log, (1 + V3) = 


55. (-1.0397, 0) 


57 (2.5319). 0) 
59. 28, —36 


61. approximately -0.6606 


63. approximately -0.4386, 1.4386 


у 


65. 


)— y 
y = log 0— 


X 


67. €-3, ез 
69. 9 
71. (2.1944, 51) 


73. (7,2) 


(0.8326, 7), ( —0.8326, 5) 


И ПО 


75 


1. (a) P(t) = Poeo.3466t 


(b) 5.66Ро 


(с) 8.64һ 


3. 2,344 
5. 201 
7. (а) 82 


(b) 8.53 days 


(c) 2000 
(d) 
P 
2000 
1500 
1000 
500 


л 


10 15 20 


(days) 


9. A(t) = 200е-о.005077:; 177 mg 

11. approximately 100 g, 50 g, 25 g 

13. approximately k 2 —0.08664; 34.58 days 
15. 0.6730 Ao; 0.2264 Ao 

17. approximately 16,253 years old 

19. approximately 92% 


21. (a) 220.2 F 


(b) 9.2 minutes 


(c) 80°Е 


23. 


25. 


27. 


29. 


31. 


8.74 minutes 

approximately 1.6 hours 
$4,851,651.95; $2.35 x 1015 
$3080.37 in interest 


(a) 1.25 x 10» yr 


(b) 89.596 of Po; 10.596 of Po 


33. 


(b) 


35. 


BM 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


(а) 6 days 
19.84% 


L 
ї = —— In] 1 — 
R 


approximately 25 times more intense 


55 


7.6 

5 x 10-4 

DS) $« 1 Ер 

10 times as acidic 


63 times as acidic 


IR 


53. (а) 5.62 x 105 ergs 
55. 10-2 watts/cm» 

57. 103.7 dB 

59. (а) 2.46 шт 

(b) 0.79 mm, 0.19 mm 
(c) 7.7 x 10-6 mL 


61. 5 = 0.20247 wo.425 ho.725 


| | 


ax хіп10 
| 
TX 
5h 
fe" — | 
| 
5 h 
4/13 
co 7? 
-3 уз 2 2 
FT Р TI 1 


19. 24 


ШІ 7x 
? 


4х + 1 
„ 4х? == | 


29. 1.4436 

31. 0.9624 

35. (а) 625 ft 

(b) (299.9, 0), 599.8 ft 


37. Ses. 


A. 1. (0,5), y 26 


3. (-3, 0), x 2-4 


_ 7 
In2 


| — log,7 = | 


11. -2+1n6 


| 
т = --іп(Р/%) 
Ж 


13. 

15. 
y 
4 
2 


17. C,D, А,В 


41. 


43.. 


45. 


49. 


51. 


583 


. у= 40-4х+6 


= (0) 


‚ Y= 9223 


. f-1 (x) 2 -In(x - 5) 


1-2 


ғ ) In(x ын 2), X “> 
X) = 
| In(2 —Xh X< 


М 


upward shift of 1 unit 


f(x) = 5 об #15)х — 50 702682x 


(х) = 5 + GF 
Дх) =: 5 
P(t) = 10,000 e-o.11552:; approximately 19.9 months 


approximately 29,987 years old 


4.396 


| 
f = —[Inb — In(Ina — Iny)] 
55. C 


575195508 


1. Vertex: (0, 0) 
Еоси$: (1, 0) 
Directrix: x = -1 


Axis: у= 0 


3. Vertex: (0, 0) 


(1.0) 


Focus: * 


1 
Directrix: 7 3 


Axis: y =0 


5. Vertex: (0, 0) 


Focus: (0, —4) 


Directrix: y = 4 


Axis: х= 0 


7. Vertex: (0, 0) 


Focus: (0, 7) 


Directrix: y = —7 


Axis: х= 0 


9. Vertex: (0, 1) 


Focus: (4, 1) 


Directrix: x 2 —4 


Axis: у= 1 


(у= 1)2 = 16x 


11. Vertex: (-5,-1) 


Focus: (-5, -2) 


Directrix: y = 0 


Axis: x 2 —5 


(x 45)? = -A(y + 1) 


13. Vertex: (—5, -6) 
Focus: (-4, -6) 
Directrix: x = — 6 


Axis: y = —6 


(у+6)2 = 4(х + 5) 


15. ul 
5 15 ) 
Focus: % 2 , | 6 


Directrix: « | 6 


17. Vertex: (3, 4) 


| 
ГЭ21-4 


Directrix: " * 


Axis: y 24 


(y -4)? =-2(x -3) 


19. Vertex: (0, 0) 
(0,4) 
Еоси$: 5 Е 


Directrix: + 


AXIS = () 


21. Vertex: (3, 0) 


Focus: (3, —1) 


тесік у- 


AXIS х= 3 


23. 


Мегїех: (-2, 1) 


Focus: (-1, 1) 


Directrix: x 2 —3 


Axis: у= 1 


25. 


27. 


29. 


31. 


33. 


35: 


37. 


(y — 1)? = 4(х +2) 


x2 = 28y 


у= -16х 


y2 = 10x 


@=2)2= 10у 


(у= 4)»=— І2(х-2) 


(х- 1)2 = 32(y + 3) 


(у + 3)2 = 32% 


SEL желе Thy 


41. (х-5)--24(у- 1) 


2 | 


43. 


45. (3,0), (0, —2), (0, —6) 


(-3%/2,0),(3%/2,0), (0, 9) 


49. f(x) = 2x» — 4x; domain of fis (-со, о) 


51. f(x) = —1 + VIO — 5x, g(x) = —1 — VIO — 5x; domain of 


f and gis (— ee, 2] 


47. 


53. Atthe focus 6 in. from the vertex 


55. у--2 


1. Center: (0, 0) 

Foci: (+4, 0) 

Vertices: (+5, 0) 

Minor axis endpoints: (0, +3) 


4 


Eccentricity: 5 


3. Center: (0, 0) 
(0, + №15) 

Foci: * , 

Vertices: (0, --4) 

Minor axis endpoints: (+1, 0) 


\/15 


Eccentricity: 4 


| 
? 
| 


5. Center: (0, 0) 

Е) 
Foci: % 2 
Vertices: (+4, 0) 


Minor axis endpoints: (0, +3) 


Eccentricity: 4 


7. Center: (0, 0) 
Foci: ( О, c V5) 


Vertices: (0, +3) 


Minor axis endpoints: (+2, 0) 


4/5 


= 
Eccentricity: 2 


9: Center: (1, 3) 

(1+ VI3, 
Foci: * 
Vertices: (—6, 3), (8, 3) 


Minor axis endpoints: (1, —3), (1, 9) 


v 13 


Eccentricity: 


X 


(у-3) 
- 1 


(x — 1 
40-27 ^5 ^ 


11. Center: (-5, -2) 
2 4/15) 


(-3,-2 
Foci: * 


Vertices: (—5, —6), (-5, 2) 


Minor axis endpoints: (—6, —2), (-4, -2) 


\/ 


| 


5 


эй, 


4 


Eccentricity: 


Ен | 2 2 = ¥ 15.) 


Minor axis endpoints: (-2, -2), (4, -2) 


2 
5 


Eccentricity: 


р ' aa 
(x-1 (v-2F | 
о I$ — 
17. Center: (2, -1) 
Foci: (2, —5), (2, 3) 
Vertices: (2, —6), (2, 4) 


Minor axis endpoints: (—1, —1), (5, —1) 


I 


Eccentricity: 2 


(+ V6, —3) 


Foci: % 
Vertices: (-3,-3), (3,-3) 


(0, —3 = V3) 


Minor axis endpoints: 


V6 


Eccentricity: 2 


(x — 1) 
————— + 


27. 


16 


= 1 


Duros 
1 = 


| 


X у 

MEN >= 1 
mil 9 

A, Уу 


LLL —————— 
37. 7 16 
2 (y-2y 
-------- = 


». 45 9 
"ONERE 
41. / (Х ) иш 5 ' :domain is 


[525] 


43. f(x) = 3 T 54/49 ш (X ЕЕ | grt 


1-6, 8] 


45. greatest distance is 43.5 millions miles; least distance is 28.5 million 


miles 
47. approximately 0.97 
49. 12 ft 


5]. The piece of string should be 4 ft long. The tacks should be placed 


V7/2 


^ ft from the center of the rectangle on the major axis of the 
ellipse. 


53. on the major axis, 12 ft to either side from the center of the room 


55. 5х2- 4ху + 8y2 – 24x - 48y = 0 


1. Center: (0, 0) 
(+V41, 0) 
Foci: % i j 
Vertices: (+4, 0) 
p = c 
Asymptotes: У ни 
— 
5/41 


Eccentricity: 4 


X 


4-1 


3. Center: (0, 0) 


m О, = 73 ) 


Vertices: (0, +8) 


j z + 5 X 
Asymptotes: «^ = 3 ` 
хэв 


4/7: 


с 
Eccentricity: ^ 


ГЖ" 
/ \ 

/ \ 
/ \ 
у2 x 
“ин ний 


Бр сет ОКШ 
(+ 25/5, 0) 
Foci: % Р 
Vertices: (+4, 0) 
у = Бах 
Asymptotes: =" m 2 ala 


M 2 
2 


Eccentricity: 


(0, =2^/5) 


Vertices: % 


y= = убх 


Asymptotes: „ 


Eccentricity: 


^ / 
A / 
^ 4 
Қ f 
Уи 
АА 
/ \, 
/ x 
/ ^ 
/ ` 
/ V 
y? 2 


9. Center: (5, –1) 


(5 + У53,-1) 


Vertices: (3, —1), (7, 21) 


Eccentricity: 


| ‚) 
(х 5)“ 
4 


2249 


11. Center: (0, 4) 
00. 4 + №37) 


Vertices: (0, —2), (0, 10) 


Asymptotes: y = 4 + 6x 


Eccentricity: 


(у-4) Е х? 


36 pe 


13. Center: (3, 1) 


(3 = V30, I) 
m3 = V5, 1) 
[= V5(x — 3) 


Asymptotes: у | 


Eccentricity: 4/6 


[931 -IP 


3 25 


15. Center: (-4, 7) 


-(-4, Ta 4/13) 
(74,7 + 2V2) 
peg М (x + 4) 


vi 


Eccentricity: e 


Asymptotes: 


O- _ (х+4)? 
5 


8 

С + УП, 1) 
— 

ay = + V2(x — 2) 


Eccentricity: 6 


(1, 3 + 14/5) 


Vertices: (1, 2), (1, 4) 


Asymptotes: y = 3 + 2(x – 1) 
№5 


Eccentricity: 2 


21. 9 


23. 4 


y x 
200 
27. 4 4 
Е ^ 
ey 
29. 4 5 
> ; 
y x 
1. 64 | 
+ 2 
X y 
а 
33 4 9 


(у-3) (х-1) 
41. 1 4 
0-4? (0-2) 


43. 1 4 
45. Дх) - i V x m 16, g(x) = -3 У i = 162711 


fand gis (о, A] 0 (4, e). 


47. f(x) = 4 + 6Vx + 1, g(x) = 4 – 6V x? + 1. domain of 


f and в18(-о, оо) 
49. (-7, 12) 


51. 7y2 — 24ху + 24x + 82у + 55 = 0 


(4+ У3,1- 4\3) 


7. (—4, 0) 
9. approximately (2.31, 6.83) 


11. ellipse rotated 45°, 3x + ух = 8 


y? = 4%2х 


13. parabola rotated 45°, 


15. hyperbola rotated approximately 27°, 2x'?- 3y'2 = 6 


17. ellipse, ` (х Р №5} + 8y” E 24 
y2 — 1 37 
19. parabola, (y' n | ) шин ж ЕЕ A 
21. (а) у 2x? 
ү 1 1 v3 
(b) x'y'-coordinates: ( 0 4 ) ( 8% 8 ) 


[у= he — 2V3y = 1 
23. hyperbola 

25. parabola 

27. ellipse 


29. Y = f(x) = x + 5 5-х, у= g(x) = 37 - Sv 5- x domain of 


EN — V5, V5] 


31. у= f(x) 22 — x + V9 – 6x, y = g(x) 2 2— x — М9 — 6х; domain of 


„л 3 
sand eis ЕЕ ud. >] 


11555556 


(3, 4, 0) 


(6, —2, 0) 


7. The set ((x, y, 5) | x, y real numbers) is a plane perpendicular to the z-axis, 


5 units above the xy-plane. 


9. The set ((2, 3, z) | za real number) is a line perpendicular to the xy-plane 
auo 50). 


ІШІ (2 (1), (0) (2), 5) (05) (22 (1), 6), (9), 5%, 9), O, 53, (0), ©, 50, 62), ©, 0,3), (©, (0); (0) 
13. (а) (-2, 5, 0), (-2, 0, 4), (0, 5, 4) 

(b) (-2, 5, -2) 

(с) (3,5, 4) 

15. The union of the three coordinate planes 

17. The point (-1, 2, —3) 


19. The union of the planes z = 5 and z = —5 


21. 1/70 


23. 


(а) 7 


(b) 5 


25. 


27. 


29. 


31. 


33. 


35: 


37. 


39. 


41. 


right triangle 
isosceles triangle 
collinear 

not collinear 


6 or -2 


(-4, —11, 10) 


43. 


45. 


48. 


49. 


51. 


X 


center (—4, 3, 2), radius 6 

center (0, 0, 8), radius 8 

(х + 1)2 + (у- 4)2+ (<- 6)2=3 
(х= 1)2 + (y- 12 (z- 42 216 


ж+(у-4)2+2=40г2 + (у-8)2+2=4 


D 


Sie 


59. 


61. 


63. 


65. 


67. 


69. 


71. 


73. 


TS: 


ithe 


po 


81. 


X 


5x- 3y +z=2 
3x- 2y + 22= 3 
-x +3y=5 
(2, 4, 12) 


(-11, -41, —49) 


V 139 


4i — 4j + 4k 


-3i + 19} + 10k 


83. 0 


As To ym 20s 

3. (x - 1» 2 8(y +5) 
5. (0, 0) 

7. 8x22y-—2 


9. (-3, 0), (-3, -1), (-3, 1) 


„(0, — V2), (0, V2) 


19.(-7, 4), (9, 4) 
B. 1. true 

3. false 

5. true 

7. true 

9. true 

11. true 


13. true 


15. false 


17. true 


19. true 


1. Vertex: (0, 3) 


Focus: (-2, 3) 


Directrix: x 2 2 


Axis: y=3 


3. Vertex: (1, 0) 


Focus: (-1, 1) 


Directrix: y = 1 


Асар i= 1 


(x — 1)? = -4y 


5. (х- 1» = 8(y +5) 


7. (x- 1» 23(y - 2) 


9. Center: (0, —5) 


Vertices: (0, —10), (0, 0) 


11. Center: (—1, 3) 


Vertices: (-1, 1), (-1, 5) 


a (y-3y 
(К+ ІС =] 
| | 4 


x^ y^ 
шин 
13. 4 | 16 


X Є. 

— + (у + 2) = 1 
15. = 

17. Center: (0, 0) 

Vertices: (-1, 0), (1, 0) 


_(—V2, 0), (V2, 0) 


Asymptotes: у = +x 


19. Center: (3, —1) 
Vertices: (2, —1), (4, —1) 


(3 — У10,-1) 


Foci: % 


(3 + V10, —1) 


Asymptotes: у + 1 = +3(x – 3) 


„36 28 
è у 


(x + 5)? + ——— = | 
2. 4 


29. 1.95 x 100m 


25 

£O on 

EN 7 cm 

33. (x — 1)2+ (y - 4» + (z- 2)2 = 90 


35. parabola: y2 = —8(x — 6), ellipse: 


x//6 + у /(2\/5)? = 1 


(3, л) О Polar 
1. ах1$ 
| 
л 
2 
| 
| Ол 
Л Эгч |= 
(- 59 ) I olar 
hii AXIS 
Л. 
(—4,—— 
6? 
Polar 
5-4 Axis 
5. =. 


7. (а) (2,-5л/4) 


(b) (2, 11л/4) 


(с) (-2, 77/4) 


(4) (-2,-л/4) 


9. (а) (4, -5л/3) 


(b) (4, 7л/3) 


(с) (-4, 4л/3) 


(4) (-4,-2л/3) 


11. (a) (1, 1177/6) 


(b) (1, 137/6) 


(с) (-1, 77/6) 


(9) (-1,-5л/6) 


13. (а) (9,-л/2) 


(b) (9,772) 


(с) (-9, 772) 


(4) (-9,-3л/2) 


27. (а) (2,-л/3) 


(Һ) (-2,2л/3) 


29. (а) (7,0) 


(b) (-7, л) 


31. (a) (5, 2.214) 


(12) (5, 0927) 


33. 


35. 


X 
4 Polar 
axis 


ӘУЕ 


39. Е (ӘЗӘ (7) 


41. 0— tana 7 


43. к= 2/(1 + соз 0) 


45. r=6 


47. г= 1 – cos 0 


49. r= 5sin 0 


Sls x 


1 
ы 


53. (хә + у2)з = 144x2y2 
55. (x2 + y2)2 = 8ху 

57. x + y2+5y=0 

59. 80 — 12x - y» c 420 
61. 3x+ 8y=5 


Exercises 8.2Page 465 


1. circle 


x 
Polar 
AXIS 


3. line through the pole 


№ 


- № 
Polar 
axis 


5. spiral 


Х 
Polar 


7l. cardioid 


r=1+cos0 


X 
Polar 
axis 


-] 


9. cardioid 


г= 2(1 + sin 0) 


X 
Polar 
AXIS 
11. limaçon with interior loop 
r= 1-2 cos " 


13. dimpled limaçon 


Х 
Polar 
AXIS 


15. convex Шпасоп 


X 
Polar 


17. rose curve 


Y 


r= sin 20 


x 
Polar 
axis 


19. rose curve 


к= 3 cos 30 
" 


Polar 
axis 


21. rose curve 


X 
Polar 
AXIS 


23. circle with center on x-axis 


y 
| г= б соѕ 6 


1 X 
Polar 
AXIS 


25. circle with center on y-axis 


»-Х 
Polar 
axis 


27. lemniscate 


y 
i 4 2 
к^ = 4 sin 28 


X 
Polar 
axis 


29. lemniscate 


E 
nal лы а-а | 
r= —25 cos 20 


— Y 
Polar 
AXIS 


31. 
y 
10 
x 
Polar 
axis 
2 — 8 
зз, 7 2 


Э P= воза 


39. (2, 77/6), (2, 5л/6) 
41. (1, 7/2), (1, 37/2), origin 


4s. (а)! = 2cos(0 + 7/6) = V3cos@ — sing 


и. (V3/2, 17/3), ( V3/2, 27/3), origin 


1. е= 1, parabola 


»- X 
Polar 
axis 


r 


- 4+ соѕ Ө 


5. е= 2, hyperbola 


Polar 
axis 


4 
1+2 = 8 


7. е= 2, hyperbola 


X 
Polar 
axis 


18 
3—6cos Ө 


r= 


9. e= 1, parabola 


x 
Polar 
axis 


e — 2. — ы =_ 
11. 4 12 
2412 2 
Яг у 
2 — = = — 
6-3 1296 T 144 
13. 25 5 


15. x  4(1 — y) 


m | + соѕд 


4 


19. 3 mm 28110 


12 


2 | + 2cos8 


3 


~ 


r= 
2 | + cos(@ + 
3 
r= — 
A | — 8110 
| 
г 
re | — cos 
| 
r= 


29. 2 = 2sin 6 


31. parabola, vertex: (2,774) 


10 
2: 
33. ellipse, vertices: (10, 7/3) and % = 
(2 
35. hyperbola, vertices: (—3, —л/2), * 5 3 


3 


55 


Yp = 8000 km 


1.495 x 10 
NH 1 00167cos0 


a — 


intercepts: (-4, 0), (0, 2) 


у 4 


y 


1-3 


ДЕ, аш» 


7 


2 

x y 
-+ 

„16 4 


у y 
X x 
19. 


29. (3,0); (0, 1), (0,3) 


31. (71 — №3, 0), (-1 + №3, 0); (0,1 + V3), (0,1 — V3) 
33. the line segment between (xi, у!) and (x2, y2) 


x = 952 y = —16P + 95211 = 0; 
35. (1902, 190\/2 — 64) = (268.70, 204.70) 


2 2.2 . 
ях = + ү? — L*sin-d, y = Lsinó 


A. 1. (1, 1) 


3. (10, 3л/2) 


18 


5: 


7. hyperbola 

9. convex limaçon 
11. x-axis 

13. г= 20 ш 


15. 9 petals 


17. л/6 < 0 < 5л/6 
19. line 
B. 1. true 
3. true 

5. false 
7. true 

9. false 
11. false 
13. true 
15. true 
17. false 


19. false 


. _ 11ү? 22 
К >) + (у 


ab гейі ШЇ 


(— V6, 37/4) 


(b) * 


9. circle of radius 5 centered at the origin 


X 
Polar 
axis 


11. circle with center on y-axis 


y 


Р X 
Polar 
axis 


13. cardioid 


X 
Polar 


15. convex limaçon 


X 
Polar 
axis 


17. гозе сигуе 


19. ellipse 


X 
Polar 
axis 


21. r=3 510100 


23. (а) г=2 cos (0 — л/4) 


Nc + у’ = 25 + vay 


ly / 2 
25. (b) center (5/2, a/2), radius 2 (1 + b 


[3 


— 


27. у= 1+ (x - 5), a parabola 


1. 


7/5 


9. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


(0, 2), consistent; independent 


( 12 35 ) 
M. 1 3° 13 + , consistent, independent 


no solutions, inconsistent 


5-1) 


s =  , consistent, independent 


(-2а + 4, a), a a real number, consistent, dependent 
(1,2,3), consistent, independent 


21, 2,73] 


s , consistent, independent 


no solutions, inconsistent 

(0, 0, 0), consistent, independent 
p 7 er l Ч, 

Шалы = 
: =? //, consistent, independent 

(2a + 3f — 2, В, a), а and f real numbers, consistent, dependent 


no solutions, inconsistent 


(1, —2, 4, 8), consistent, independent 


number 


29. no solution 


31. 2Na + 2Н2О ^ 2NaOH + Н> 


33. Fe3O4 + 4C > 3Fe + 4CO 


35. 3Cu + 8NHO3 > 3Cu(NOs)2 + 4H20 + 2NO 


Mo CS VSS 


Ss # = MORS w= IOs 


200 cos 15° 200 cos 25° 
ee Sh Асыр” 
41. sin40° sin40° 
43. х+4у= 14 


45. x + y -2x c Ay - 4z0 

47. plane: 575 mi/h, wind: 25 mi/h 

49. 50 gal from the first tank, 40 gal from the second tank 
51. P: 4h, Po: 12h, Рз: 6h 

53825 


55: 12075 В 5 il В 


1. Ми =-2, Мр = 3, Ma = 0, Mz = 4; Ап = -2, Ар = -3, Ai 20, A2 = 4 


3. Ми = 5, М = 10, Mis = 3, M21 = —35, Mz = 29, Mz = —21, Mai = -8, M32 
= –16, M33 = 15; Ап = 5, А12 = -10, Аіз- 3, Аз = 35, А>2- 29, A = 21, Аз = 
—8, Аз = 16, Азз = 15 


55 27 


23. 


25. 


27. 


31. 


33. 


ЗЭ? 


43. 


45. 


47. 


= 
1 
| 
“Эл 
-Ё 
d 
| 
| 
Td [an 


- 
| 
| 
al 
т 
= 
|| 
Т>. 


E 
222 
2, =i 2 
9 
1 /tid5 
y = = P E 
(b) ~ Я 


(с) 947.9 m, 1531 m/s 


кі 


. two solutions 


w 


. two solutions 


ол 


. one solution 

7. no solutions 

9. one solution 
11. (-1, -1), 2, 2) 
115. (11-41) 


15. (0,1) 


(№3,3) 


(7 V5, — V5), (№5, V5) 


23. (0, 0), (-2V5, 4), (2V5, 4), (C2V3, —4), (2V3, —4) 


25. no solutions 


E -5 V5, 5V5), (5V5, 75V 5) 
B — V5, 0), (V5, 0), (-2, —1), (2, —1) 


(-1- V3,1— УЗ), (—1 + V3,1 + V3), 
mm i — V3, —1 — V3), (1 + V3, —1 + V3) 


m ^ 
ЇЇ + 2n7, M) 
4 2 
T 2 
U (е + (2n Пл, -~2) 
33. 4 2 


37. (0.1, —1), (100,000, 5) 

39. (-101, -201), (99, 199) 

41. (5, logs 5) 

BI V3, V3, —23), (V3, —№3, 2V3) 


45. (1/3, V2/3, 1/У3), (-1/V3, М2/3,-1/М3) 
(ууз, - 52/3, МУЗ). (-1/V3, —V2/3, —1/V3) 


(1. 0,0), (— 1, 0, 0) 


47. 50 ft x 80 ft 


49. each radius is 4 cm 
51. approximately 7.9 in. x 12.7 in. 


53. 2 ft x 2 ft x 8 ft, or approximately 7.06 ft x 7.06 ft x 0.64 ft 


17. no solutions 


23. 


29. 


353 


3x + 2у 12 


1 = х=5 


3, X \ 
А В L D 
— + — + 2 
хх х+1_ (541) 
Ах + В Cx + D 
: + | (х + 1)? 
T 1 
2 2 
mx x+? 


3 
2 

Bx +4 x—4 
5 


17. Е — 
1 ER L 1 
4 4 4 4 
= тт + = 
EX x х+2 (+2) 
п 701 1 5 
| 27 _ 3. + 3. + 2 Ш 54 
224 X X х | х+3 
| 5x — 2 
— + L—— 
23, 4 — | x“ + 9 
36 4 26 
7 тт 


= +l 1-1 t^ + 1 
2X X 
эл +2 +] 
| 21 
2 2 42 
Nx tl (x + 1) 
10 2 8 
- + + 
33 x + 2 х= 2 x + 3 
1 1 
окх---- - 
35 y= ] y+] 
| 13 13 
3 6 
шиг 
2-2 2x + 1 
64 1х--2 
ХЗ + 2х2 + 3x + 6 + : + -— | 
30. X—2 ye 
: 3 ; 


t t T t ` 
ес-2 е+1 E FIr 


А. - 


3. -2 011 


5. half-plane 


9. true 
(G5 Л 0). (0) 
3. (-1, 4, -5) 


5. (=1, 0), (6, —7) 


9. (100, 2) 
11. (e2, e) 
13. (1,0) 
15. 27 


17. length of side of square: 


== ().03: 


radius of circle: 


25. 


27. 


35.) 


37. (4) 


39. (b) 


41. 


1-11 
39 4$ 


1 1 

645 128... 
| 
40:33:23: 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33.” 


35. 


37: 


39. 


41. 


43. 
45. 
47. 
49. 


51. 


(); 2), 9, 20, SO, one 


ill d 
12: 65 24» 120» + + + 
TO 13. 15. 


а--5; an= 4 — 5(n — 1); an+1 = an — 5, а = 4 


FED д гал шинж | 
r= —4s an = 4 4 4,1 — 734, 


d=-11;an=2-11(n—-1); an+1 = а — ІІ, ene 


r= 0.1у; da = 0.1 (0.1у)» -15 +1 = (0.1у)ал, а= on 


2541: 822327 


113 


|= 


255 


4. 1, РІЗ, 


$3870 


6.6% 


$145 


а, = 4 


53. 57,665 
555 22 


570 151525 Sh S tex ПЕ ses 


_ 1nÓ2 
Д In(1 + r) 


(b) 69.7 years 


59. (a) 


ll + V2 + V3 + 2+ V5 


.1-1-41-1 


- 


М) 


Y (2k + 1) 
и. =] 


17 


2, 


13. К =О B 2 


27. 


39. 


500,500 


А | 
у= х + 


41. . 


217105 10 
1 


Eg." 


47. $13,500 

49. 72m 

53. approximately 69.73 ft 
55. approximately 55.6 mg 


57. approximately 1.84 х 1013 bushels 


1. (2-2 (1) + 1, is true. (її) Assume that S(K), 2 + 4 + = -2k = k + k, is 


true, Then 


2+4+---+2k+2(k+1)=k tk Ok + 1) 

=P +k+2k+2 
(+ 2k +1) + (k +1) 
(Е +1)? + (k + 1). 


ll 


Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


2] 


= 21(1 + 1)[2(1) + 1] EAE ) 


АЖО І 
(ii) Assume that 


S(K), ?P4+27+---+kh= ik(k + 1)(2k + 1), is true. Then 


+ 22 +... 2+ (+ = А+ ОК +I) + (+? 
К+ 1)(2k + 1) + 6(k + 1)? 
6 
(К + 1)[КО К+ 1) + 6(k + 1)] 
6 
| (+ ПОР + 7k + 6) 
6 
_ (k DIG + 2)(2k + 3)] 
6 


= ig +1) +1][2(К+1)+ 1]. 


Thus S(k + 1) is true. By (i) and (ii) (һе proof is complete. 


25:10) 2 , is true. (її) Assume that S(k), 
1 | | | 
= oF тэвэр kan == + — = 1, 
2 2 7) 2 


Thus S(k + 1) is true. By (i) and (ii) (һе proof is complete. 
| © 
Tí. (00) | | ( | + | ) | T l , is true. (ii) 
Assume that S(K), 
| | | К 


==, а 
152 2.3 К(К + 1) k + 15 ета 


1 1 1 
1-2 2:3 ҚЕЗІ) (А+ DIG * 1) + I] 
" 1 

+1 (k* D[(k + 1) + 1] 
kk+2)+1 

(К + 1)(К + 2) 

_ k+2k+1 

(k + 1)(k + 2) 

co +1 

— (k + Ik + 2) 

_ k+l] 

(k+1)+1 


> 


Thus $(К + 1) is true. By (i) and (ii) (һе proof is complete. 


— 1 
9. (i) | = 3(4 - m 1), = EE Py Assume that 
S(K), 1+4+4 +: 45 = 3(4^ нь o Then 


1+4+4 +... + 471 + d = (4: 1) +4* 
= 340 +4 -5 
-18-1 
= (491 - 1). 


Thus S(k + 1) is true. By (i) and (її) (һе proof is complete. 


11. (i) The statement (1); + 2(1) is divisible by 3, is true. (i?) Assume that 
S(k), ks + 2k is divisible by 3, is true; in other words, Аз + 2k = Зх for some 


integer x. Then 


(kc 13+ 2% 1) = ® +37 4+ 3k - 12k +2 
= В+ 26 + 302 + 3k4+3 

(К + 2k) + 3(P + k+ 1) 

Зх + (К +k+1) 

3(х+ + К+ 1), 


is divisible by 3. Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


13. (i) The statement, 4 is а factor of 5 — 1, is true. (її) Assume that 5 (А), 4 is 


a factor of 5; — 1, is true. Then 


“Миний = 0-2 
кэ Ачый 


заа) 4 


Since 4 is a factor of 5. — 1 and of 4, it follows that 4 is a factor of 5i: — 1. 


Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


15. (i) The statement, 7 is a factor of 3» — 21 = 9 — 2, is true. (її) Assume that 
500, 7 is a factor of 3» — 2x, is true. Then 


22-1) НЖ 21 Ен 32. 32 2 
= 35.9 = 

( 

k 


|] 
OD 
ә 
to 
| 
E) 
>” 
— 
+ 
AJ 
-4 
N 
> 


Since 7 is a factor of 32x — 2x and of 7 - 32x, it follows that 7 is a factor of 32⁄2 
— 21. Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


17. (i) The statement, (1 + а): > 1 + (1)а fora > -1, is true. (ii) Assume that 
509, (1 +a) > 1+kafora > -1, is true. Then, fora > -1, 


(1 + а)! = (1 + a¥(1 + a) 
= (1 + ka)(1 + a) 
=1+ kd + kata 
= | + ka+a 
= I + (k + Па. 


Thus S(k + 1) is true. By (i) and (ii) (һе proof is complete. 


19. (i) Since г > 1, the statement ri > 1 is true. (ii) Assume that S(K). If r> 1, 
then rx > 1, is true. Then, for r > 1, 


p! 11-1. 


Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


21. Show for n = 1, 2, 3, 4 that the inequality is false. (i) For n = 5, 25> 5.5 
or 32 > 25 is true. (ii) Assume for k > 5 that S(k), 2x > 5k, is true. Then 


2841 = 25.2 
> 2 
= 5k + Sk 
> 5k +5 
= 3(k + 1). 


Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


5. 144 


13. 


27. 


29. 


31. 


33. 


35. 


37. 


39: 


а 


(п + DG + 2Y(n + 3) 


false 

true 

x4 — 10х2у4 + 25ys 

x6 — 3x4y2 + 3x2y4 — ув 

х2 + 4x3pyin + бху + 4хирузр + y2 


x10 + Sxsy2 + 10х6у4 + 1Oxayo + 5xzys + уто 


41. as — 3arb + Зар — ӛз- Зас + бас - 3boc + 3ac2 — 3be2 — сз 
АЗЕ 1 © 15 240) 11 © igs 7/5 17 Bil 85 359 Vil 7/ 1l 

45. ба 

47. -20хвув 

49. 2240x4 

51. 2002xsyo 

53. -144у7 

55 252 


57. 0.95099 


1. abc, acb, bac, bca, cab, cba 


3. Here (x, y) represents the number x on the red die and the number y on the 
black die: 


(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 2), (2,3), (2, 4), (2, 5), (2, 
б), (3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, б), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), 
(4, 6), (5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 
5), (6, 6) 

Bh 5118 

7. 800 

9. 120 


11. 6 


13. 9900 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


24 


(а) 5040 


(b) 2520 


29. 


31. 


33. 


35: 


37. 


39. 


(b) 


66 


232 


90 


10 


56 


(a) 360 


1296 


(c) 2401 


41. 


43. 


(b) 


C673) CC) e S3 es 3600 


(a) 40 


80 


Exercises 10.6Page 576 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


(НЕН БТ ТЕСТІ 


ИН Ase 5181, 4181, 58 ОН О 20120 501 ӨЛЕ 


3 


approximately 0.00024 
approximately 0.00198 
approximately 0.78 


approximately 0.999 


33. 26 
Bk 


37. 8 


39. 0.63 


41. 16 


43. ®) 143 


1. converges to 0 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


converges to 0 


| 


converges to 2 


diverges 


diverges 


converges to V2 


diverges 


5 
converges to 6 


converges to 5 


converges to 0 


9 
61 


e Lala 
37. (b) n + | 
(b) 1 


ЗО TS 


„М3 


А. 1. 2х+7, 2x + 10, 2x + 13, ... 


1+5+5 +: +5 


m. 


15. 41, 150 


17. 4 


21. | 


В. 1. false 

3. true 

5. true 

7. true 

9. true 

11. true 

13. true 

15. true 

17. true 

19. true 

C. 1. 6,3,0, 23, -6, ... 
3. -1,2,-3,4,-5,... 


55 1,3, 14. 72. 434... 


15. (i) 1x1 + 1)2 = 4 is divisible by 4. (ii) Assume S(K), kx(k + 1)» is divisible 


Бу 4, is true. Then 


(k+ 1)2(К + 2)? = (К + D + 4k + 4) 
K(k + 1)? + 4(k + 1)? 


is divisible by 4 since each term is divisible by 4. Thus S(k + 1) is true. By (i) 
and (ii) the proof is complete. 


17. (i) 1111) 22! — 1 = 1, is true. (ii) Assume S(4), 


KID 201) ++ (А!) = (k + 1)!—1, 


is true. Then 


ІСІ!) + 2(2!) t: KR) + (К+ 1)(К + 1)! 
=(k+1)! —1+(К+ 1)(К + 1)! 
(К+1)!(1)\+К+1)—1 

(К + 1)!(К + 2)— 1 
(К+ 2)! — I. 


Thus S(k + 1) is true. By (i) and (ii) the proof is complete. 


| LY un 
m + т) = 1 + 


‚ 15 true. (ii) Assume 


(1 + (1-313) (1D) - kl 


is true. Then 


(1 -230-93(193)*50 + 20 4 гэл) 
= (К+ 1)(1 + EH) 
= (К+1+ 1) 
= к + 2, 


Thus S(k + 1) is true. By (i) and (її) the proof is complete. 
21. 40 

25 21 

25. (n + 1)(n + 2)(n + 3) 

27. аз + 1базЬ + баро + 256ab3 + 256Ь4 

29. хо- 5xsy + 10хбу2 — 10хауз + 5xzys — ys 

31. —175,000asb» 

33. 210хуі2212 


Sb Sum 


TA |= 


37. 


»1,3,6,10,...;zn(n + 1) 
2 


an(n + mr 


V3(n — 1+ VIr 


41. converges to 0 


39. 


Ф) 


(с) 


43. ННН, ННТ, НТН, НТТ, ТНН, ТНТ, ТТН, ТТТ 


45. (а) 496 


(b) 528 


47. 120 


49. 720 


51. (b) 2. 10! 12! = 3.48 x 105 


(b) 22! = 1.124 x 1021 


— c - — Ш — = х ) 18 
11 x107 7 2 х 10 


(b) 


61. Я 


Exercises A.1Page APP-6 


49. 52 

11 9 
51. 2 + 21 

EN __ ET 
53. 13 Кы 
55008) 

„— ЖҰ y = 2 
57. X — 2, у ИШ. 
59. х--9,у--20 
61. х--4,у--5 


63. 


65. 


67. 


69. = 


71. 


TB 


[5 


ЛЬ 


3. 1+2=3 -і 


11 2121-0482 


5. <] 


(6, 2) 


ral 
= 


2 


елі 


7. zzz = —2 – 2i 


(0,2) ez, 


ills pe ЇР 0-5л/3 


Lr = ЗУ, 6 = 289.47: 


r = Y 0 = 341.57? 


15. 


17. 
П05-2 ШЕ тб 
„г = 75,0 = 33343? 
3т 377 
cos + isin— 
23. 2 
ТГ ‚ TT 
z = 1@ cos— + isin— 
25. 6 6 
2 29(cos 111.8° + isin111.8°) 
29. < = V34(cos 300.96? + isin300.96° ) 
Ti 51i 
< = ХАС + вает. 
31 
33. 1+1 
„-5\3 um 51 
„МЗ +i 
| | эрж: 
0 2 31 
4 8 


37 3т ү < 2 п п 
2122 = ЦАС “+ isin : ) i= С + isin- ) 
43. 2 4 


4 4/2 4 4 
Е ( E TEE: z) а _ 1 E "v z) 
ZZ = 8| cos— + isin— |, — = cos— + isin 
45. 2 2/2 2 6 6 
237 .. 237 
ZZ = 10V2f cos + isin ; 
12 12 
а М 5m NEL. 
[ = — | cos- 1511-22- 
47. 22 5 12 2 


ЗЭР (от + isin) = 3.3461 + 0.8966i, 


77 T 
= V3( cos? + 23 = —0.4483 + 1.6730i 
49. Z2 12 


ғ“ |1.0866 + 4.59221, 


2.3 Mr... ЗТ j 
— = 4 cos + isin == 0.2870 + 0.69291 


7. approximately 19.5543 + 123.46101 
9. approximately 26.5099 + 19.2605i 
11. —16i 


13. -1 


15. -8i 


„—16\/3 T 16; 
4-16%/2 


23. -7-241 


„1+ V3i, -2,1 — V3i 


27. 0.9239 + 0.38271, -0.3827 + 0.92391, —0.9239 — 0.382771, 0,3827 — 
0.92391 


31. V2(0.9239 + 0.38271), W2(—0.9239 - 0.38271) 


33. 1.9754 + 0.31291, 0.7167 + 1.86721, —1.2586 + 1.55431, —1.9754 — 
0.31291, —0.7167 — 1.86727, 1.2586 = 1.5543; 


35. 1.5 + 3 V3i, —5 + 3 V3i, —1, 


t3l— 

һр 
S 

чи 
ә” 
2 


ВЕЗЕТ и аулг ом 166510) ПІ 2), 


OS И) th, 2 one 


14/2 + М2 4V2 — ivi, 
МО + iw ME 2-1 2i 


М2 + 2v3i, 2 — 2V3i 


1. one positive zero, one negative zero 
3. three or one positive zeros, no negative zeros 
5. no positive zeros, three or one negative zeros 


7. two or no positive zeros, two or no negative zeros 


Exercises В.2Разе АРР-22 


Appendixes 


A. Complex Numbers 
B. Additional Tests for Zeros of a Polynomial Function 


C. Formulas From Geometry 


A. Complex Numbers 


A.1 Arithmetic Operations and 
Properties 


INTRODUCTION Мо one person "invented" complex numbers, but 
controversies surrounding the use of these numbers existed in the sixteenth 
century. In their quest to solve polynomial equations by formulas involving 
radicals early dabblers in mathematics were forced to admit that there were 
other kinds of numbers besides positive integers. Equations such as x» — 2x + 
2 = 0 and x + 6x2 + 1х = 0 that yielded “solutions” 


1 + 2-1 алд 


2 caused particular consternation 
within the community of fledgling mathematical scholars because everyone 


knew are no numbers such as | апа 


2 numbers whose square is negative. Such "numbers" exist 
only in one's imagination, or as one philosopher opined "the imaginary, the 


bosom child of complex mysticism." Over time these "imaginary numbers" 
did not go away, mainly because mathematicians as a group are tenacious and 
some are even practical. A famous mathematician held that even though "they 
exist in our imagination ... nothing prevents us from ... employing them in 
calculations." Mathematicians also hate to throw anything away. After all, a 
collective memory still lingered that negative numbers at first were branded 
"fictitious." The concept of number evolved over centuries; gradually the set 
of numbers grew from just positive integers to include rational numbers, 
negative numbers, and irrational numbers. But in the eighteenth century the 
number concept took a gigantic evolutionary step forward when the German 
mathematician Carl Friedrich Gauss put the so-called imaginary numbers, or 
as they were now beginning to be called complex numbers, on a logical and 


consistent footing by treating them as an extension of the real number system. 


Our goal in this first section is to examine some basic definitions and the 


arithmetic of complex numbers. 


[ The Imaginary Unit Even after gaining wide respectability, through the 
seminal works of Carl Friedrich Gauss and the French mathematician 
Augustin Louis Cauchy (1789-1857), the unfortunate name “imaginary” has 


survived down the centuries. The symbol i was originally used as a disguise 


for the embarrassing symbol V | . We now say that 7 is the 


imaginary unit and define it by the property i» - —1. Nevertheless, it is still 


V | 
common practice to write l . Indeed, using the 


last symbol we are able to define the principal square of a negative number 


as follows. 


DEFINITION A.1.1 Principal Square Root 


If c is a positive real number, then the principal square root of 
—c is defined by 


Мс = Vc(-1) = УСУ = усі. 


Principal Square Roots 


p 
inal square root of (а) 4 and (b) 


Solution From (1) of Definition A.1.1, 
BIV-4 = V(-1)(4) = V-IVA4 = i(2) = 2i 
(p V—5 = У(-1)5)- V-IV5 = iv5 = VSi, 


[ Terminology The complex number system contains the imaginary unit i, 
all real numbers, products such as bi, b real, and sums such as a + bi, where а 
and b are real numbers. In particular, a complex number is defined to be any 


expression of the form 


z =a + bi, ( 


N 
— 


where a апа b аге real numbers and i» = —1. The form given іп (2) is called the 
standard form of a complex number. The numbers a and b are called the real 
and imaginary parts of 2, respectively. A complex number of the form 0 + bi 
is said to be a pure imaginary number. Note that by choosing b = 0 in (2), 
we obtain a real number. Thus the set R of real numbers is a subset of the set 


C of complex numbers. 
Be careful here, the imaginary part of a + bi is not bi; it is the real number 0. 


Real and Imaginary Parts 


(а) The complex number z = 4 + (—5)i is written as z = 4 —5i. The real part of 


zis 4 and its imaginary part is —5. 
(b) z = 10i is a pure imaginary number. 
(c) z2 6 + 0: = 6 is a real number. 


Writing in the Standard Form a + bi 


Express each of the following in the standard form a + bi. 


—3 + V-7 


^) 25 
(b) — ә 
Solution Using (1) of Definition A.1.1, we can write 
@—3 + М-7 = —3 + 27 = -3 + Vii. 
w2 = У-25-2- iv25 = 2 — Si, 


In order to solve certain equations involving complex numbers, it is necessary 


to specify when two complex numbers are equal. 


DEFINITION А.1.2 Equality of Complex Numbers 


Two complex numbers are equal if and only if their real parts are 
equal and imaginary parts are equal. That is, if zı = a + bi and 22 
= c + di, 


2) = z; if and only if a = c and = d. 


A Simple Equation 


Solve for x and y: 


(2x + I) + (—2y + 31-2 — 4. 


Solution By Definition A.1.2 we must have 


2х+1=2 апа —2y + 3 = —4. 


Solving each equation yields E 


Addition and multiplication for complex numbers are defined as follows. 


DEFINITION A.1.3 Sum, Difference, and Product 


Ifz: = a + bi and 22 = c + di, then 
(i) their sum is given by zi + 22 = а +c) + (b + d)i 


(ii) their difference is given Бу zi — 22 = (a — c) + (b — ді 


(iii) and their product is given by 2122 = (ac — bd) + (bc + 
ad)i 


[ Properties of Complex Numbers Using the definition of addition and 
multiplication of complex numbers, it can be shown that many of the basic 
properties of the real number system also apply to the complex number 
system. In particular, the associative, commutative, and distributive laws hold 


for complex numbers. We further observe that in Definition А.1.3(4): 


The sum of two complex numbers is obtained by adding their corresponding 


real and imaginary parts. 
Similarly, Definition A.1.3(ii) shows that: 


The difference of two complex numbers is obtained by subtracting their 


corresponding real and imaginary parts. 
Also, rather than memorizing (iii) of Definition A.1.3: 


The product of two complex numbers can be obtained by using the 


associative, commutative, and distributive laws and the fact that i» = —1. 


Applying this approach, we find that 


(a + bi)(c + di) = (a + bi)c + (a + bi)di < distributive law 
= ас + (bc)i + (ad)i 4 (bd)? + distributive law 

ac + (bc)i + (аа) + (Ба)(-1) 

ac + (В4)(-1) + (Ьс)ї + (ай)! «factor outi 


= (ac — bd) (bc + ad)i. 


Il 


This is the same result as the product given by Definition A.1.3(iii). These 


techniques are illustrated in the following example. 


Sum, Difference, and Product 


If zi = 5 — 6i and z = 2 + 4i, find (а) zi + z2, (b) zi — z2, and (с) 2122. 


Solution (a) The colors in the diagram below show how to add zi and 22: 


add the real parts 
z +z = (5 — 6i) + (2 + 4i) = (5 +2) + (-6 + 4i =7 — 2i. 
1 1 


add the imaginary parts 


(b) Analogous to part (a) we now subtract the real and imaginary parts: 


E] = = (9 = 6) = (2 + 41) —(5—2) + (-6 = 4): = 3 — 10i] 


(c) Using the distributive law, we write the product (5 — 6i)(2 + 4i) as 


(5 — 61)(2 + 41) = (5 — 612 + (5 — 61)41 < distributive law 


2 factor i from the two middle 
= 20i + 20; 2412 < { 2 
10 12i + 20i 24i terms and replace i” by —1 


= 10 — 24(-1) + (-12 + 20)i 
= 34 + 8i. = 


Not all the DI of the real number system hold for complex numbers. In 


particular, property radicals 


uv Va b TOETER E 


and b are negative. To see this, consider that 


Note of Caution 


МУТ = й =? 1 whereas — V(—D(-1) 54151, 


Thus, У-1У-12 У(-1) 


However, if only one of а or b is negative, Жа уе * =, 


VaN b = Vab 


In the set C of complex numbers, the additive identity is the number 0 = 0 + 


Oi, and the multiplicative identity is the number | = 1 + 07. The number — = 


—a — bi is called the additive inverse of z = a + bi because 


1+ (=) = 1-1 = (а-а) + (Б = Б) = 0 + 0 = 0. 


In order to obtain the multiplicative inverse of a nonzero complex number 2 


= a + bi, we introduce the concept of the conjugate of a complex number. 


DEFINITION А.1.4 Conjugate 


И; = a + biis a complex number, then the number 


T I — ЗІ 
<, а b ! is called the conjugate of 2. 


In other words, the conjugate of a complex number z = a + bi is the complex 
number obtained by changing the sign of its imaginary part. For example, the 


conjugate of 8 + 13i is 8 — ІЗІ, and the conjugate of —5 — 2i is —5 + 2i. 


The following computations show that both the sum and the product of a 


LT 
complex number z and its conjugate “++ are real numbers: 


z +z = (a + bi) + (a — bi) = 2a (3) 
Z = (a -bi)(a — bi) = à — P? = p. (4) 


Тһе latter property makes conjugates very useful in finding the multiplicative 


inverse 1/2,2 ж 0, and in dividing two complex numbers. 
We summarize the procedure: 


To divide a complex number zi by a complex number 22, multiply the 
numerator and denominator of zz» by the conjugate of the denominator 22. 


That is, 


| тот 
шш, 1 іш, ^ n 1 m 7 
— = 
— А шин 
т. т - т.т 
4.2 4.2 4.2 24,2 
т 
m 294 m 
and then use the fact that the product ^ 45 д. is the sum of the squares of 
the real and imaginary parts of z2. 
Division 
For zi = 3 — 2i and z2 = 4 + Si, express the given complex number in the form 
a + bi. 
т 
г 
ғғ 


ri 
(b) 4-2 


Solution In each case, we multiply both the numerator and the denominator 
by the conjugate of the denominator and simplify 


conjugate of z, standard form a + bi 
1 1 3-21 3 + 2i 3 PAR 
— rns! . 2 Pd 2 Nm + l 
і Sed 3-2 3420 УС) 13 13 
(а) from (4) 
Я eet 23 2i 4 5і 12— 8i — 15i + 102 
2 4+5 445 4-3 42 + 52 
2 — 23M 2 23 
(b о л a 


41 


1 «standard form а + bi 


БЕЗ 
From the definition of addition and subtraction of two complex numbers, it is 


readily shown that the conjugate of a sum and difference of two complex 
numbers is the sum and difference of the conjugates. This property, along with 


three other properties of the conjugate are summarized as a theorem. 


THEOREM А.1.1 Properties of the Conjugate 


Let z1 and 22 be any two complex numbers. Then 


+ 7 


£2 


я ет 
22 51 
c 


Of course, the conjugate of any finite sum (product) of complex numbers is 


the sum (product) of the conjugates. 


[ Quadratic Equations Complex numbers make it possible to solve 


quadratic equations ax» + bx + c = 0 when the discriminant b» — 4ac is 


negative. We now see that the solutions from the quadratic formula 


_ =b = VE — Дае 


хі = 


—b + Vb? — 4ac 
and x = —————— — — 


2a 2a 


(5) 


represent complex numbers. Note that in fact the solutions are conjugates of 
each other. As the next example shows these solutions can be written in 


standard form. 


Complex Solutions 


Solve x» – 8x + 25 = 0. 


Solution From the quadratic formula, we obtain 


Using m 36 == J І we obtain 
8 + бі u 
x = — = 4 + 31. 


Thus, the solution set of the equation is {4 — 3i, 4 + 3i}. 


[ Conjugate Solutions As we already know from Theorem 3.3.4 on page 


162, if a polynomial function f(x) has real coefficients, then complex roots of 


the polynomial equation f(x) - 0 appear in conjugate pairs. Observe іп 


Xa = X 1 


Example 7 that if xı = 4 — 37 and x2 = 4 + 3i. then = 
X1 — Хэ 
=. 


Moreover, it is easily seen that Г ] 


Exercises А.1 Answers to selected odd-numbered 


problems begin on page Ans-**. 


In Problems 1-10, find the indicated power of 1. 


10. i-s 


In Problems 11-56, perform the indicated operation. Write the answer in 


standard form a + bi. 


. V — 100 

„-М-8 

В 2 — V—3 
4У-5- У-125 + 5 


15 (3-5) 514 sp) 
16. (5 + 6i) - (-7 + 2i) 


17. 2(4 — Si) + 3-2 — i) 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


—2(6 + 4i) + 5(4 — 8i) 


i(-10 + 9i) — 5i 


i(4 + 131) - i(1 — 9i) 


3i(1 +71) -4(2 — i) 


i + i(1 — 2i) + i(4 + 30) 


(3 —21X1 — 1) 


(4 + 61)(-3 + 4i) 


(7 + 14i)Q + i) 


(—5 – V3i)(2 — V3i) 


(4 + 51) - (2 — D(1 +i) 


(73 + 6i) + (2 + 40(-3 + 2i) 


i(1 - 2i)Q + 5i) 


i( V2 — i)(1 — М2) 


(1 +2 +29 +3) 


(2 + )Q — 0(4 - 2i) 


(1 — i)[2(2 — i) – 5(1 +38] 


(4 + i) [i(1 + 37) — 2(-5 + 3i)] 


(4 + i) 


(3 = 5); 


(1 — x1 + i)» 


38. (2 + i)2(3 + 2/2 


40. 3 


41. Э 


51. 


І oS == 
MUEVE 


4 — Gi + 
7 2+1 


| 11. zu 
[D P —1 zB : 
Я > 2-і 


In Problems 57-64, use Definition A.1.2 (о solve for x and у. 


57. 2(x + yi) = i(3 — 40) 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


(x+ yi) - 41-7 i) 25 - 7i 
i(x + yi) = (1 — 60(2 + 3i) 

10 + буѓ = 5x + 24i 

(1 + 2x — yi) 114 + 71) — (2 + 131) 


iX1— i)(1 + i) = 3x + yi + (у + xi) 


x + yi = —— 
2 


25 — 491 = x2 — ул 


In Problems 65-76, solve the given equation. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72, 


713: 


74. 


WS 


x+9=0 


x+8=0 


22 = —5 


3x2 = –1 


2х-х+1=0 


х>-2х-10-0 


x2+8x+52=0 


3x2+2x+5=0 


4x2—x4 2-20 


№+х+2=0 


ха + 3+2 = 0 


76. 2x4 - 9x - 420 


77. Тһе two square roots of the complex number i аге the two numbers zi and 
z2 that are solutions of the equation z2 = i. Let z= x + iy and find z2. Then use 
Definition A.1.2 to find zi and 22. 


78. Proceed as in Problem 77 to find two numbers 21 and 52 that satisfy the 


equation 2--3 + 4i. 


For Discussion 


In Problems 79-82, prove the given properties involving the conjugates of zi 


=a+biand2=c+di. 


79. ““ | кы | if and only if zi is real. 
7, +7, = 7, + Z. 
80. m ] Bui m ] 4.2 
тү, 7 — CU. * 7. 
в. < | 4.2 <, | 4,2 


HG] — 2 
7e == 7. үс 
82. <, | (2 ) 
A.2 Trigonometric Form of Complex 
Numbers 


INTRODUCTION А complex number z = a + bi is uniquely determined by 
an ordered pair of real numbers (a, b). The first and second entries of the 
ordered pairs correspond, in turn, with the real and imaginary parts of the 
complex number. For example, the ordered pair (2, —3) corresponds to the 
complex number z = 2 — 3i. Conversely, the complex number z = 2 — 3i 
determines the ordered pair (2, —3). The numbers 10, i, and —5i are equivalent 


to (10, 0), (0, 1), and (0, —5), respectively. In this manner we are able to 


associate a complex number z = a + bi with a point (a, b) in a rectangular 


coordinate system. 


УА P(a, b) 
Imaginary or 
axis z-a- bi 


ы Real 
axis 


FIGURE A.2.1 Complex plane 


[ Complex Plane Because of the correspondence between a complex 
number z = a + bi and one and only one point P(a, b) in a coordinate plane we 
shall use the terms complex number and point interchangeably. The 
coordinate plane illustrated in FIGURE A.2.1 is called the complex plane or 
simply the z-plane. The horizontal or x-axis is called the real axis because 
each point on that axis represents a real number. The vertical or y-axis is 
called the imaginary axis because a point on that axis represents a pure 


imaginary number. 


Graphing Complex Numbers 


Graph the complex numbers 


Solution We identify the complex numbers 21, 22, 25, 24 with the points (5, 4), 
(0, —2), (22, —3), (-4, 2), respectively. These points are, in turn, the red, blue, 


green, and orange dots in FIGURE A.2.2. 


Т 2,-544 


2,--4-21 


FIGURE А.2.2 The complex numbers іп Example 1 interpreted as 
points 


[ Modulus of a Complex Number If z = a + bi is a nonzero complex 
number and P(a, b) is its geometric representation, as shown in FIGURE A.2.3, 


then the distance from Р to the origin is given Бу 


2 | р? 
(1 . This distance is called the modulus, 


magnitude, or absolute value of z and is denoted by |2, 


= Ма +b. (1) 


<, 


2 | 
P(a, b) 
z-a-bi 


|z| = va? + b? 


FIGURE A.2.3 Modulus and argument of a complex number 2 


For example, if 2 = n then 

| — 1/02 2 = \/12 = 

Ц = ЕТ = = | if z = 3 — 4i, 
> Э 

Шеп mn 4il na Эг + (-4) = 25 = Ј From (4) 


of Section А.1, we know that if ^ 

Se — EE + [ 
conjugate of z = a + bi, then ЖА.» a ) 
(1) can also be written as 


[ Trignometric Form If we let 0 be the angle in standard position whose 
terminal side passes through P(a, b) and r = |2, then cos 0 = a/r and sin 0 = b/ 
r, from which we obtain a = г cos 0 and b = г sin 0. Substituting these 
expressions for a and b in z = a + bi, we obtain z = a + bi = (r cos 0) + (r sin 
0)i or 


< = r(cos0 + ising). 


~ 
N 
— 


We say that (2) is the trigonometric form, or polar form, of the complex 
number 2. The angle 0 is called the argument of 2 and satisfies tan 0 — b/a. 
However, 0 is not necessarily arctan(b/a) since 0 is not restricted to the 
interval (-л/2, 772). See Examples 2 and 3 that follow. Also, the argument 0 is 
not uniquely determined, since cos 0 = cos(0 + 2Кл) and sin 0 = sin(0 + 2kz) 
for any integer К. If z 2 a + bi = 0, then a = b = 0. In this case, г = 0 and we 


can take any angle 0 as an argument. 


Trigonometric Form 


Write the complex numbers in trigonometric form: (a) 1 + i (b) 


| — V3i 


Solution (a) If we identify a = 1 and р = 1, then the modulus of 1 + i is 


r =|1 + = Va} + (17 = v2. 


Because tan 0 = b/a = 1 and the point (1, 1) lies in the first quadrant, we can 
take the argument of the complex number to be 0 = 7/4 radian, as shown in 
FIGURE A.2.4. Thus, 


T |. 
z= V2 cos— ТЕШ р 
4 4 


FIGURE А.2.4 Complex number in part (а) of Example 2 


(b) In this case, the modulus of the complex number is 


г = |1 — УЗ = МР + (-V3yf = V4 = 2. 


апо = -У3/1 = —/з 8 
1. — V3 


fact that * ` | 27 lies in the fourth auadrant, we take 
Ө = tan !(- V3) = —7/3 


FIGURE A.2.5. Thus, 


, as shown in 


FIGURE A.2.5 Complex number in part (b) of Example 2 


Following convention, in the remainder of the discussion as well as in 
Exercises A.2 we will take the argument 0 of a complex number z either as an 
angle in measured radians in the interval |0, 27) or an angle measured in 
degrees that satisfies 0 < 0 < 360°. For example, the answer in part (b) of 


Example 2 can be written in the alternative form 


== “ҮЗ жоны x 
2 = Z| cos + 1810 i 
3 3 


- ~ 


Note 


The argument 41 — V3i that lies in the interval |0, 277) 


is 0 = 57/3, as is shown in Figure A.2.5. 


Trigonometric Form 


Express the complex number 


in the standard form z = a + bi. 


Solution By using the reference angle concept discussed in Section 4.2, we 


,cos(77/4) = У2/2. 
sin(77/4) = — V2/ ж. 


87) 


^? 


7m 
z= АД sos + isin") = = 2v3{ 


orz=2—2i. 


Trigonometric Form 


Find the trigonometric form of z = —4 + 5i. 


Solution The modulus of < = —4 + 5i is 
r = |—4 + 5i| = V16 + 25 = VAI. 


Because the point (—4, 5) lies іп the second quadrant, we must take care to 


adjust the value of the angle obtained from tan 4 anda 
calculator so that our final answer is a quadrant II angle. See FIGURE A.2.6. One 


approach is to use a calculator set in radian mode to obtain the reference angle 


)! — =] J жыз | 
0 ни (ап 4 іші 0.896] radian. The 


desired second-quadrant angle is then 0 = zz — 0' = 2.2455 radians. Thus, 


< = \41 (cos 2.2455 + isin 2.2455). 


FIGURE А.2.6 Complex number in Example 4 


Alternatively the foregoing trigonometric form can be written using a degree- 
measured angle. With the calculator set in degree mode, we would obtain 0” 
= 51.34? and 0 = 180? — 0' = 128.66°, from which it follows that 


т = \41(с0$128.66° + isin 128.66°). НЕН 


Modulus and Argument of a Product 


Find the modulus and the argument of 2122, where zi = 2i and z2 = 1 + i. 


Solution The product is 


ZZ, = 21 +1) = —2 + 21, 


апа hence the modulus is 


r= 


<1<2 


= |-2 + 2i| = V8 = 2V2. 


By identifying а = —2 and Р = 2, we have tan 0 = —1. Since 0 is a second 
quadrant angle, we conclude that the argument of 212218 0 = 377/4. See FIGURE 
А.2.7. 


FIGURE A.2.7 The product іп Example 5 


[ Multiplication and Division In Example 5 notice that the modulus 


г = 2\/2 
4— of the product zi» is ће product of the 
a = 


modulus rı = 2 of zi and the modulus 2 У ~~ of 22. 
Also, the argument 0 = 37/4 of 2122 18 the sum of the arguments 01 = 7/2 and 02 
= 7/4 of zi and 22, respectively. We have illustrated a particular case of the 
following theorem, which describes how to multiply and divide complex 


numbers when they are written in trigonometric form. 


THEOREM А.2.1 Product and Quotient 


If 21 = rı(cos 01 + isin 01) and 22 = r»(cos Өз + ісіп 02), then 


31532 = nyrj[cos(0, + 05) + isin(0; + 02)] 


Z r 
2 = 7. cos(6y — 05) + isin(0; — 6]. 7 #0 


PROOF: We will prove only (4) of Theorem A.2.1; the proof of (3) is very 


similar. If we multiply the numerator and the denominator of 
z — rj(cos0, + tsin@,) 
Z2 7(с0505 + isin05) 


by cos 62 — isin 62, we obtain 


221 (cos0, + 1510,1) (с0$0, — isin @,) 


yi B ә п 
Z3 г» cos-@, + sin-@, < denominator equals 1 


" | u - 
- = (соз, + isin0,)(cos0, - isin 03). 


Performing the multiplication and then using the difference formulas from 


Section 4.6, we have 


see (2) of Theorem 4.6.1 see (5) of Theorem 4.6.2 
Л ро феи 
— = —[(cos0,cos 05 + sinO,sin05) + Квіпбісов0; — соз Өүзїп 62) | 


2 > 


E 
-“Дсов(бі 05) + isin(@, — 631. = 


Product and Quotient 


ІҒ Zl = 4(со8 TIS t isin 75%) апа 


| аг 
Z = 5(с0$ 45° + isin 45°) 


21/22. Express each answer in the standard form a + bi. 


, find (a) 2122 (b) 


Solution (a) From (3) of Theorem A.2.1 we can write the product as 


multiply add 
moduli arguments 
—— M 


1 
22 = 4 ' 4, 1eos (75^ + 45°) + isin(75? + 45?) 


4 


(b) Now from (4) of Theorem A.2.1 the quotient is 


1 V3 
2[cos120? + isin120°] = 4-1. 554 


and so 


divide subtract 
moduli arguments 
ғ panem 
21 _ ^ <о со T сс 
— = 1 [с0$(75° - 45°) + isin(75? - 45°)] 
<2 2 


3 1 
= 8[cos 30° + isin30*] = [У° fol 


21/29 = 44/3 “р År 
[EFE 


Exercises A.2 Answers to selected odd-numbered 


problems begin on page Ans-**. 


In Problems 1-10, graph the given complex number(s) and evaluate and graph 


the indicated complex number. 


1=2 +5; : 


LA] | 
- „с. 4 = 
Б = — 8 — 45 12 


3. 1-1-41,2-2-21:42 

4. zi = 4i, z2 = —4 + i; zı — 22 

zZ = 6 — 3i, 7 = —& Zz Fo 
ПЕ ziz 


92:12:31 sh Нн 0 


а = 2V3 + 21, о = 1 — Уі; = 


9 2 
. Я <] 
47L427l-u - 
10. 52 


In Problems 11-22, find the modulus and ап argument of the given complex 


number. 


IP = А507 

= V2 — 4i 
13. Ar шин 
14. z=-5+2i 

—€— | 


Hi, р 
4 4 
15. 


16. z2 -8- 2i 
17, к= 537 
18. z=-1-i 


„2 = У3-і 
> = 2 — 2N/3i 


21. z-2-i 
22. z=4+ 8i 


In Problems 23-32, write the given complex number in trigonometric form. 


23. z= —4i 


24. 2 = 15i 

_ УА . 
„© = 33/3 + 51 
26. z=3 +i 
27. z=-2+5i 

7 =2 + 2V3i 
28. ^ шин шан == 
29. :-3-5 
30. z=-10+ 6i 
31. 2--2-21 
32. <-1-і 


In Problems 33-42, write the given complex number in the standard form z = 


а + bi. Do not use а calculator. 


TT ‚. T 
7 = 4/2 cos— + 1511 — 
33. + 
TTT 22 IT 
7 = 6l cos— LSIn— 
34. i е 
35. z= 10(соѕ 210? + isin 210°) 


„2 = V5(cos 420° + isin 420?) 


37. z= 2(cos 30° + isin 30°) 


2-1 
| 
~J 
С; 
о 
N 
— 
-2 
-- 
— 
ш 
— 
= 


38. = 


Z = cos + 15 
" 3 3 


^3 
| 
| 
С; 
о 
aN 


N 2 4 шир 


41. z=4[cos(tan-12) + ісіп((ап-12)| 


3 Г 13 
7 = 20 со tan -| + isin|{tan — 
42. 5 5 


In Problems 43-48, find 2122 and 21/22 in trigonometric form by first writing zi 


and 22 in trigonometric form. 

43. 2: 2 3i, 222 6 * бі 

44. 1-1-1,2--1-1 

„2 = 1 + V3i, z = 2V3 + 21 


46. zı = 5i, 2=-10i 

.1-У3-12-5-б5і 
Kio —\/2 T мі, Z) = + 
l 2 


48. 2 


In Problems 49-52, find zız2 апа zi/z2. Write the answer in the standard form z 
=a + bi. 


п.п 7т .. Тт 
к: = Vi ( cos’ + isin әр - Сон яа isi ir) 


49. 


10 .. dq 1 T ‚т 
27 z = 10 cos c- + гй ‚2 = 5 шиг” + шш 


л 
к= 
^ 
| 
„ә 
ит 
© 
o 
nm 
] 
+ 
2 
Б 
+ | 
Nor 
D 
1 
> 
тт 
€ 
o 
nm 
жил 
> 
+ 
2 
B 
515 
е) 


52. г = cos 57° + isin 57°, z2 = 7(cos 73° + isin 73°) 


А.З Powers апа Roots of Complex 
Numbers 


INTRODUCTION The trigonometric form of a product 2122 given in (3) of 
Theorem A.2.1 of the last section also gives a means of computing powers of 
a complex number, that is, z;, where n is a positive integer. In this section we 


also show how to find the л distinct nth roots of a complex number <. 


We begin the discussion with an example. 


[ Powers of a Complex Number Suppose z = 1 + i and we wish to 


compute 23. Of course, there are several ways of proceeding. We can carry out 
the multiplications zz and (zz)z using the standard forms of the numbers or we 


can treat the number z = | + i as a binomial and use the binomial expansion 
үз = з 72 41142 x 
(a + by =a + За Ъ + 3ab" + b 


See (iii) of Definition A.1.3 on page APP-3. 


with a = 1 and b =i. Alternatively, we can use the trigonometric form 


: п ARN: 
7-1-і- 4/2 cos, Тізіп” | 


With z = zi = z2 (3) of Theorem А.2.1, we obtain the square of z: 


Then (3) of Theorem A.2.1 also gives 


СТ ЕРНІН 


- (var (2) + isin3(7)] a) 


37 3т 
= 2V2| cos— + isin— |. 
( 4 4 ) 


After simplifying the last expression we get z: = —2 + 2i. 


The result in (1) written as 


illustrates a particular case of the following theorem named after the French 
mathematician Abraham DeMoivre (1667-1754). The formal proof of this 


theorem requires mathematical induction, which is discussed in Section 10.3. 


THEOREM А.3.1 DeMoivre’s Theorem 


If z = r(cos Ө + ісіп Ө) and n is a positive integer, then 


z” = r"(cosné + isinné) 


Inspection of (2) shows that the result is DeMoivre's theorem with z = 1 + i, 


V2. 0 = т/4 


in blue, and n = 3 


in red. 
Power of a Complex Number 
AT. 
V3 + i ) 
Evaluate E 


Solution \/ the modulus of V3 | l is 


Then from 


| 3 ап argument of the number is 


0 = 7/6 since 
DeMoivre's theorem with и = 8: 


қ Am 4 
(V3 + i = 25 cos8 т) + isin8 Tj 256| cos + ісіп T 
6 6 3 3 


1 3 
= 256( “3 ;) = 128 — 128V3i. und 


lies in quadrant I. Hence from 


2 27 


| Roots of a Complex Number Recall from algebra that —2 and 2 аге said 


to be square roots of the number 4 because (—2)2 = 4 and 22 = 4. In other 
words, the two square roots of 4 are distinct solutions of the equation w» - 4. 
In like manner we say w = 3 is a cube root of 27 since ws = 33 = 27. In 
general, we say that a number w = а + bi is a complex nth root of a nonzero 
complex number z if wn = (a + bi), = z, where n is a positive integer. For 


example, urged to verify that 


W, = ту? T iVi 
W — нэ 2 — КҮЛ 


p4 are the two 


sauare roots of the complex number z = i because 
i * 


w5 = 


_ See also Problem 77 in Exercises А.І. 


We will now demonstrate that there are exactly n solutions of the equation wn 


2. 


Let the modulus and the argument of w be p and Ф, respectively, so that w = 
p(cos ф + isin Ф). If w is an nth root of the complex number z = r(cos 0 + isin 


0), then wn = 2. DeMoivre’s theorem enables us to write the last equation as 


p (cos nó + isinnd) = r(cos0 + ising). 


When two complex numbers are equal, their moduli are necessarily equal. 
Thus we have 


p =r or p! 
and 
совпф + isinnd = соѕ0 + ising. 
Equating the real and imaginary parts in this equation gives 
cosnd = cos0, sinnd = sind, 


from which it follows that пф = 6 + 2kz, or 


П 


where k is any integer. As k takes on the successive integer values 0, 1, 2,..., п 
- 1, we obtain л distinct roots of 2. For k > п, the values of sin Ф and cos ф 
repeat the values obtained by letting k = 0, 1, 2, ..., n — 1. To see this, suppose 
that k 2 n + m, where т = 0, 1, 2, .... Then 


Ө + 2(n + тут Ө + 2тт 
ф = = + 2т. 
! ! 


Since the sine and cosine each have period 2л, we һауе 


: . (0 + 2mm Ө + 2тт 
sin = sin| — — and соѕф = cos| — — — |, 


n n 


and so no new roots are obtained for k 2 n. Summarizing these results gives 


the following theorem. 


THEOREM A.3.2 Complex Roots 


If z = r(cos 0 + i sin 0) and n is a positive integer, then n 
distinct complex nth roots of z are given by 


Як 0-25тү,..(0425т 
Ww, = | соз m + isin TC 


where k = 0, 1, 2, ...,n — 1. 


We will denote the n roots by wo, wi, ..., wn-1 corresponding to k = 0, 1, ..., п 


— 1 respectively, іп (4). 


Three Cube Roots 


Find the three cube roots of i. 


Solution In the trigonometric form for i, r = 1 and 0 = 7/2, so that 


ТГ n ТГ 
Г = cos— + isin. 
| = COS 1511 


2. = 


With n = 3 we find from (4) of Theorem A.3.2 that 


| 7/2 + 2Кт 2 + 2k 
m= | нэмн 5 "| k = 0, 1, 2. 


Now for 
1 п 2. 07 
К-0, м = cos— + isin— 
6 6 
п 2т „. {т 27 
К = 1, м = cosf — + — | + isin| — + — 
6 3 6 3 
5т 57 
= cos— + isin— 
6 6 
п 4m 21 4 
k= 2, у, = cost — + ctisin| — + — 
Ш 6 3 6 3 
3m .. 3m 


= cos— + i sin —. 
9 r} 


Therefore, in standard form the яа cube roots of i аге 


Wo — — 54/3 3-- T 
и; = —N3 2 11 


, and их = -i. 


[ Geometric Interpretation The three cube roots of i found іп Example 2 
are plotted in FIGURE A.3.1. We note that they are equally spaced around a 
circle of radius 1 centered at the origin. In general, the п distinct nth roots of a 
nonzero complex number z are equally spaced on the circumference of the 


circle of radius |z|1 with center at the origin. 


FIGURE A.3.1 Three cube roots of i in Example 2 


As the next example shows, the roots of a complex number do not have to be 


"nice" numbers as in Example 2. 


Solving an Equation 


Solve the equation z4 = 1 + i. 


Solution Solving this equation is equivalent to finding the four complex 


fourth roots of the number 1 + i. In this case, the modulus and an argument of 


+ — Ё | 
1 + iare / V2 and 6 = 7/4, respectively. From (4) with n 


= 4 and the symbol zx playing the part of их we obtain 


+ 2km + 2k 
«= (Ми (22 "| - isin( 72 =) 
4 
5 2k 
- eee mt m jsin( £268] k =0,1,2,3, 
4 
LT z) 
“16 16 


> 

1 

© 

Il 
$ 
N 
© 
о 
РА 
+ 
n 


With the aid of a calculator we find the approximate standard forms, 
20 = 1.0696 + 0.2127 
z = —0.2127 + 1.0696; 
Z2 = - 1.0696 — 0.2127: 
z3 = 0.2127 — 1.06961. 


As shown in FIGURE A.3.2 the four roots lie on a circle centered at the origin of 


ыг = МО = 1.09... 


equal angular intervals of 27/4 = л/2 radians beginning with (һе root whose 


argument is 7716. 


FIGURE A.3.2 Four fourth roots of 1 + i in Example 3 


Exercises A.3 Answers to selected odd-numbered 


problems begin on page Ans-**. 


In Problems 1-10, use DeMoivre's theorem to calculate the given power. 
Write your answer in the standard form z = a + bi. If necessary, use а 


calculator. 
oF 
5T Sgt v 


+ isin 
С ( 


COS 


| 4 
ТУХ cos T isin) 

7 T 3 
ТУХ cost? + isin) 
“| V3(cos21? + івіһп219)|9 

п 
6 0577 Р sex) 


„| V5 (cos 13.5? + ісіп 13. 5°) | 


8. [2(cos 67° + i sin 67°) |з 


9. [3.2(cos 12? + i sin 12?)]s 


„ [5 (cos 24° + isin24°)]° 


In Problems 11 and 12, use (3) of this section and (4) of Section A.2 to 


simplify the given complex number. Write your answer in the standard form z 


=a+ bi. 
то... т\|° 
2| cos— + isin— 
6 16 
37 3т \ |? 
4| cos— + i sin — 
8 8 


11. 


А 
т .. тү" 
COS — + 19 — 
9 9 


Un 


| TT EE, 
5 Pos F ЕШ 


Й | 2 6 6 


In Problems 13-24, use the trigonometric form of а complex number along 
with DeMoivre's theorem to calculate the given power. Write your answer in 


the standard form z = a + bi. 
13. i» 

14. -і5 

15. (1 + i) 

16. (1 — i)» 

17. (-2 +214 


18. (-4 - 47) 


(V8 +1) 

CEDi 
уз үбү 
3 3 


19 


V3 LN 


227 
23. (1 + 21) 
| 15120 
(5 T ji) 
24. м = же 


In Problems 25-34, find the indicated roots. Write your answer in the standard 


form z=a + bi. 

25. Тһе three cube roots of —8 
26. The three cube roots of 1 
27. Тһе four fourth roots of i 


28. The two square roots of i 


29. Тһе four fourth roots of | 1/3) 
30. The two square roots of | | 1/3) 


31. The two square roots of 1 + i 


32. The three cube roots of — V3 | 2 [ 


33. Тһе six sixth roots of 64(cos 54? + i sin 54°) 


34. The two square roots of 


5т ST 


+ isin 


51| cos 
In Problems 35 and 36, find the indicated roots. Proceed as in Example 3 and 
plot these roots on an appropriate circle. 
35. The six sixth roots of 1 
36. The eight eighth roots of 1 
37. For what positive integers n will 

V2/2 + N/2i/2)" 

Жэ абы 

Equal to i? Equal to 
т 1/2 72 = Või /2 
1/2/2 + “21/2 


38. (a) Verify that (4 + 31)2 = 7 + 241. 


be equal to 1? 


? Equal to 


(b) Use part (a) to find the two values of (7 + 24i)i». 


In Problems 39-42, solve the given equation. Write your answer in the 


standard form z= a + bi. 
39. 2+1=0 


40. з-— 125i 20 


Е | | 
Hz + 8 + 8V3i =0 
42. 2- 8z + 18 = 81 


For Discussion 


43. DeMoivre's theorem implies 
“Нэр 2 E 
(соѕ0 + 1510)" = cos20 + isin 20. 


Use this information to derive trigonometric identities for cos 20 and sin 20 
by multiplying out the left-hand side of the equation and then equating real 
and imaginary parts. 


44. Use a procedure analogous to that outlined in Problem 43 to find 


trigonometric identities of cos 30 and sin 30. 


B. Additional Tests for 
Zeros of a Polynomial 
Function 


B.1 Descartes' Rule of Signs 


INTRODUCTION Suppose that y — f(x) is a polynomial function with real 


coefficients and is arranged in the usual manner of descending powers of x: 


| = 2 
fx) = ак” + a, QI eec ау? + ах + ау. (1) 


From this form of the function it is possible to determine the maximum 
number of positive zeros and the maximum number negative zeros by 
examining the sign changes in consecutive coefficients in f(x). We say that a 
variation of sign occurs when two consecutive coefficients have opposite 


signs. For example, in the polynomial 


f(x) = 94° — Tx — 8x 2x — 14, (2) 
T 1 1 11 T 
sign sign sign 
change change change 
1 — to + + fo = 


there are three variations of sign: between the first and second coefficients, 
between the third and fourth coefficients, and between the fourth and fifth 


coefficients. 


[ Maximum/Minimum Number of Real Zeros Тһе following theorem 


uses the variation of sign concept to determine the number of positive and 
negative zeros of a polynomial function. The theorem is called Descartes’ 
Rule of Signs after its discoverer René Descartes. A rule such as this was 
more helpful in the days before the advent of graphing calculators and 


computer software. 


THEOREM B.1.1 Descartes' Rule of Signs 


Let y — f(x) be a polynomial function with real coefficients that 
is arranged in descending powers of x as in (1). 


(1) The number of positive zeros of f(x) is either equal to the 
number of variations of signs of f(x) or less than this number by 
an even integer. 


(i) The number of negative zeros of f(x) is either equal to the 
number of variations of signs of f( — x) or less than this number 
by an even integer. 


Maximum Number of Positive Zeros 


Suppose that a polynomial y = f(x) has five variations of sign. Descartes” Rule 
of Signs stipulates that possibilities for the number of positive zeros of f(x) is 


five, three, or one. Thus the maximum number of positive zeros is five. 


Number of Zeros 


The polynomial function f(x) 2 x: — 3x — 1 has one variation of sign. From 
Descartes” Rule of Signs we can conclude that f(x) has precisely one positive 
zero. Notice that the number 1 reduced by an even integer is negative, and we 


cannot have a negative number of zeros. Now inspection of 


f(-x) = —x + 3x— 1 


reveals two variations of sign. Therefore, f(x) has either two ог no negative 


Zeros. 


Because the polynomial f(x) = x» — 10x + 25 has two variations of sign, we 
know by Descartes' Rule of Signs that f(x) has either two or no positive zeros. 


But from 


we see that 5 is a positive zero of multiplicity two. This leads us to an 
important point: In the application of Descartes' Rule of Signs, we must count 


a zero of multiplicity k as k zeros. 


Equation (2) Revisited 


In (2) we saw that polynomial function f(x) = 9x6 — 7x4 — 8x3 + 2x — 14 has 
three variations of sign. Descartes' Rule of Signs stipulates that the number of 


positive zeros of f(x) is either three or one. Because 


f(—x) = 9x9 — Tx" + 8х — 2x — 14 


also has three variations of sign, f(x) has either three or one negative zeros. 


Section 3.4 Revisited 


In Example 1 of Section 3.4 we discovered that polynomial function 


by using the Rational Zeros Theorem. Had we used Descartes' Rule of Signs 
before applying Theorem 3.4.2, we could have determined that f(x) has three 


or one positive zeros and one negative zero. Observe in (3) that there are three 


positive numbers and one negative number. 


Polynomial Function with Positive 
Coefficients 


Inspection of the polynomial function 


f(x) = 2x7 + 7x + Ax + 8 


shows that there are no variations of signs. It follows immediately from 


Descartes” Rule of Signs that f(x) has no positive zeros. 


The result in the last example generalizes in the following manner. 
A polynomial function f(x) with all positive coefficients has no positive zeros. 


We do not need Descartes” Rule of Signs to prove the last statement because it 
should make arithmetic sense to you. If f(x) is a polynomial function with all 
positive coefficients and if c is any positive number, then all nonnegative 


integer powers of c are positive and so f(c) must be a positive number. See 


Example 3 in Section 3.4. 


Exercises B.1 Answers to selected odd-numbered 


problems begin on page Ans-**. 


In Problems 1—10, use Descartes’ Rule of Signs to determine the possibilities 
for the number of positive and negative zeros of the given polynomial 


function. 

1. fx) = 8x2 + 2x - 3 

2. f(x) = о+4х+4 

3. f(x) = 7x3 - 6x2+x—5 

4. f(x) = 10x3 - 8x - 2 

5. f(x) =x + 4х2 + 6x + 1 

6. f(x) 233-2 

7. f(x) = —x4 + 8x3 - 5x — 9 

8. f(x) = х5 – 12x4 + 2x2 + 7x — 16 
9. f(x) 2xstxetx3—x—x41 
10. f(x) = 3х6 + 5n + x + 8 


For Discussion 


11. Consider the polynomial function 


f(x) = x + x + 3x 5) — x + 10x + 5. 


Based on the information obtained from Descartes” Rule of Signs, construct а 


table that lists all the possible combinations in which the positive, negative, 


and complex zeros of f(x) can occur. Do not attempt to find the zeros. 


B.2 Upper and Lower Bounds Rule 


INTRODUCTION Suppose that y = f(x) is a polynomial function of degree n 
with real coefficients. If сі, со, ..., c», m < n, are real zeros of f(x), then it can 
be shown that there exist real numbers г and R such that r < ci < R,i=1, 2, 
..., т. The number r is called a lower bound for the zeros of f(x) and R is 
called an upper bound for the zeros. Put another way, r and R are numbers 
that define an interval [r, R] in which all the real zeros of f(x) lie. Bounds for 
real zeros are not unique; апу number that is less than or equal to the least 
zero is a lower bound for the zeros, and any number that is greater than or 


equal to the greatest zero is an upper bound. 


[ Finding Bounds Using Synthetic Division The next theorem, 
sometimes called the Upper and Lower Bounds Rule, uses synthetic 
division to find bounds for the real zeros of a polynomial function. In the 
theorem we refer to the “bottom row" in the synthetic division of a 
polynomial by a linear term, this is the row that contains the coefficients of the 


quotient and the remainder. 


THEOREM B.2.1 Upper and Lower Bounds Rule 


Let f(x) be a polynomial function with real coefficients and a 
positive leading coefficient. 


(1) If > 0 and there are no negative numbers іп the bottom 
row of the synthetic division of f(x) by x — k, then k is an upper 
bound for the real zeros of f(x). 


(ii) If < О and the numbers in the bottom row of the 
synthetic division of f(x) by x — k are alternately positive and 
negative, then k is a lower bound for the real zeros of f(x). 


In (ii) of Theorem B.2.1, if the number 0 appears in the bottom row of the 


synthetic division we may regard it as either 40 or —0. 


Bounds for Zeros 


Find the upper and lower bounds for the real zeros of f(x) = x4 + xs — 1. 


Solution Because there is one variation of sign in f(x) and one variation of 
sign in f(-x) = x« — x3 — 1, Descartes’ Rule of Signs indicates that the given 
polynomial function has one positive zero and one negative zero. To apply the 


Upper and Lower Bounds Rule above, we choose К by trial and error. 


If k= 1, then the synthetic division of f(x) by x — 1 is 


I 1 1| 0 


© 
| 


1 2 2 2 
no negative numbers > | 2 2 2 2 


There are по negative numbers іп the bottom row of the synthetic division, 
and so by part (7) of Theorem B.2.1, we see that 1 is an upper bound for the 
zeros of f(x). Now if we choose К = —2, then the synthetic division of f(x) by x 
—(-2) =x+2is 


| 

ә 
bo 

| 
+ 


N 
| 
4 


numbers alternate in sign -> 1 - 1 


Because the numbers in the bottom line of the synthetic division аге 
alternately positive and negative, we conclude from part (її) of Theorem B.2.1 
that —2 is a lower bound for the zeros of f(x). Hence, the two real zeros of f(x) 


must lie in the interval [—2, 1]. 


Bounds for Zeros 


By Descartes” Rule of Signs, we know that the polynomial function 


f(x) =х + 3x — 10x* — 8x — 6 


has real zeros. Note that in the division of f(x) by x — (—5): 
—5| 1 31-40. -8 -6 
—5 10 0 40 
| -2 0 -8 34 


we may consider the 0 in the bottom row аз +0. Because the numbers in the 


bottom row are then alternately positive and negative, part (її) of Theorem 


B.2.1 indicates that —5 is a lower bound for the real zeros of f(x). 


Exercises B.2 Answers to odd-numbered 


problems begin on page Ans-**. 


In Problems 1-10, find upper and lower bounds for the real zeros of the given 


polynomial function. 

1. f(x) = 7x3 - 4x2 - 2x + 1 
2. f(x) = 2x3 — 4x2 + 6x + 6 
3. fx) 2x3 xt 3x— 7 
4. fx) = ж+м+х+4 

5. f(x) = x4 — 5x2 — 13 


6. f(x) = 2x4 — 7х3 — 72 — 9x 


С. Formulas From 
Geometry 


Area A, Circumference C, Volume V, Surface Area 5 


RECTANGLE PARALLELOGRAM TRAPEZOID 
a 
EN i Ay 7 “ 
1 b b 
A2 Iw, С-21-2 A=bh A=Xa+ bh 
RIGHT TRIANGLE TRIANGLE EQUILATERAL TRIANGLE 


ad | 
с <> a 
П 
b b 


Pythagorean Theorem: 


A-lbh C=a+b+c 


ath 
CIRCLE CIRCULAR RING CIRCULAR SECTOR 
е , 
2 © : 
А=т(Е?—'?) 
ELLIPSE ELLIPSOID SPHERE 
= =4 

Атар У = парс 

RIGHT CYLINDER RIGHT CIRCULAR CYLINDER RECTANGULAR 


PARALLELEPIPED 


Ее 


V=ar7h, $ = 2ærh (lateral side) 


= Bh, В arca of base 
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definition of 

as distance on the number line 


equations involving 


of a function 

inequalities involving 
properties of 

Absolute-value function 
Acceleration due to gravity: 

on the Earth 

as a function of latitude 

on the Moon 
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Addition of functions: 
definition of 

domain of 

Addition rule of probability 
Addition of two vectors 
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Algebra, Fundamental Theorem of 
Algebraic expression 

Algebraic function 
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Ambient temperature 
Ambiguous case (Law of Sines) 
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of cosine graphs 

of a periodic function 

of sine graphs 

Analog clock 
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light intensity 
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range of a projectile 
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telescopes 
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Approaching infinity: 
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from the positive direction (x > о) 
Approximating zeros 
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Arccosecant function 

Arccosine function 

Arccotangent function 
Archimedes' principle 
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Arctangent function 
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Heron's formula for a triangle 

of the intersection of two circles 
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of an п-соп 
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under a graph 
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definition of 

domain of 
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common difference for 
defined recursively 
definition of 
Arithmetic series: 
finite 

sum of a finite 
Arithmetic of vectors 
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finding 

horizontal 
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of logarithmic functions 
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of rational functions 
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of trigonometric functions 
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major axis of an ellipse 
minor axis of an ellipse 

of a parabola 
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real axis of the complex plane 


semimajor of an ellipse 
semiminor of an ellipse 

tangent to 

transverse of a hyperbola 
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Axis of symmetry of a parabola 


B 


Back-substitution 

Balancing a chemical equation 
Bascule bridge 
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change of base formula 


of an exponential function 
of a logarithmic function 
ten 

Base 60 of a number system 
Bearing 

Beats 

Beer-Lambert law 


Bell-shaped curve 


Bermuda triangle 

Bifolium 

Binomial 

Binomial coefficients 
Binomial expansions 
Binomial Theorem: 

proof of 

statement of 

in summation notation 
Birthday problem 

Bisection method: 

definition of 

error in 

guidelines for using 

Body surface area, model for 
Bounds: 

for cosine function 

on the probability of an event 
for sine function 

for zeros of a polynomial function 
Brachistochrone 

Branch of the graph: 


of a hyperbola 


of a rational function 


C 


Calculus 

Californium-244 
Cancellation property 
Carbon-14 

Carbon-14 dating 

Cardioid 

Cardioid microphone 
Cardiovascular branching 
Carrying capacity 

Carrying capacity of an ecosystem 
Cartesian coordinate system: 
axes of 

coordinates of a point in 
definition of 

distance formula in 

first octant 

first quadrant 

octants in 

origin of 

plotting points in 


quadrants in 


Cartesian plane 

Cassegrain telescope 
Catenary 

Cauchy, Augustin Louis 
Ceiling function (1х1) 

Cell phone, location of a 
Celsius to Fahrenheit conversion 
Celsius to Kelvin conversion 
Center: 

of a circle 

of an ellipse 

of a hyperbola 

of a sphere 

Central angle 

Centroid curve 

Certain event 

Change in x 

Change in y 

Change of base formula 
Chemical equations, balancing 
Cheops, pharaoh 

Chichén Itzá 


Circle(s): 


arc length on а 

center of 

definition of 

graph of 

of latitude 

parametric equations of 
polar equation of 
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rectangular equation of 
stacked 

standard form of 
tangent 

unit 

Circular functions 
Circular helicoid 
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Circular sector: 

area of 

definition of 

Circular segment 
Circumference of the Earth 
Closed curve 
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binomial 
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Cofactor: 

definition of 
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Cofactor expansion of a determinant 
Combination: 

definition of 

number of 

Comet Halley 

Common difference 

Common logarithm 

Common ratio 

Complement of an event 
Complementary angles 
Complete Factorization Theorem 
Completing the square 

Complex number(s): 

absolute value of 

additive identity for 

additive inverse of 


argument of 


conjugate of 

definition of 

difference of 

division of 

equality of 

imaginary axis 
imaginary part of 
imaginary unit 
magnitude of 

modulus of 
multiplicative identity for 
multiplicative inverse of 
nth root of 

polar form of 

powers of 

principle square root of a negative number 
product of 

pure imaginary 

quotient of 

real part of 

roots of 

square root of a 


standard form of 


subtraction of 

sum of 

trigonometric form of 
Complex plane 

Complex roots 

Complex zero of a function 
Component form of a vector 
Component of a vector on another vector 
Components of a vector 
Composition of functions: 
definition of 

domain of 

Compound interest 
Compression of a graph 
Conditional trigonometric equations 
Conic section: 

applications of 

center of 

definition of 

degenerate 

directrix of 

eccentricity of 


foci of 


in polar coordinates 

polar equations of 

polar graphs of 

relationship with a double-napped cone 
rotated 

vertices of 

Conjugate axis of a hyperbola 
Conjugate of a complex number: 
definition of 

properties of 

Conjugate factor 

Conjugate hyperbolas 

Conjugate Zeros Theorem 
Consistent system of linear equations 
Constant function: 

definition of 

domain of 

Constant term of a polynomial function 
Constraint 

Continuous compound interest 
Continuous everywhere 

Continuous function 


Continuous at a number 


Conventions in polar coordinates 
Convergence: 

of an infinite geometric series 

of an infinite series 

of an infinite telescoping series 

of a sequence 

Conversions: 

degrees Celsius to Fahrenheit units 
degrees Celsius to Kelvin units 

degrees to radians 

logarithm to a natural logarithm 

polar coordinates to rectangular coordinates 
polar equation to rectangular equation 
radians to degrees 

rectangular coordinates to polar coordinates 
rectangular equation to a polar equation 
Convex Шпасоп 

Cooling/warming, Newton's law of 
Coordinate(s): 

axes 

plane 

of a point on the number line 


of a point in the polar coordinate system 


of a point in a rectangular coordinate system 
of the vertex of a parabola 
Coordinate line 
Coordinate plane 
Coordinate system: 
Cartesian 

polar 

rectangular 

Corner of graph 
Cosecant function: 
algebraic signs of 
asymptotes of 

cycle of 

definition of 

domain of 

graph of 

inverse of 

odd function 

period of 

Pythagorean identity for 
range of 

symmetry of graph of 


values of 


Cosecant, hyperbolic: 
definition of 

graph of 

Cosine function: 
algebraic signs of 
amplitude of 

bounds on values of 
cycle of 

definition of 

difference formula for 
domain of 

double-angle formula for 
even function 

graph of 

half-angle formula for 
horizontal compression of graph 
horizontal shift of graph 
horizontal stretch of graph 
inverse of 

period of 

phase shift of 
Pythagorean identity for 


range of 


sum formula for 
symmetry of graph of 
values of 

vertical compression of graph 
vertical stretch of graph 
x-intercepts of 

zeros of 

Cosine, hyperbolic: 
definition of 

graph of 

Cosines, Law of 
Cotangent function: 
algebraic signs of 
asymptotes of 

cycle of 

definition of 

domain of 

graph of 

inverse of 

odd function 

period of 

Pythagorean identity for 


range of 


symmetry of graph of 
values of 

x-intercepts of graph 
Cotangent, hyperbolic: 
definition of 

graph of 

Coterminal angles 

Counting, principles of 
Cramer, Gabriel 

Cramer's Rule: 

for three equations in three variables 
for two equations in two variables 
Cross product of two vectors 
Cubic function 

Curie, Pierre and Marie 
Curtate cycloid 

Curve fitting 

Curvilinear motion 

Cusp of a graph 

Cycle: 

of cosecant graph 

of cosine graph 


of cotangent graph 


of the graph of a periodic function 
of secant graph 

of sine graph 

of tangent graph 

Cycle of a graph 

Cycloid: 

definition of 


parametric equations for 


D 


Dead Sea Scrolls 

Decay constant 

Decay, exponential 

Decay rate 

Decibel 

Decimal form of a real number 
Decreasing function 
Definite integral 
Degenerate conic sections 
Degree measure of an angle 
Degree of a polynomial: 

of one variable 

of two variables 


Degree to radian conversion 


Degrees Celsius to Fahrenheit units 
Degrees Celsius to Kelvin units 
De Groot, S. G. 

DeMoivre, Abraham 

DeMoivre's theorem 

Dependent equations 

Dependent variable 

Depreciation 

Depression, angle of 

Derivative: 

of the cosine function 

definition of 

of the logarithmic function 

of the natural exponential function 
of the natural logarithmic function 
of the sine function 

Descartes, René 

Descartes Rule of Signs 
Determinant(s): 

cofactor 

expansion by cofactors of first row 
expansion by cofactors of second row 


expansion theorem for 


minor 

of order 3 

of order 2 

Diagonal of a polygon 
Diameter of the Moon 
Difference: 

common 

of complex numbers 

of functions 

of two cubes 

of two squares 

of vectors 

Difference formula: 

for the cosine 

for the sine 

for the tangent 
Difference of functions: 
definition of 

domain of 

Difference quotient 
Difference of two cubes 
Difference of two squares 


Difference of two vectors 


Differential calculus 
Dimpled limaçon 

Direction angle for a vector 
Directrix: 

of a conic section 

of a parabola 

Dirichlet, Gustav Lejeune 
Dirichlet function 
Discontinuous function 
Discriminant 

Disjoint intervals 

Disjoint sets 

Displacement vector 
Distance: 

between numbers on the number line 
between points in 3-space 
between points in 2-space 
Distributive law 
Divergence: 

of an infinite geometric series 
of an infinite series 

of a sequence 


Divergence of a sequence: 


to infinity 

to negative infinity 
Dividend 

Divisible 

Division Algorithm: 

for polynomials 

for real numbers 

Division of fractions 
Division, synthetic 
Divisor 

DMS notation 

Domain: 

of an arithmetic combination of functions 
of a composition of functions 
of a constant function 
definition of 

of an exponential function 
implicit 

of a linear function 

of a logarithmic function 
natural 

of a polynomial function 


of a power function 


of a quadratic function 

of a rational function 

of a sequence 

of trigonometric functions 
Dot product: 

and the angle between two vectors 
definition of 

and orthogonal vectors 
physical interpretation of 
properties of 

Double-angle formulas: 

for cosine 

for sine 

for tangent 

Double-napped cone 
Doubling time of a population 
Dubois, D. 

Dubois, E.F. 
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definition of 
numerical value of 


Earth: 


circumference of 

polar equation of orbit 
Eccentricity: 

of asteroid Hildago 

of a conic section 

of an ellipse 

of an elliptical orbit 

of a hyperbola 

of the orbit of Comet Halley 
of the orbit of Earth 

of the orbit of Mercury 

of the orbit of Pluto 

of a parabola 

Echo sounding 

E. Coli bacteria 

Effective half-life 

El Castillo 

Elevation, angle of 
Eliminating the parameter 
Elimination method 
Elimination operation symbols 
Elimination of xy-term by rotation 


Ellipse: 


applications of 
center of 

definition of 

drawing an 
eccentricity of 

focal width of 

foci of 

intercepts of 

length of major axis 
length of minor axis 
major axis of 

minor axis of 

polar equation of 
reflection property of 
semimajor axis of 
semiminor axis of 
standard form of 
tangent line to 
vertices of 

Ellipse Park (Washington, DC) 
Ellipsis 

End behavior of a function 


Endpoints of an interval 


Envelope curves 

Equality of complex numbers 
Equality of vectors 
Equation of a horizontal line 
Equation of motion 
Equation of a plane 
Equation solving strategies 
Equation in three variables 
Equation in two variables: 
definition of 

equivalent 

graph of 

linear 

satisfying 

solution set of 

Equation of a vertical line 
Equations: 

dependent 

equivalent 

exponential and logarithmic 
independent 

in z variables 


solutions of 


trigonometric 

in three variables 

in two variables 
Equilateral arch 
Equilateral triangle 
Equilibrium position 
Equivalent equations 
Equivalent inequalities 
Equivalent systems of equations 
Eratosthenes 

Euler, Leonhard 
Euler's constant 

Even function 
Even/odd trigonometric identities 
Event(s): 

certain 

complement of an 
definition of 

disjoint 

impossible 

mutually exclusive 
probability of an 


Existence of a limit 


Expansion of a binomial 

Expansion theorem for determinants 
Explicit function 

Exponent 

Exponential equations 

Exponential function: 

asymptote of 

base of 

definition of 

domain of 

graphs of 

natural 

one-to-one property of 

properties of 

Exponential mathematical models 
Exponents, laws of 

Extended Principle of Mathematical Induction 
Extraneous solutions 

Extrema, relative 
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Factor Theorem 
Factored expression 


Factorial function 


Factorial notation 

Factoring 

Factorization: 

of the difference of two cubes 
of the difference of two squares 
of a polynomial function 

of the sum of two cubes 
Fahrenheit scale 

Family of lines 

Ferrari, Lodovico 

Fibonacci, Leonardo 
Fibonacci numbers 

Fibonacci sequence 

F-15E Strike Eagle fighter 
Finite arithmetic series 

Finite geometric series 

Finite sequence 

Finite series 

First-degree equation 

First octant 

First quadrant 

Flatiron building (New York, М.Ү.) 


Floor function (Lx!) 


Focal chord 

Focal width: 

of an ellipse 

of a hyperbola 

of a parabola 

Focus: 

of a conic section 

of an ellipse 

of a hyperbola 

of a parabola 

Folium of Descartes 
Fontana, Niccolò 
Force, resultant 
Formulas from geometry 
Fractional expression: 
addition of 

binomial expansion of 
definition of 

factoring of 

Freely falling object 
Frequency of simple harmonic motion 
Full house 


Function(s): 


absolute value 
absolute value of a 
algebraic 
arccosecant 
arccosine 
arccotangent 
arcsecant 

arcsine 
arctangent 
arithmetic combination of 
ceiling 

circular 
compositions of 
constant 
continuous 
cosecant 

cosine 

cotangent 

cubic 

decreasing 
defined implicitly 
definition of 


dependent variable of 


derivative of 
difference of 
Dirichlet 
discontinuous 
domain of 

end behavior of 
even 

explicit 

explicitly defined 
exponential 
factorial 

floor 

global behavior of 
Gompertz 

graph of 

greatest integer 
Heaviside 
horizontal line test 
hyperbolic cosecant 
hyperbolic cosine 
hyperbolic cotangent 
hyperbolic secant 


hyperbolic sine 


hyperbolic tangent 
implicitly defined 
implicit domain of 
increasing 
independent variable of 
input of 

intercepts of 
inverse of a 
inverse hyperbolic 
inverse trigonometric 
linear 

local behavior of 
logarithmic 
logistic 
multivariable 
natural exponential 
natural logarithmic 
notation for 
objective 

odd 

one-to-one 

of one variable 


output of 


symmetry of graphs of 

tangent 

transcendental 

trigonometric 

turning point of 

of two variables 

undefined at a number 

value of 

vertical-line test for 

zero of 

Fundamental Counting Principle 
Fundamental Theorem of Algebra 
Fundamental trigonometric identities 


Future value 


G 


Galileo Galilei 

Gateway Arch (St. Louis) 
Gauss, Carl Friedrich 

Gebhard, J. W. 

General second degree equation 
General term of a sequence 
Generation time 


Geocentric parallax 


Geometric mean 
Geometric sequence: 
common ratio for 

defined recursively 
definition of 

Geometric series: 
convergence of 

definition of 

divergence of 

finite 

infinite 

sum of 

Glide path 

Global behavior of a function 
Global positioning system 
Gnostic Gospel of Judas 
Golden ratio 

Gompertz, Benjamin 
Gompertz curve 
Gompertz function 
Graph(s): 

of the absolute-value function 


of the absolute value of a function 


of arccosine function 
of arcsine function 

of arctangent function 
bell-shaped 

branches of a 

of a circle 

combining shifts 
compression of 

of a constant function 
corner of a 

of cosecant function 
of cosine function 

of cotangent function 
cusp of a 

cycle of 

decreasing 

of an ellipse 

end behavior of 

of an equation 

of exponential functions 
of functions 

global behavior 


of greatest integer function 


hole in а 

horizontal asymptote of 

horizontal line 

horizontal shift of 

horizontal stretch/compression of 

of a hyperbola 

of the hyperbolic functions 
increasing 

of an inequality 

intercepts of 

of a linear equation in three variables 
of a linear function 

of a linear inequality of two variables 
of logarithmic functions 

of a nonlinear inequality of two variables 
nonrigid transformation of 

of one-to-one functions 

of a parabola 

points of intersection of 

of polar equations 

of polynomial functions 

of power functions 


of a quadratic function 


of a rational function 
reflected 

rigid transformation of 
of secant function 

of a semicircle 

of a sequence 

shifted 

of sine function 

slant asymptote of 
stretch of 

symmetry of 

of a system of inequalities 
tangent to an axis 

of tangent function 
vertical asymptote of 
vertical line 

vertical shift of 
vertical stretch/compression of 
Graphing utility 

Great Pyramid of Giza 
Greater than (>) 


Greater than or equal to (>) 


Greatest integer function ( ) 


Growth, exponential 

Growth constant 

Growth rate 

Guidelines for sign chart method 


Gutenberg, Beno 


Half-angle formula: 
for cosine 

for sine 

for tangent 
Half-ellipse 
Half-life: 

of californium-244 
of carbon-14 
definition of 
effective 
iodine-131 

of a medication 

of polonium-213 
of potassium-40 
of a radium 

of strontium-90 


of tritium 


of uranium-238 

Half-open interval 

Half-plane 

Halley's Comet 

Hanks, Thomas C. 

Harmonic motion 

Heaviside function 

Helicoid 

Helix 

Heron of Alexandria 

Heron's area formula 

Hohmann, Walter 

Hohmann transfer orbits 

Hole in a graph 

Homogeneous linear system 
Horizontal asymptote: 

definition of 

for graphs of exponential functions 
for graphs of hyperbolic functions 
for graphs of rational functions 
Horizontal component of a vector 
Horizontal compression of a graph 


Horizontal line, equation of 


Horizontal line test 
Horizontal shift of a graph 
Horizontal stretch of a graph 
Hours of daylight, model for 
Hubble Space Telescope 
Hypatia 

Hyperbola: 

applications of 
asymptotes of 

auxiliary rectangle of 
branches of 

center of 

conjugate 

conjugate axis of 
definition of 

eccentricity of 

focal width of 

foci of 

length of transverse axis 
polar equation of 
rectangular 

reflection property of 


standard form of 


transverse axis of 

vertices of 

Hyperbolic functions: definitions of 
graphs of 

identities for 

inverses of 

Hyperbolic identities 

Hyperbolic orbit 

Hyperbolic spiral 


Hypotenuse (hyp) 


i (imaginary unit) 
Iceman (Otzi) 
Identities: 
definition of 
even-odd 
fundamental 
hyperbolic 
Pythagorean 
quotient 
reciprocal 
trigonometric 


verification of trigonometric 


i, j standard basis vectors 

i, j. k standard basis vectors 
Image of a function 
Imaginary axis 

Imaginary part of a complex number 
Imaginary unit 

Implicit domain of a function 
Implicitly defined function 
Impossible event 

Improper fraction 
Inconsistent system of linear equations 
Increasing function 
Independent equations 
Independent variable 
Indeterminate form of a limit 
Index of a sequence 

Index of summation 
Induction, mathematical 
Inequality (inequalities): 
absolute value 

definition of 

equivalent 


graph of 


greater than 

greater than or equal to 
involving absolute values 
less than 

less than or equal to 
linear 

nonlinear 

nonstrict 

properties of 

sign chart for solving 
simultaneous 

solution of 

solution set of 

strict 

symbols 

systems of 

in two variables 
Infinite geometric series: 
convergence of 
definition of 

divergent 

sum of 


Infinite sequence: 


convergent 

definition of 

divergent 

Infinite series: 
convergent 

definition of 

divergent 

sum of 

Infinity symbols (се and – e) 
Initial displacement 
Initial point: 

of a parameterized curve 
of a vector 

Initial point on a plane curve 
Initial population 

Initial side of an angle 
Initial velocity 

Inner product 

Input 

Inscribed right triangle 
Integral, definite 
Integral calculus 


Intensity level of sound 


Intensity of light 
Intercepts of a graph 
Interest: 

compound 

continuous 

simple 

Intermediate Value Theorem 
Intersection of sets ( n ) 
Intersection of two circles, area of 
Interval(s): 

closed 

disjoint 

endpoints of 

graph of 

half-open 

notation 

open 

unbounded 

Inverse of a function: 
definition of 

domain of 

graphs of 


method for finding 


properties of 

range of 

restricted domains 

Inverse hyperbolic functions: 
cosine 

sine 

tangent 

Inverse trigonometric functions: 
cosecant 

cosine 

cotangent 

properties of 

secant 

sine 

tangent 

Irrational exponents 

Irrational number 

Irreducible quadratic polynomial 


K 


Kanamori, Hiroo 
Kelvin scale 
Kepler, Johannes 


Kepler's laws of planetary motion: 


first law 

third law 

Khufu, pharaoh 

Kimbell Art Museum (Ft. Worth, TX) 
Knots 

Kukulkán 


L 


Lascaux cave drawings 
Latitude 

Latitude, circle of 

Law of cooling/warming 

Law of Cosines 

Law of Sines 

Law of Universal Gravitation 
Laws of exponents 

Laws of logarithms 

LAX 

Leading coefficient of a polynomial 
Leaning Tower of Pisa 

Least squares line 

Left-handed coordinate system 
Legs of a right triangle 


Leibniz, Wilhelm Gottfried 


Lemniscate 

Length of major axis 
Length of minor axis 
Length of transverse axis 
Lens equation 

Less than (<) 

Less than or equal to (<) 
Libby, Willard 

Liber Abacci 

Lighthouse of Alexandria 
Limagon: 

convex 

dimpled 

with an interior loop 
Limit(s): 

of a difference quotient 
evaluating 

existence of 
indeterminate form of 
notation for 

of a sequence 

of a trigonometric function 


Line(s): 


family of 

graphs of 

horizontal 

intercepts of 

of latitude 

least squares 

of longitude 

parallel 

perpendicular 
point-slope form of 
points of intersection of 
slope of 

with no slope 

with slope 
slope-intercept form of 
vertical 

Linear combination of vectors 
Linear depreciation 
Linear equation: 

in n variables 

in three variables 

in two variables 


Linear function: 


definition of 

domain of 

Linear inequality in one variable 
Linear inequality in two variables: 
definition of 

graphing of 

half-plane 

solution of 

system of 

Linear speed 

Linear system of equations: 
consistent 

definition of 

equivalent 

inconsistent 

solution of 

in three variables 

in two variables 

Local behavior of a function 
Local extremum: 

definition of 

maximum 


minimum 


Logarithmic equations 
Logarithmic function: 

asymptote of 

change of base for 

common 

definition of 

domain of 

graph of 

natural 

one-to-one property of 

properties of 

Logarithmic mathematical models 
Logarithmic spiral 

Logarithms, laws of 

Logistic function 

Longitude 

LORAN 

Los Angeles International Airport 
Losing solutions 


M 


Mach number 
Magnitude: 


of a complex number 


of a vector 

Major axis of an ellipse: 
definition of 

length of 

Malthus, Thomas R. 
Mathematica 

Mathematical induction: 
Extended Principle of 
Principle of 

Mathematical model 
Maximum (minimum) of a function 
Mercury (planet): 

orbit of 

rotation of 

Method of elimination 
Method of substitution 
Midpoint: 

of a line segment on the number line 
of a line segment in 3-space 
of a line segment in 2-space 
Minor axis of an ellipse: 
definition of 


length of 


Minor determinant 

Minus infinity 

Minutes (angular measure) 

Mirror image 

Modulus of a complex number 

Moment magnitude scale for earthquakes 


Monomial 


Moon: 

diameter of 

distance from Earth 
Mormon Tabernacle 
Multiplicity of a zero 


Multivariable function 


Mutually exclusive events 


N 


Napier, John 


Nappes of a cone 


Natural domain 


Natural exponential function: 
asymptote of 

definition of 

domain of 


graph of 


properties of 

Natural logarithmic function: 
asymptote of 

definition of 

domain of 

graph of 

properties of 

Natural numbers 

Nautical mile 

Negative direction (x > — e) 
Negative real numbers 
Negative of a vector 


Newton, Isaac 


Newton's law of cooling/warming 
n-gon, regular 

Nonlinear equation 

Nonlinear inequality: 

definition of 

guidelines for solving 

Nonlinear system of equations 
Nonnegative real numbers 


Nonrepeating decimals 


Nonrigid transformation of a graph: 


definition of 

horizontal compression 
horizontal stretch 

vertical compression 
vertical stretch 

Nonstrict inequality 
Normalization of a vector 
Notation: 

arrow 

for binomial coefficients 
factorial 

function 

interval 

for number of combinations 
for number of permutations 
for sequences 

summation 

NSAID 

nth root of a complex number 
nth term of a sequence 
Number: 

complex 


integers 


irrational 
line 

natural 
rational 

real 
Number line 


Number of zeros of a polynomial 


о 


Objective function 

Oblique asymptote 

Oblique triangle 

Obtuse angle 

Octagon 

Octant 

Odd/even trigonometric identities 
Odd function 

Odds 

One cycle of a sine curve 

One degree (in radian measure) 
One radian (in degree measure) 
One-sided limit 

One-to-one function: 


definition of 


graph of 

horizontal line test for 
inverse of 

One-to-one property 
Open interval 

Opposite side (opp) 
Ordered n-tuple 

Ordered pair 

Ordered triple 

Oresme, Nicole 
Orientation on a parameterized curve 
Origin: 

on the real number line 
in the rectangular coordinate system 
symmetry with respect to 
in 3-space 

in 2-space 

Orthogonal vectors 

Otzi the iceman 
Outcomes 

Output 


Р 


Parabola: 


applications of 
axis of 
definition of 
directrix of 
eccentricity of 
focal chord 

focal width of 
focus of 

graph of 
intercepts of 
polar equation of 
reflected 
reflection property of 
shifted 

standard form of 
symmetry of 
tangent line to 
vertex of 
Paraboloid 
Parallel lines 
Parameter: 
definition of 


eliminating 


Parameter interval: 

changing the 

definition of 

Parameterization 

Parameterized curve 

Parametric equations: 

of a circle 

of a circular helicoid 

of a circular helix 

conversion of a polar equation to 
conversion of a rectangular equation to 
of a cycloid 

definition of 

of an ellipse 

of a line 

Parent function 

Partial fraction decomposition 
Partial fractions 

Partial sums, sequence of 
Pascal, Blaise 

Pascal’s triangle 

Paseo de la Castellana (Madrid, Spain) 


Pearl, Raymond 


Pendulum clock 
Pendulum motion 
Pendulum motion on the Moon 
Perigee 

Perihelion 

Perilune 

Period: 

of the cosecant function 
of the cosine function 

of the cotangent function 
definition of 

of the secant function 

of simple harmonic motion 
of the sine function 

of the tangent function 
Periodic function: 

cycle of 

definition of 
Permutation(s): 
definition of 

number of 

Perpendicular lines 


Petals of rose curves 


pH of a solution 
Phase shift 

Photic zone 

Pi (7) 
Piecewise-defined function 
Pisano, Leonardo 
Plane: 

Cartesian 

equation in 3-space 
intercepts of 

trace of 

Plane curve: 
closed 

definition of 

initial point on 
orientation of 
simple closed 
terminal point on 
Planetary orbits 
Playa del Rey, CA 
Plotting points 
Pluto, dwarf planet 


Point(s): 


coordinate of, on the real number line 
distance between on the number line 
distance between in 3-space 

distance between in 2-space 

initial point of a parameterized curve 
initial point of a vector 

plotting 

polar coordinates of a 

rectangular coordinates of a 

terminal point of a parameterized curve 
terminal point of a vector 

in 3-space 

in 2-space 

turning 

Point-slope equation of a line 

Points of intersection of graphs: 

in polar coordinates 

in rectangular coordinates 

Pole 

Polar axis 

Polar coordinate system: 
conventions in 


coordinates of a point in 


definition of 

relationship to rectangular coordinates 
tests for symmetry in 

Polar equation: 

of a cardioid 

of a circle centered on an axis 

of a circle centered at the origin 
of a conic 

conversion to parametric equations 
of an ellipse 

of a hyperbola 

of a lemniscate 

of a limaçon 

of a line through the origin 

of a parabola 

of a rose curve 

of rotated curves 

of a spiral curve 

Polar form of a complex number 
Polygon: 

definition of 

regular 


Polynomial function(s): 


approximating real zeros of 
behavior of a graph at an x-intercept 
coefficients of 

complete linear factorization of 
conjugate zeros theorem for 
constant 

constant term of 

continuous everywhere 
cubic 

definition of 

degree of 

division algorithm for 
domain of 

end behavior of 

factor theorem for 

factoring of 

graph of 

intercepts of the graph of a 
leading coefficient of 

linear 

local behavior of 

monomial 


number of real zeros for 


quadratic 

quartic 

quintic 

rational zeros of 
relative extremum of 
remainder theorem for 
shifted graphs of a 
single term 

smooth 

synthetic division of 
turning point graph of a 
in two variables 

zero 

zeros of 

Population growth 
Position vector 
Positive direction (x > >) 
Positive real numbers 
Potassium-argon dating 
Potassium-40 decay 
Power function: 
catalogue of graphs 


definition of 


Powerball, the lottery 

Powers of a complex number 
Present value 

Principal 

Principle of Mathematical Induction 
Principle square root of a negative number 
Probability of an event 

Product of functions: 

definition of 

domain of 

Product-to-sum formulas 

Projection of a vector onto another vector 
Prolate cycloid 

Proper fraction 

Proper rational expression 
Properties of inequalities 

Puerta de Europa (Madrid, Spain) 
Pulse rate 

Pupil of the eye 

Pure imaginary number 
Pythagorean theorem 


Pythagorean trigonometric identities 


Q 


Quadrangle 
Quadrantal angle 
Quadrants 
Quadratic formula 
Quadratic function: 
definition of 
domain of 

graphs of 

intercepts of 
maximum value of 
minimum value of 
standard form of 
Quadratic inequality 
Quadratic, irreducible 
Quadrilateral 
Quartic function 
Quintic function 
Quotient 

Quotient of functions: 
definition of 
domain of 


Quotient trigonometric identities 


R 


R, the set of real numbers 
Radial line 

Radian to degree conversion 
Radian measure of an angle 
Radicand 

Radioactive decay 
Radium 

Radius: 

of a circle 

of a sphere 

Radon gas 

Range of a function: 
definition of 

finding 

Range of a sequence 
Rate of interest 

Rational function: 
asymptotes of 

definition of 

domain of 

graph of 

odd/even 


Rational number 


Rational zeros of a polynomial 
Rational Zeros Theorem 
Rationalization: 

of a denominator 

of a numerator 

Ray 

Real axis 

Real number line 

Real number system 

Real part of a complex number 
Reciprocal function 
Reciprocal trigonometric identities 
Rectangular coordinate system 
Rectangular hyperbola 
Recursion formula 
Recursively defined sequence 
Reducing powers of sine and cosine 
Reed, Lowell 

Reference angle 

Reflecting surfaces 

Reflection of a graph: 

in the line y 2 x 


in the x-axis 


in the y-axis 
Reflection property: 
of an ellipse 

of a hyperbola 

of a parabola 
Refraction of light 
Regression line 
Regular n-gon 
Regular partition 
Relative extremum 
Relative maximum 
Relative minimum 
Remainder 
Remainder Theorem 
Repeated zero 
Repeating decimal: 
definition of 

as a geometric series 
Restricted domains 
Resultant force 
Rhombus 

Richter, Charles F. 


Richter scale 


Right angle 

Right triangle: 

applications of 

definition of 

inscribed in a circle 
solving a 

trigonometry 

Right-hand rule 

Rigid transformation of a graph: 
definition of 

horizontal shifts 
reflections 

vertical shifts 

Rise 

Robotic arm 

Root of an equation 

Root of multiplicity m 
Roots of a complex number 
Rose curves 

Rotation: 

equations 

identifying a conic without 


of polar graphs 


of rectangular axes 
Rotation equations 
Rule of correspondence 


Run 


S 


Saarinen, Eero 

Sample points 

Sample space 

San Francisco International Airport 
Satisfying an equation 
Scalar 

Scalar multiple of a vector 
Secant function: 

algebraic signs of 
asymptotes of 

cycle of 

definition of 

domain of 

even function 

graph of 

inverse of 

period of 


Pythagorean identity for 


range of 

symmetry of graph of 
values of 

Secant, hyperbolic: 
definition of 

graph of 

Secant line 

Second degree equation in two variables 
Seconds (angular measure) 
Sector of a circle 

Segment, circular 
Semicircle 

Semimajor axis 
Semiminor axis 

Sequence: 

arithmetic 

convergent 

definition of 

divergent 

divergent to infinity 
divergent to negative infinity 
domain of 


finite 


union of 

SFO 

Shift, horizontal 

Shift, phase 

Shift, vertical 

Shifted graphs: 

of cosine function 

of a function 

of sine function 

of other trigonometric functions 
Shroud of Turin 

Side adjacent 

Side opposite 

Sigma notation 

Sign-chart method 

Sign properties of products 
Signs of trigonometric functions 
Simple closed curve 
Simple harmonic motion: 
definition of 

frequency of 

period of 


Simple interest 


Simple pendulum 
Simple zero 
Simultaneous inequality 
Sine function: 

algebraic signs of 
amplitude of 

bounds on values of 
cycle of 

definition of 

difference formulas for 
domain of 

double-angle formula for 
graph of 

half-angle formula for 
horizontal compression of graph 
horizontal shift of graph 
horizontal stretch of graph 
inverse of 

odd function 

period of 

phase shift of 
Pythagorean identity for 


range of 


sum formula for 

symmetry of graph of 

values of 

vertical compression of graph 
vertical stretch of graph 
x-intercepts of 

zeros of 

Sine, hyperbolic: 

definition of 

graph of 

Sines, Law of 

Single-term polynomial function 
Single-valued rule of correspondence 
Slant asymptote(s): 

definition of 

finding 

of a hyperbola 

Slope: 

and inclination of a line 

of a line 

of a tangent line to a graph 
Slope-intercept equation of a line 


Slopes of parallel lines 


Slopes of perpendicular lines 
Smooth function 

Snell's law 

Solution: 

of an equation 

of an inequality 

of a system of equations 

of a system of inequalities 
Solution set: 

of an equation 

of an inequality 

of a system of equations 

of a system of inequalities 
Solving right triangles 
Solving systems of equations 
Sonic footprint 

Sørensen, Søren 

Space curve 

Speed: 

angular 

linear 

as magnitude of velocity vector 


Sphere: 


сещег оЁ 

definition of 

radius of 

standard form of 
Spiral of Archimedes 
Spread of a disease 
Spring constant 
Square, completing the 


Square root function 


-ICV -I) 


Squaring function 


Square root of 


Stacked circles 

Standard basis: 

for vectors in 3-space 

for vectors in 2-space 
Standard deck of cards 
Standard form of a complex number 
Standard form of an equation: 
circle 

ellipse 

hyperbola 

parabola 


sphere 


Standard position of an angle 
Statuary Hall (Washington, DC) 
Step function 

Straight angle 

Stretch of a graph 

Strict inequalities 

Stringer 

Substitution method 
Subtraction: 

of complex numbers 

of vectors 

Suiseth, Richard 

Sum of a finite arithmetic series 
Sum formula: 

for the cosine function 

for the sine function 

for the tangent function 

Sum of functions: 

definition of 

domain of 

Sum of a geometric series: 
finite series 


infinite series 


Sum of an infinite series 
Sum of two cubes 

Sum of two functions 

Sum of two vectors 
Summation notation: 
definition of 

index of 

properties of 
Sum-to-product formulas 
Supplementary angles 
Surface area of a body 
Symbols for method of elimination 
Symmetry: 

of a graph 

with respect to the line y 2 x 
with respect to the origin 
with respect to x-axis 

with respect to y-axis 

tests for in polar coordinates 
tests for in rectangular coordinates 
Synthetic division 

Systems of equations: 


consistent 


elimination operations for 
equivalent 
homogeneous linear 
inconsistent 

linear 

nonlinear 

solution set for 
Systems of inequalities: 
definition of 

graphs of 

solution set of 


T 


Tangent circles 

Tangent function: 
algebraic signs of 
asymptotes of 

cycle of 

definition of 

difference formula for 
domain of 

double-angle formula for 
graph of 


half-angle formula for 


inverse of 

odd function 

period of 

Pythagorean identity for 
range of 

sum formula for 
symmetry of graph of 
values of 

x-intercepts of 

Tangent, hyperbolic: 
definition of 

graph of 

Tangent line: 

to a circle 

to an ellipse 

equation of 

to the graph of a function 
Tangent to x-axis 

slope of 

Tartaglia (Niccoló Fontana) 
Tautochrone 
Telescoping series 


Term of sequence 


Terminal point: 

of a parameterized curve 

of a vector 

Terminal side of an angle 
Terminal velocity 
Terminating decimal 

Test point 

Tests for symmetry of a graph: 
in rectangular coordinates 

in polar coordinates 
Three-dimensional coordinate system 
3-space 

Trace of a plane 

Trains and the fly problem 
Transcendental function 
Translations 

Transverse axis of a hyperbola: 
definition of 

length of 

Tree diagram 

Triangle: 

area of 


definition of 


equilateral 

Heron's formula for area of 
isosceles 

oblique 

Pascal's 

right 

solving 

Triangle inequality 
Triangles, solving 
Trigonometric equations 
Trigonometric form: 

of a complex number 

of a vector 
Trigonometric functions: 
algebraic signs of 
amplitude of 

of angles 

asymptotes of graphs 
bounds on values of 
cycle of 

domains of 

equations involving 


even-odd properties of 


exact values of 
fundamental identities for 
graphs of 

identities for 

inverses of 

periods of 

phase shift for 

ranges of 

zeros of 

Trigonometric identities: 
definition of 

difference 

double-angle 

even/odd 

fundamental 

half-angle 
product-to-sum 
Pythagorean 

quotient 

reciprocal 

suggestions for verifying 
sum 


sum-to-product 


verifying 

Trigonometric limits 
Trigonometric substitutions 
Trigonometry: 

right triangle 

unit circle 

Trivial solution 

Trochoid 

Turning point 

2-space 


U 


Unbounded: 

in the negative direction (x > — оо) 
in the positive direction (x > — оо) 
Unbounded behavior of a function 
Unbounded interval 

Undefined slope 


Union, number of elements in 


= 


nion of sets (Ц) 
Union of two events 
Union of two events, probability of 


Unit, imaginary 


Unit circle 


Unit circle trigonometry 
Unit vector 


Upper and Lower Bounds Rule 


(= 


pper bound for zeros of a polynomial function 


Uranium-238 


У 


Value of a function 

Values of trigonometric functions 
Variable: 

dependent 

independent 

Variation of sign 

Vector(s): 

angle between 

component form of 

component of a vector on another 
components of 

cross product of two 

definition of 

difference of 

direction angle for 

displacement 


dot product of two 


equality of 

geometric interpretations of 
horizontal component of 
initial point of 

inner product of 

linear combination of 
magnitude of 

negative of 
normalization of 
operations on 
orthogonal 

position 

projection of a vector on another 
properties of 

scalar multiple of 
standard basis for 
subtraction of 

sum of 

terminal point of 

in 3-space 

trigonometric form of 

in 2-space 


unit 


vertical component of 

zero 

Venn diagram 

Verhulst, Р.Е. 

Vertex of an angle 

Vertex of a conic section: 

of an ellipse 

of a hyperbola 

of a parabola 

Vertical asymptote: 

definition of 

for graphs of hyperbolic functions 
for graphs of logarithmic functions 
for graphs of rational functions 
for graphs of trigonometric functions 
Vertical component of a vector 
Vertical compression of a graph 
Vertical line, equation of 

Vertical line test 

Vertical shift of a graph 

Vertical stretch of a graph 


Volcanic cinder cones 


үү 


Westchester, СА 
Whispering gallery 
Witch of Agnesi 


Work as a dot product 


X-axis: 

definition of 

equation of 

reflection in 

symmetry with respect to 
tangent to 

x-coordinate 

x-intercept 

xy-plane 


xz-plane 


y-axis: 

definition of 

equation of 

reflection in 

symmetry with respect to 
y-coordinate 


Yellowfin tuna 


y-intercept 
Yo-yo motion 


yz-plane 


z-axis 
z-coordinate 
Zero(s): 
approximating 
bisection method for approximating 
complex 
conjugate pairs of 
of cosine function 
finding 

of a function 
lower bound for 
of multiplicity m 
number of 
rational 

real 

the real number 
repeated 

simple 


of sine function 


